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RANDOM FIXED POINT THEOREMS FOR RANDOM 
UPPER SEMICONTINUOUS MULTIVALUED OPERATORS 


Siegfried Hahn. 
Рададодтвеће Hochschule "Karl Е edrich 
Wilhelm Wander" Dresden Sektton Mathe- 
mattk, DDR 8060 Dredsen, Wigardstr. 17 


ABSTRACT 


A general random fixed point theorem for random ир- 
per semicontinuous multivalued operators with a stochastic 
domain in Frechet spaces is proved. Using this theorem it is 
possible to obtain special random fixed point theorems for 
mappings of condensing type. The results generalize theorems 
by Engl [4], Itoh [10] and Schleinkofer [16]. 


1. INTRODUCTION 


Recently many results from fixed point theory for 
random operators have been proved (cf. for instance [4], [10], 
[16] and their references). If F is a random continuous multi- 
valued operator, then F has a random fixed point, if the сог- 
responding deterministic fixed point problem is solvable (s. 


Engl. [4, Theorem 6]. 


AMS Mathematics Subject Classification (1980):47Н10 
Key words and phrases: Multivaiued mappings, random operators, 


random fixed points, condenstng operators, measurable mappings. 
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Many special random fixed point theorems are contained in 
this excellent result. However this theorem is unknown for 
the important case of random upper semicontinuous multivalued 
operators. 
Therefore special random fixed point theorems for such opera- 
tors have been given only (cf. [4], [8], [10], [16]). In 
this paper the main theorem assures the existance of a random 
fixed point of a random upper semicontinuous multivalued ope- 
rator provided that the corresponding deterministic fixed 
point problem is solvable "in the strong sense" (cf. Defini- 
tion 6). This theorem includes as special cases a number of 
known, as well as some new, random fixed point theorems. 
Throughout this paper let E be a real separable Fréchet space 
and let (0,ү,ш) be a o-finite complete measure space. We shall 
denote Бу L(E), Y 9 L(E) the c-algebra of Borel sets of E and 
the smallest o-algebra containing (SxB:S€y, BEL(E)). Let 
КСЕ. We shall denote by conv К, К, int К, ӘК the closed 
convex hull, the closed hull, the interior and the boundary 
of K, respectively. 
We define М(К):-імек:мҰ ), Cl(K):-(MEN(K):M is closed in К} 
and k(K):-(MEN(K):M is convex and compact in К}. Let X be a 
set and F:X2 N(E) a mapping. We define for such "multivalued" 
(on X in E) mappings Gr F:={(x,y)€XxE:y€F(x)} (the graph of 
Е), Е l(B):-(xeX:F (х) пвЕд) (ВСЕ), F(A):-U(F(x):x€A) (Ae X). 


2. QUASICOMPACT MAPPINGS 


Let MCE and Е:М> М(Е). хем is called a fixed point 
of F, iff x€F(x). Е 


is called upper semicontinuous (usc) iff 
for all 


X€M and for all open Gc E with F(x) eG, there 


exists a neighbourhood U of x with F(UNM) сс. 


5 -1 
ЕМ НЕ) is usc iff F (В) is a closed subset of M for all 
closed ВСЕ. If Е is usc and assume that F(x) is compact 


for all x€M, then F(K) is compact for all compact Кем. If 
Е:М > С1(Б) is usc, then Gr Е is a closed subset of МХЕ. 


Е:М-М(Е) will be called compact, iff F is usc апа F(M) is 
compact. 
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DEFINITION 1. If C is а сопе їп a vector space, 
which defines the parttal ordering <, then a mapping wi2 6 
is called a measure of noncompactness of E provided that the 


following conditions hold for any M, N Zn 2E, 


(1) ф(сопу M) = (M) 

(2) |к|ф (M) = (ҰМ) 

(3) (MUN) = max(y (M) ‚у (М) ) 
(4) Ш(М) = 0 iff М is compact. 


This known notation is a generalization of the "set-measure" 
and the "ball-measure" of noncompactness (Kuratowski- and 

Hausdorff measure of noncompactness).It follows that if McN, 
then w(M) < y (N) and № (MU(aJ) 


Ш 


ф(М) for any a€E. 


DEFINITION 2. Let y be a measure of noncompactness 
of E and MCE. A use mapping Е:М-К(Е) is called condensing, 
provided that if NcM and w(F(N)) 2W(N), then F(N) ze relati- 
vely compact. F:M>k(E) ts called l-condensing, iff (Е(М)) < 
y(N) (NEM). 


We introduced in [5] the following notion. 


DEFINITION 3. Let MCE with Mff. А use mapping 
Е:М-К(Е) 2211 be called quastcompact, tff there extsts a 
closed, convex subset SCE such that the following conditions 
hold: 


(1) MS  £ f, 
(2) ғ(М05) с 5, 
(3) Е(мп5) іс relatively compact . 


REMARK 1. Let MCE with Mz and let Е:М> k(E) be 
a usc mapping. Then F is quasicompact, if any of the follow- 


ing conditions is satisfied: 


(1) F is compact 
(2) F is condensing. 
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(3) F(M) CM, М is convex and closed and Ғ is generaliz- 
ed condensing [2], i.e. if ACM, F(A) cA and 
А=сопу F(A) or АЗЕ(А) с {a} for some a€E then F(A) 


is compact. 


(4) F isa C,-mapping ([15]), i.e. if 5 = сопу (íaJU 
UF(MNS)) (a€E, Sc E), then F(MNS) is compact. 
(5) F is ultimately compact ([14]) and for the limit 


set F of F it holds that T 0. 
со 


PROOF. СЕ. (5, 1.3] or the proof of Theorem 2 of 
[6]. 
We shall apply some deterministic fixed point theorems to ob- 
tain random fixed point theorems. | 


PROPOSITION 1 ([6, Theorem 11). Let К be а nonvotd, 


closed, convex subset of Е. Suppose F:K>k(K) ts quastcompact. 
Then Е has а fixed point. 


PROPOSITION 2. Let UCE be open, КСЕ be closed 
and convex such that UNK ts nonvotd and convex. Suppose 


F:UNK>k(K) is quasteompact. If F(x)nUZ f for each хЕЗОПК 
then Е has a fixed point. 


PROOF. This result is known for compact mappings 


({1, Theorem 1.2.45]). There exists a closed, convex subset 
SCE with Unkns # ў, F(UNKNS) с KnS and Ео:=Е|ОПКП$ is a com- 
pact mapping. We define R:-KüS. If ЗОПВ=Й, then we can apply 
Proposition 1, and Е has a fixed point. If 3UNR#ğ, then 
UNR#$, because Р(х)ПОПВЯ Ø, for each хе UNR. Now, we shall 
use the result [1] for the compact mapping Fo UNR > К (В) . 


PREPOSITION 3. Let ОСЕ be an open symmetric neigh- 


bourhood of the origin, KCE be а closed, absolute convex sub- 


set and Е:ОПК >k(K) be a mapping with xqF(x) (хезупк) and 


Е(-х) --Е(х) (x€QUNK). Suppose that F satisfies any of the fol- 
lowing two conditions: 


| 
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(1) Е ts condensing. 
(2) Е is l-condensing, F(UNK) ts bounded and 
Е ts demtcompact in 0 (i.e. tf for bounded sequen- 
в у ~ n p 
ees x), (za with х EUNK, z EF (x) (n€N) we have 
Xan? then there exists xEE and a subsequence 
(хы ) wtth Xn эх). 
k k 


Then, tn either case, Е has a fixed point in UNK. 


PROOF. This result is a simple consequence of 
theorems 4.2.3 and 4.2.4 in [5]. 


3. RANDOM OPERATORS 


The mapping A:2>N(E) is called measurable (weakly 
measurable іп (91), iff we have А (c)€y for each open GCE. 


REMARK 2 ([9, Theorem 3.5.1) Let A:2+C1(E). Then 


the following statements are equivalent: 


(1) A is measurable. 

(2) A^! (B)€y for each BEL(E). 

(3) А |(М)Еу for each closed MCE. 
(4) Gr A€Y9L(E). 


DEFINITION 4. Let A:2>C1(E) be a measurable map- 
ping and F:Gr А» N(E) a mapping. Е will be called a random 


use (multivalued) operator iff 


(1) (МЕО:ХЕА (м), Е(м,х) ПС Я 9}Еу for each x€E and each 
open GCE and 
(2) F(w,:) ts usc for each мед. 


This notion ([3]) considers the general case, that the domain 
of F is stochastic. For А (м) = А ЄС1 (Е) (ч62), we obtain the 
special case of the "deterministic domain" QxA, as in [10]. 
Then F is a random usc mapping, iff F(-,x), is measurable for 
each x€A, and F(W,-) is usc for all мед. 
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DEFINITION 5. Let A:Q2C1(E) be а measurable map- 
ping and F:Gr А-М(Е) a random use operator. The funetion 
x:iQo E will be called a random fixed point of F Tff 
(1) x (м) ЕЕ (w,x(w)) for each WEN and 


(2) x ts a measurable functton. 


The following result is a fundamental lemma for the proof of 


random fixed point theorems. 


REMARK 3 (1121). ТЕ P:Q2Cl(E) is measurable, then 
there exists a measurable function x:Q2E with х(м)ЕР(м) for 


each мей. 


DEFINITION 6. Let А:9 > С1(Е) be a measurable map- 
ping. A 18 called separable, iff there exists a countable set 
ZcE wrth A(w) = 7ПА (м) for all wen. 


If A(w) =A ЕС] (E) for each ч60, then A is separable (we sup- 
posed that E is separable). If A:2>C1(E) is measurable апа 
A(w) =int A(w) (ч60), then A is separable (IA, р. che 
proof for Banach spaces holds for our general case too). 
Therefore, if 0:95 М(Е) is measurable, O(w) is open for each 


мед and А (м) =O(w) (мед), then А is separable (cf. [9, Prop. 
2.6]). 


4. RANDOM FIXED POINT THEOREMS 


Following [3], [10], [16] we shall prove: 

LEMMA. Let E be a separable Fréchet space with a 
metric d and A:Q— Cl(E) a separable mapping. Suppose F:Gr A? 
ЭК(Е) ts a random use operator. Let Z be a countable set as 
tt appears in Definition 6. We shall define for all (w,x)€Gr D 


Fa X) : = UtF (w,z) :z€a(w)NZ, d(z,x) <=) (n€N) 


со 
H(w,x): = П conv Р. (w,x). 
n=1 n 


Then H:Gr A+N(E) has the following properties: 
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(1) Ø ЯН(ч,х) СЕ(м,х) ((w,x)€Gr A). 
(2) H(w,-):A(w) -К(Е) is-use for each чЕЯ. 
(3) Let T(w,x):=x-H(w,x) ((w,x)€Gr A). Then 
{ (w,x) €Gr А:Т(м,х)Пр ж 0)6үді (Е) for each compact 
DCE. 


PROOF. (Similar to [3], [10], [16], [8] for the 

special case of Banach spaces). In the proof of (1) and (2), 
we choose w fixed (but arbitrary). Therefore, we do not 
write the argument мед. 
(1) Let x€A(w). For all n€N, we choose y Ер 00 - 

| Then; there exists az nf (м) 02 with d(z n'*) < i and Y,EF (zc 
F ( Uta, }) (n€N). Sirice (2 ,neN)U {x} is compact and F(w,-) 

n- 

A(w)-k(E) is usc the set iyu: n€N) is relatively compact. 
Therefore, we can take without loss of generality Y,7 YEE. 
Assume y£H(x). Then there exists no ЕМ with y£conv Fn (x), and 
we can find n? ng with ve Есопу ШЕ cy However, Үк Econv Fa (x) 
cconv на 2%- Consequently по 20. Now, we shall prove that 
for all ES ONDE there exists n€N with conv Fn (x) cC F(x). This 
implies H(x)cF(x). 
Assume that we can find a y€conv F(x) (n€N) but y£F(x) for 
some x€A(w). Since F(x) is closed and E is locally convex, 
there exists an absolute convex Open neighbourhood V of zero 
with (y+V)NF(x) =@. Because Е is usc, there exists n€N such 
that we have F(z) C F(x)*V for each 26А(м) with d(z,c) «i. Con- 
sequently Е (х) ¢F(x)+V. Since F(x)€k(E), F(x)*V is closed 
and convex, and therefore, y€F(x)+V. This is a contradiction. 


(2) сс; using (1), Н(х)ЄК(Е) for each x€A(w) . 
prove that H 1(в) is closed for each closed ВСЕ. Let BCE be 
closed and (x5) be a sequence in {x€A(w) :H(w,x)NB#@} with 
хх. For each п we choose x. with d(x. ‚х) <-- - Since 
Е d(z,,x. ) * d (xs px) for all Z,€A (w)NZ, it follows 

Fon G )-Е, (x). Therefore Fa (x) NBF, n ВЕН )ПВ#@ (nen). 


Ссс. сопу "E (x) € F (x) (non, ) (сЕ. us E PARE of the 
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proof of (1)), conv Fx) is compact for n? ng Because 
5 losed, we have 
F(x) РР © (n€N) and B is с ‚ 
= — 
ø ў fn [conv FQ, (x) ПВ] = H(x) NB. 
п=1 
(3) Let бсЕ be open and n€N. Then (cf. [3]) 


{ (w,x) EQXE:x€A(w) , Fa (w,x) NG z Ø} 


= U ([0х{хЄЕ:а(х,2) «i)]nar A 
262 


ПІГчЕ0:26А(м), F(w,z)nG # Q)xEJ)€YGL(E) (cf. Remark 2 and 
Definition 4). Then ЕА is measurable on (Gr A, (yGL(E))nGr A). 
Now, we shall apply the results by Himmelberg ([9, Theorem 
9.1., Prop 2.6.]) and therefore conv Fp is measurable on 

Gr A (n€N). We define Ta (WX): = x - conv ғ. (МХ) ((w,x) € Gr A) 
(n€N). Then Th is measurable on Gr A too (nEN). Since T(w,x)= 


= f т(м,х), using [9, Corollary 4.3. and Theorem 3.2], we 
n=1 
obtain 


{(w,x)€Gr A:T(w,x)nDZ Q)€YGL (E) for each compact Бс Е. 
Now, we shall introduce the following notation. 


DEFINITION 6. Let ACE be closed and F:A>k(E) a 
usc mapping. Let ХсА be closed with QcX and x£F(x) for each 
X€X. We define that F has a fixed point in the strong sense 
on ASX, iff all the usc mappings F: А-К(Е) with F(x) ¢ F(x) 
(ХЕА) and F(x) =F(x) (ХЕХ) have a fixed point in AXX. 


For instance, let W be an open subset of E, A=W, 

Е:И-К(Е) a compact mapping with x£F(x) (хе W) and deg (I-F, 
W,o) Я О (the Leray-Schauder- -degree for multivalued compact 
mappings (131). Then, F has а fixed point in the strong sence 
оп W-W-9W, because each usc mapping F: W>k(E) with F(x) с 
Р(х) (ХЄА) is compact апа F(x) = F(x) (x€ W) implies deg (I-F, 
W,o) #0. Another case, if АЕК is closed and convex, then each 
condensing mapping F:K+k(K) has a fixed point in the strong 
sense on К (we can choose Х=@). 
Now, we can prove our main theorem. 
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THEOREM 1. Let E be a separable Frechet space, 
A:Q>4C1(E) separable and F:gr A>k(E) а random use operator. 
Suppose that F(w,-) has for all мє? a fixed point in the 
strong sense on А(м)“Х(м) for some closed X(w) c A(w) . Then 
F has а random fixed point. 

PROOF. We define H:Gr А-К(Е) as in Lemma. Let 
УЕЯ be fixed, but arbitrary. Let Ао (м) :={y€A (м) :yEF (w,y)}. 
Since F(w,-) is usc, A, (и) is a closed subset of E. Let x(w) 
be a closed subset of E with X(w) CA(w) and x£F(w,x) (хеХ(м)). 
Therefore, X (w) ПА, (w) = . Since E is normal, we can find a 
continuous function f, DE +[0,1] with fa (x) = 0(x€A, (x)) and 
5,0-1 (x€x(w)). We. pet F( (w, ‚х): - Е (x) Fw, x) + -£, 60) x 

! H(w,x) (x€A(w)). 
Since by our Lemma H(w,-) is usc and ФҰН(м,х) c F(w,x) (x€A(w)), 
F(w,-):A(w) > k(E E) is usc with F(w,x) c F(w,x) (we apply that 
F(w,x) is convex) for each xEA (w). If x€X(w), then f=) = n 
and therefore F(w,x) =F(w,x). Since we supposed that F has a 
fixed point in the serong sense оп A(w)*X(w), there exists a 
x оЕА (w) SX (м) with x oft (w, х2) SF(w, Хо ). Therefore хЄА (м), 
f(x ) =0 and F(w, Хо уы Н(м,х 5 х 8317 Хо ). We have proved 
ones P (м) :={x€A(w) : ее. BG ic San МЕЯ. Because by 
Lemma H(w,-) is usc, the sets P(w) are closed (мед). Now, we 
shall prove that the mapping Р:9> Cl(E) is measurable. We de- 
fine T(w,x) = x-H(w,x) ((w,x)€Gr A), and obtain 
Gr P= ((w,x)€QxE:x€P (w) ) -( (w,x) €Gr A:x€H(w,x))-T 1 ({о}). 
Using our Lemma (3), T + ({0}) €y@ (Е). 
Hence, applying Remark 2, P is measurable. By Remark 3, there 
exists a measurable function х:0-Е with x(w)EP(w), also 
x(w) €H(w,x(w)) (мед). Since H(w,x(w)) c F(w,x(w)), х:0-Е is 
a random fixed point for F. 
Now, we shall apply this general Theorem 1 to the derivation 
Of random fixed point theorems for various Special classes of 
mappings. We remark, that these theorems are valid for the 
special case, that the domains are "deterministic", i.e. 
A(w) = А ECI (E) (ч62), Gr А = ОХА (Then А is separable). 
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THEOREM 2. Let А:9-СІ1(Е) be separable and 
F:Gr АЗК(Е) a random use operator. We suppose for each мед: 
(1) A(w) =W(w)N K(w) such that K(w) ts a finite tnter- 
section of closed convex subsets of E and М а 
closed netghbourhood of an u(w)€K(w) and K(w) is 


starshaped relative u(w). 


(2) F(w,x) ©K(w) (xcA(w)). 
(3) F(w,:°) ts condensing. 
(4) Вх + (1-8)u(w) ¢F(w,x) (ЖЕЭМ (м) ПК (м) 8>1). 


Then, F has a random fixed potnt. 


PROOF. F has a fixed point in the strong sense on ! 
A(w) =W(w)AK(w) (we choose that X(w) = 0) for each wen, 
because each usc mapping F(w,-):A(w) >К(Е) with Е(м,х) с F (w,x) 
(x€A(w)) is condensing, F (w,x) cK(w) (x€A(w)) and the Leray- 
-Schauder condition (4) holds for F(w,-), too. Therefore, we 
can apply for F(w, `) a fixed point theorem by Jerofsky [11] 
or the theorem іп [7] (for с=1). 
Then F(w, +) has, in fact, a fixed point in А(м). 
Hence, Бу Theorem 1, F has a random fixed point. 


Theorem 2 generalizes for the special case K=E Theorem 24 in 
[16]. For the special case K is convex, we have proved Theo- 
rem 2 for in o demicompact l-condensing mapping (with the 
set-measure of noncompactness) in [8]. We can deduce this re- 
sult from Theorem 1, too. We omit the details. 


COROLLARY 1. Let A:2+C1(E) be separable and 
F:Gr A+k(E) a random usc operator. Ме suppose for each мед: 


(1) A(w) =W(w)NK(w) such that K(w) ts closed and convex 
and W(w) 15 open and convex. 

(2) F(w,-) is condensing. 

(3) F(w,x) =К(и) (xcA(w)) and F(w,x) cW (хєән(ы)пК(м)). 


Then, F has a random fixed point. | 


| 
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| PROOF. Since W is convex, condition F(w,x) ст 
(x€9W(w)nK(w)) implies the Leray-Schauder  condition(4) from 
theorem 2. 


If we assume in (3) that F(w,x) CW (x€dW(w)NK(w)), then it 
suffices to suppose that W(w) is starshaped relative to some 
u(w) EW(w)NK(w) (weQ). 


COROLLARY 2. Let А:0-С1(Е) be separable and 
F:Gr A>k(E) a random use operator. We suppose for each мед: 


(1) A(w) ts convex and F(w,x) CA(w) (ХЕФА(м)). 
(2) F(w,*) is condensing. 


Then F has a random fixed point. 


PROOF. Let мей be with int A(w) =@. Then ЗА (м) = 
= A(w) and conditions (1) and(3) from Corollary 1 hold with 
W(w) =E. Let w€Q be with int А(ч) 79. Then, we choose in (1) 
and (3) of Corollary 1 K(w) = Е. Therefore, we can apply Corol- 
lary 1. 
Corollary 2 generalizes the Rothe-type results by Itoh [10] 
and Schleinkofer [16, Theorem 23] for condensing and Engl [4, 
Theorem 16] for compact mappings. 


THEOREM 3. Let А:0 > Cl(E) be separable and F:Gr A» 


ЭК(Е) a random use operator. We suppose for each wEQ: 


(1) A(w) =U(w)NK(w) such that U(w) zs open, K(w) is 
elosed convex and U(w)NK(w) ts nonvotd and convex. 


(2) F(w,') ts quastcompact with F(w,x) CK(w) (x€A(w)). 
(3) For all x€0U(w)NK(w), we have F(w,x)NU(w) £ Ó and 
x£F (w, x) . 


Then, F has а random fixed point. 


PROOF. We shall apply Theorem 1 with X(w) = 90 (м) NK (м) 
and Proposition 2. Let wef. 
F(w,-) is quasicompact. It is easy to show that each 
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Р(ч,.):А(м) > К(Е) with F(w,x) СЕ (м,х) (x€A(w)) and F(w,-) is 
usc must be quasicompact and we have F(w,x) СК (о) (ЖЕ Ст) : 
If F(w,x) =F(w,x) for all x€X(w) = 93U(w)nK(w) then F(w,-) sa- 
tisfies the conditions of Proposition 2. 

Therefore, F(w,-) has a fixed point in the strong sense on 


A(w)*X(w). By Theorem l, Е has a random fixed point. 


COROLLARY 3. Let A:2>C1(E) be measurable and 


F:Gr Аз k(E) a random use operator. We suppose for each мед: 


(1) A(w) =U(w) and U(w) ts open. 
(2) F(w,*) is quastcompact with F(w,x) CU (х690). 


Then Е has a random fixed point. 


Using Remark 1, we can see that such a Rothe-type-theorem 
holds for ultimately compact operators F with a nonvoid limit 
set F,f 0, too. 

For quasicompact mappings, we obtain from Proposition 1 and 
Theorem 1 with X(w) =Ø (мей): 


THEOREM 4. Let А:9 5 С1 (Е) separable and F:Gr АЗК(Е) 
а random usc operator. We suppose for each wER. 


(1) A(w) ts elosed and convex. 
(2) F(w,-) 28 quasteompact with F(w,x) cA(w) (x€A(w)). 


Then F hae a random fixed point. 


Theorem 4, for the special case when F(w,:) is ultimately com- 
pact with FE, # 0, contains Theorem 19 in [16]. 

Our Theorem 1 implies easy special random fixed point theorems 
for such usc mappings, for which a degree theory is known. 

For instance, we obtain Theorem 17 in [16]: 


| 
| THEOREM 5. Let А:0-С1(Е) be measurable, 
| Е:бг А э К(Е) a random use operator and A(w) =O(w) wtth open 


| O(w) (WE2). Suppose that for each WER: 

| (1) Е(м, -) | 
| (2)! XÉF(w,x) (x€90(w)) | 
| (3) deg (I-F(w,-), O(w),o)#0 (s. [14]). | 
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Then, Е has а random fixed potnt. 


PROOF. TE F(w,x) cF(w,x), (x€A(w)) F(w,*) is usc 
and F(w,*) is ultimately compact, then F(w,-) is ultimately 
compact too. Suppose F(w,x) = F(w,x) (x€30(w)), then deg 
(I-F(w,-), O(w),o) ҰО and Е has a fixed point (s. [14]) in 
O(w). Therefore, F(w,:) has on O(w) -А(м)-20(м) a fixed 


point in the strong sense. 


Finally, we shall prove a random fixed point theo- 
rem for mappings, which are odd on subsets of the domain. 


j THEOREM 6. Let A:Q>C1(E) be separable and 
F:Gr А>К(Е) а random use operator. 


We suppose for each wE€Q. 


(1) A(w) =U(w)NK(w) sueh that U(w) ts an open symmetric 
neighbourhood of O€E and K їз а elosed, absolute 


convex subset of E. 


(2) F(w,x) ©K(w) (x€A(w)), w£F(w,x) (хЄ90 (м) ПК(м)). 
(3) F(w,x) =-F(w,-x) for each x€9U(w)nK(w). 

(4) Е(м,:) ts condensing or 

(47) F(w,*) 15 l-eondensing and demicompact in O and 


F(w,UNK) ts bounded. 


Then, Е has a random fixed point, 


PROOF. We shall apply Theorem 1 again and prove, 
that Е has a fixed point in the strong sense оп A(w-X(w) with 
X(w) = 93U(w)üK(w) (мед). Let мед fixed, but arbitrary. Now, we 
do not write this fixed argument м. Let F:A+k(E) be a usc 
mapping with F (x) СЕ(х) (x€A) and F(x) = F(x) (хЕХ). Then 
F(A) ек. We denote by ф the measure of noncompactness. We 
obtain W(F(N)) <Ф(Е(М)) (NCA). If F is condensing, then it 
implies y(N) <p(F(N)) <y(F(N)) (NCA) that F(N) is relatively 
compact and therefore F(N) cF(N), too. Hence, F is condensing 
and by F(x) =F(x) (x€3UnK) and condition (3), we obtain 
F(-x) =-Ё(х) (x€9UNK) . Then, by Proposition 3, F has a fixed 
point in UNK. In the other case, if F is l-condensing and de- 


micompact in о, we must show, that F is demicompact in о. 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


———————————————— TT _ ___ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


14 S. Hahn 


paa 


F is clearly l-condensing апа F(UNK) is bounded. Let (ха) 7 
(Z4 ) be bounded sequences with w non 2 „EF (x x) (n€N) and 

x -2 эо. Since F (wy )críx, ) (nEn) ) we have z nok (х1 ) (n€N). 
п 

Since F is Beuleompact in о, there exists а S ubssanehcs 

(x. ) of (хы ) with x, эх 'ЄА. This implies C as Because 


2 EF (x, ana Gr F de closed, we obtain in the fact x 'ЕЕ(х’ ys 
n 


By SE M A 3 F has a fixed point. Therefore, F has in 
either case a fixed point in the strong sense on A-X, and 


our result follows from Theorem 1. 
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REZIME 


STOHASTICKE TEOREME O NEPOKRETNOJ TAČKI ZA 
STOHASTICKE ODGORE POLUNEPREKIONE VISEZNACNE 
OPERATORE 


Dokazana je jedna opšta teorema o nepokretnoj tački za 
stohastičke poluneprekidne višeznačne operatore sa stohastičkim 
domenom u Frešeovim prostorima. Koristeći ovu teoremu dobijene 
зи stohastičke teoreme o nepokretnoj tački za preslikavanja kon- 
denzujućeg tipa. Ovi rezultati uopštavaju teoreme koje su doka- 
zali Engl [4], Itoh [10] i Slajnkofer [16]. 
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A GENERALIZATION OF A SECTION THEOREM OF 
KY FAN AND ITS APPLICATIONS TO VARIATIONAL 
INEQUALITIES 


А. Chitra апа Р.И. Subrahmanyam 


Department of Mathematics, Indtan Instttute 


of Technology, 600036 Madras, Indta 
ABSTRACT 


In this paper some section theorems are obtained. 
These theorems are generalizations of section theorems from 
[8] and [13]. Some applications are also given. 


1. INTRODUCTION 


In [8] Ky Fan generalized the KKM mapping theorem 
to infinite dimensional spaces and obtained as a consequence 
а section theorem leading to a proof of Tychonoff^s fixed po- 
int theorem. Itoh, Takahashi and Yanagi [13] gave an element- 
ary proof of this section theorem based on Brouwer^s fixed po- 
int theorem and also obtained an analogue of this section the- 
orem wherefrom they established a few existence theorems for 
complementarity problems as well as nonlinear variational ine- 
qualities involving uppersemicontinuous multifunctions. In 
[21] Takahashi obtained a basic lemma leading to an extension 


AMS Mathematics Subject Classification (1980): 47810. 


Key words and phrases: Section theorems, vartattonal inequali- 
ties, complementarity problems. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 3 


о ООО 00 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


18 A. Chitra and P.V. Subrahmanyam 


of a variational inequality studied by Browder [4]. In § 3 we 


have obtained a generaliz 


it leads to the formulation of a class © 
uming the one considered by Takahashi [21]. An ex- 


ation of Ky Fan's section theorem and 


f variational ineaua- 


lities subs 
n of a coincidence theorem of Jiang Jiahe [14] is yet 
In $ à another section 


tensio 


another application of our theorem. 


theorem generalizing that of Itoh, Takahashi and Yanagi [13] 


is proved along with the generalization of some results on va- 
piational inequalities obtained by these authors. 

For applications of fixed point theorems in the solu- 
tions of complementarity problems , variational inequalities and 
quasivariational inequalities Allen [1], Browder [3], Ваіоссһі 
апа Саре1о [2], Coppoletta [5], Dugundji and Granas [6], Gwin- 
лег [11], Karamardian [16], Juberg апа Karamardian [15], Кіпа- 
eplehrer and Stampacchia [17], Minty [18], More [19] and Mosco 


[20] may be referred. 
2. PRELIMINARIES 


Throughout the paper E denotes a Hausdorff topologi- 
cal vector space, 2E the collection of nonempty subsets of Б. 
For H,K ЕЕ the boundary. and interior of K relative to H are 
defined as B,(K) = K n (Н-Ю) and Iy(K) = K f (B4 СО)“ respec- 
tively where A denotes the closure of A and АС the complement 
of A. СК(Е) denotes the set of all nonempty compact, convex 
subsets of E. For any pair of topological vector spaces E and 
F ЗН ру < .,. > a bilinear form of F x E into the reals R 
| апа by R the set of nonpositive real numbers. For any locally 
| convex space E we assume that the topology of E^ (the dual of 
E) is the strong topology and < w,x > is the value of w € EZ 
| a € E. For any cone H in a topological vector space Е, i-?^ 
.H is a closed convex subset of E such that ax + ВУ € Н for all 
a»8 > 0 and х,у € Н, the polar H* of Н is the cone defined by 


| 
pet ТАЗ 450506: <у,х> > 0 for all x ЕН }- 


Ky Fan [10] introduced the following concept of an | 
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upperdemicontinuous maps that include the class of uppersemi- 


continuous maps in real spaces. 


Definition 2.1. Let E be a real locally conves spa- 
ce and T a multtmap of S c E tnto 2E ts said to be upperdemi- 
continuous tf for every X€S and every half space Н contatning 
Tx there exists a neighbourhood of x whose image unde» T is 
contained in Н where Н ts of the form {x € E : h(x) > r} where 
h is a continuous Linear functional not identically zero and г 


any real number. 
The basic section theorem of Ky Fan whose applicati- 


ons can be found in Ky Fan [9], and Iohvidov [12] is as fol- 


lows. 


Theorem 2.1. (Ky Fan [8]) Zet К be а nonempty com- 


pact convex subset of a Hausdorff topological vector space E. 


Let A be a elosed subset of К х К for which the following соп- 
dtttons hold; 


(%) (x,x) Е А for every x Є К, 
(Zi) For each x € К, fy € К: (x,y) € A } 


ts convex or empty. 
Then there extsts xo Є К such that {xo} x К © А. 


The following results on variational inequalities and 
complementarity problems have been obtained in Takahashi [21]. 


Theorem 2.2. (Takahashi [21]) Хе? Н be a closed 
convex subset of a locally convex Hausdorff topological vector 
Space E and Т a continuous mapping of Н into ЕЗ. If there exists 
2 а compact convex set К of H such that I ОЮ * ф and for each 
ж (2 B, CO there ts uo Е TOO with < Tz, z-uo > > 0, then there 
exists xo ЕН such that < Тхо, х-хо> > 0 for all x ЄН. 


Theorem 2.3. (Takahashi [21]) Let Н be a сопе їп a 


locally convex space E and T a continuous mapping of Н into Eż. 
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act convex set K of H such that Та (K)#6 
uo € Ty OO ӘЛДЕН < 16) 2 10 mes 
that Tx* € H* and < Tx*,x* > 


If there exists a comp 
and fo» each z € By CO there ts 


> 0 then there exists хз ЕН such 


SCOS 


A coincidence theorem of Jiang Jiahe [14] for upper- 


demicontinuous multimaps is given below. 
Let K be a compact 


Blogs Ko. 25% 


Theorem 2.4. (Jiang Jiahe [14]) 
convex set in a locally convex space Е. Let 


two upper-demicontinuous mappings such that for any x € K, F(x) 


and G(x) ате nonempty closed convex sets and etther F(x) or 


G(x) їз compact. Suppose that for any хе E and any continuous 


linear functional ф on E infy(x-y) = 0 implies .in{ e(u-v) 2 0. 
УЕЕ u€F(x) 
veG(x) 


Then there exists xo € К such that Е(хо) П G(xo) + 0. 


The following is a section theorem analogous to Theo- 


rem 2.1 where we have distinct topological vector spaces. 


Theorem 2.5. (Itoh, Takahashi and Yanagi [13]) Zet 
К. be a nonempty compact convex subset of a locally convex 
space E and К» a closed convex subset of a Hausdorff topologi- 
eal vector space F. Let A be a subset of K4 х Кг having the 


following properties: 


(1) А ts closed 

(11) For апу y Є K2, {х ЕК. : (х,у) € А} tis nonempty 
and convex 

(tit) For any x Є Ki, (y € К» : (х,у) ҒА) 13 conves or 
empty. 


Then there exists xo € Kı such that {xo} x K2 © A- 


Some results on variational inequalities and comple- 
mentarity problems proved in [13] have been stated below. 


Theorem 2.6. (Itoh, Takahashi and Yanagi [131) Zet 


H be a nonempty closed convex subset of a Haudorff topological | 
per 


vector space E, F locally convex. Let T : Н > CK(F) be an ир 
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| semicontinuous map and f : Н > Ва lower semicontinuous conver 
funetion. Suppose that there exists a nonempty compact convex 
set К of Н wtth Ig O0 + $ such that < .,. > ts jointly conti- 
nuous on F x К and for each z € By OO there is u € Ij ӨО for 


which ing < w,z-u» > f(u) - f(z). 
wET(z) 
Then there exists xo € K and wo € T(xo) sueh that 
| < Wo, х-хо > = Е(хо) - f(x) for every x ЕН. 


Theorem 2.7. (Itoh, Takahashi and Yanagi [13]) Zet 
H be a cone in the real n dimenstonal space А and T: H5 
> CK(R") an uppersemtcontinuous mapping for which there ts a 
| constant с > 0 such that < ы-у, x > > clxl? for all x ЄН, 
wE T(x) and v € T(0). Then there exists xo Є Н and wo € T(xo) 
such that wo € H* and < wo, xo > = Q. 


3. A GENERALIZATION OF A SECTION THEOREM 
OF KY FAN AND ITS APPLICATIONS 


The following theorem includes Theorem 2.1. 
Theorem 3.1. Let К be a nonempty compact, convex 


subset of a Hausdorff topological vector space E. Let А < кхк 
and в : Ko К such that the following conditions are satisfi- 


conver. 


| 

| еа. 

E 

| 

| (t) For every ув К, (x € K : (gx,y) € A} is closed 
| 

| (iz) For every x К, (рх,х) € A, 

| 

| (tit) For each x € К, (y € К : (gx,y) Є А} ts empty or 
| 

| 


Then there exists хо Е К such that {рхо} x Ke A. 


Proof. Suppose that for any x € K, there exists 
УЕ К such that (gx,y) € А. For each y € К, let 


А(у) = {x ЕК: (gx,y) € A) then we have K = U А(у). By (1) 
уек 


р 
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А(у) is open in К for each у € K. Since K is compact there 


exists a finite number of points {ул›у2›--+›Уү] of К such that 


кые 0 А(у,). 


Let 181,02, 84) be a partition of unity corresponding to 
this covering i.e., each 8. is а continuous mapping of К into 


[0,1] which vanishes outside of АСУ; ) while 


У (а ду 1 
121 > 


for every x Є К. We define a mapping p : K > K by 
n 
р(х =: В; ху; · 


Then р maps the simplex S spanned by the set lys;y2,.. yg! 
into itself, p has a fixed point z € S by Brouwer“’s fixed po- 
int theorem. For every i with В; (2) zx 05 (gC2),yi) € A. Thus 
by (iii) we get З 


п 
(обарао) = 0202) > В; (2)у;) € A. 
1=1 


On the other hand (g(z),p(z))- (g(z),z) € A by (ii). This is 
a contradiction. Therefore there exists xo € К such that 
{gxo} x KG A. 


Remark 3.1. When g - identity map on K we get Theo- 
rem 2.1. 

As an example which illustrates Theorem 3.1 we have 
the following. 


Example 3.1. Let К = [0,1] ев and g: Кә K be 

defined as gx = 1-x and A-(CGy € K x К: у < 1-x) . Then it 
can be easily verified that g and A Satisfy all the conditions 
of Theorem 3.1. Clearly x, - 1 is such that (ехо) x К S A. We 


do not require the diagonal {(x,x) : x € К} to be contained | 
| 
j 
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іп А. 

As an application of Theorem 3.1 we һауе the fol- 
lowing in which for g = identity map on K, the result is due 
to Takahashi ([21], Lemma 1). 


Theorem 3.2. Let Е be a Hausdorff topological vec- 
tor space and К < Е compact and convex g : К > К and F : KxK>R 


are maps with the following conditions: 


(t) For every x € К, y э F(gx,y) ts convex, 
(tt) F(gx,x) = с for every x 6 К for some real с, 
(шо) For every y € К, х > F(gx,y) ts uppersemtcontinuous. 


Then there exists хо € К such that F(gxo,x) > с for 


every x € К. 


Proof. Let А = (yD E Kx KERROT yD) SEEE 
be easily verified that under assumptions (i), (ii) and (iii) 
all the conditions of Theorem 3.1.are satisfied. Hence there 
exists хо Є K such that (ахојх K S A i.e., F(gxo,x) > с for 
every x € К. 

With the help of Theorem 3.2 we prove the following 


result. 


Theorem 3.3. Let Е be a locally convex Hausdorff 
topological vector space, T : К э ЕЗ and р : К > К are maps 


where Кс E ts compact and convex with the following conditi- 


ons. 

(i) x e < Тех, y-gx > ts uppersemtcontinuous for every 
y € K, 

(21) х e < Tgx, x-g(x) > ts lover semicontinuous. 


Then there exist хо,уо Є К such that for every уЕК 
< Tg(xo), y-g(xo) > > < Tglyo),yo-glyo) >. 
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Kx K by Ғ(х,у) = < Тх,у-х >. 


Proof. Define F 
F satisfies the conditions 


Under the assumptions (1) and (11) 


of Theorem 3.2 with с = &n$* Tg(x),x-g(x) ? the infimum being 
x€K 


attained at some yo € K in 
(ii). So by Theorem 3.2 there exists xo € K such that 
F(gxo,y) = < Tg(yo),yo-g(yo) > for every y AG ет 
< Tg(xo),y-g(xo) >2< Tg(yoJ,yo-g(yo) > for every y € Ке 


view of the compactness of К and 


Remark 3.2. When g reduces to the identity map on K 
and T : К > Ей continuous we get a result of Browder (41. 


We extend below Theorem 3.3 to closed convex sets. 


Theorem 3.4. Let Н be a closed convex subset of a 
locally convex Hausdorff topological vector space E,T : Н > E* 
and g : К > К where К € Н ts compact and convex with Ij [О + $. 
Suppose (i) x> < Tg(x),y-g(x) > ts NU 222 for 
every y € K, (ii) x» < Tg(x),x-g(x) > ts Lower semicontinuous 
and (111) for every g(z) Е By (K) there exists Uo Є Ty О with 
< T(gz),uo-g(z) > < < Tg(x),x-g(x) > for every x Є К. Then the- 
re exist хо,уо Є К such that < T(g(xo)),y-g(xo) > > < Т(р(уо)), 
Уо -glyc) > for every y ЕН. 


| Proof. By Theorem 3.3 there exist хо,уо € К such 
that < Тв(хо).у-Е(хо) > = < Tglyo),Yo-glyo) > for every y € К 


where < Tg(¥o),Yo-glyo) > = ing < Tg(x),x-g(x) >. If рхо € 1,(K) 
хек 
for every у € Н, there exists A €(0,1) with Лу + (1-A)gxo Є К. 


Thus < Tg(xo),Ay + (1-A)gXo - рхо > > < Tglyo),yo-glyo) >, i.e.» 
< Тр(хо),у-р(хо) > > < Тр(уо),уо-Е(уо) >. ТЕ Бхо Е в, (K) there 
exists ug € Ig OO with 


(I - 
) S < Tg(x),x-g(x) >> < Tg(xo),uo-g(xo) > 
by hypothesis. For every y € Н there exists А € (0,1) with 

Ay + (1-A)uo Є К. Hence < Tg(x9), Ay + (1-))ug - g(xo) > 2 

> < Tglyohyo-glyo) > i.e., А Tg(xo),y-gxo > > < Тр(уо),Уо ае 
+ (1-^)С < Tg(xo2),g(xo) - uo > ). By (Т) we conclude 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A generalization of a section theorem 25 
< Tg(xg92,y-g(xo) > > < Tglyo),yo-glyo) > for every y ЕН. 
When g = identity map оп К апа T : Н > Ей is conti- 


nuous we get Theorem 2.2. 
The following nonlinear complementarity problem is a 


consequence of Theorem 3.4, 


Theorem 3.5. Let Н © E be a cone where Е ts а local- 
ly convex Hausdorff topological vector space. If К € Н ts com- 


pact and convex, T : H + E*, g : К + К are maps with the сопат- 


ttons: 

(1) x'* < Tg(x), y -g(x) > 18 uppersemicontinuous for eve- 
PY у ЕК, 

(2%) х= < Tg(x), x-g(x) > ts Louersemicontinuous, 

(tit) For every g(z) Є By (K) there extsts uo 6 Iņ (K) with 


< Tg(z),uo-g(z) > < < Tg(x),x-g(x) > for every x Е К. 


Then there exist xo,yo Є K with |< Tg(xo),g(xo) >| < 
S < Tglyo),yo-glyo) > and Tg(xo) Е Н“. 


Proof. By Theorem 3.4 there exist Xo,Yyo Е K with 
< Tg(xo),y-gxo > > < Tglyo),yo-glyo) > for every y ЕН. Taking 
У = 0 and 2 рхо че get |< Tg(xo),g(xo) >| < < Tglyo),yo-glyo) > 
and < Тр(хо),у > 2 0 for every у ЕН implying that Tg(xo) € H*. 


Remark 3.3 When g is the identity map on K and 
T : H + E* is continuous we get Theorem 2.3. 

The following is an improvement of a result of Jiang 
Jiahe [14]. 


Theorem 3.6. Let К be a compact convex subset of a 
locally convex space E, F and G : К + 2K are upperdemicontinu- 
ous multimaps such that F(x) and G(x) are nonempty closed con- 
vex subsets of E for each x € К with the condition that either 
F(gx) or G(x) is compact for each x € K where g : К + К £s a 


continuous тар. If for every continuous linear functional o 
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= joo) 2 O Е 1,2) implies that 

(Т) and for every x 6 БСК) 
ing e(u-v) < 0. Then 

u€F( gx) 


v€G(x) 
that FCgxo) n С(хо) $. 


anao < 5501 elyi 

e(g(tya + (1-t)y2) - g(x)) 2 0 

with inf ¥(x-y) = 0 implies that 
y€g(K) 


there exists хо Є К such 


Proof. Suppose that the conclusion does not hold. 


Then for any x Є К, F(gx) and G(x) ean be strictly separated 


by a closed hyperplane by 
vex space i.e., there are real numbers Зи апа 
on Е such that e, Cu) еі Ж. 


separation theorem іп а locally соп- 
а nonzero 
continuous linear functional Oe 
> № xo? for any u E F(gx) and v € G(x). By the continuity of g 
and К л continuity of Е апа б there is a neighbourhood 

U, of x іп К such that U, © {у € K : for every u € F(gy) and 

у € Gly) „и (u) D 9 (v)}.Sinceat least one of F(Gy) or Gly) 
is compact say F(g(y)) is compact, there is a real number 5, 
such that for апу u € F(gy) and v € G(y),9 (u) REKATA SZ 9 XO: 
Hence fo Cur > BID T 0. Consequently 


Ur. S {у @ 6-8. 404 не > o). 

u€F(gy) 

УЕС(у ) 
By че запрена of K eue exists Gu уха) x) = К such 
that PX xi - K. Let (8. у be the corresponding partition of 

р 1=1 
unity. Define А as follows. A={(x,y)e KXK: z 8, СУ, {БУ F 
С : 1=1 

= х) 30). Since Ox; >В: and g are continuous for every 


y € К, the set (x € К: (gx,y) € A} is closed and (gx,x) € А 
for every х Е К. For each x € К, (y € К: (gx,y) € A ) is con- 


vex m view of (I) for the continuous linear functional 


ose m 8:(gX)*x;. Thus all the conditions of Theorem 3.1 are 


азге Hence there exists хо Е К such that {gx} х KS AÀ 
356. E В. „(ехо x5 (gy -gxo) 5 0 for every y Є К. 


= 
ppp eS = В: (exo ха a continuous linear functional we have 


Y (gxo-gy) > 0 for every y Є К and hence 4и( ч(вхо-2) 2 0: 
zeg(K) 
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But for every i with В; (вхо) ЭОЕ о, © Ux; where 


Ant Фу. (u-v) > 0 
u€F(g(z)) a 
у66(2) 
where 2 = gx,. Thus 
n 
Ang Ф(а-у) > = В. (вхо) nf oe (Ой-ууй 
u€F(g(z)) і-1 u€F(g(z)) Ši 

УЕС( 2) veG(z) 


which contradicts our hypothesis. Hence there exists xg Е К 
with F(gx,) n 6(х,) + 9. 


Remark 3.4. When g reduces to the identity тар оп К 
we get Theorem 2.4 due to Jiang Jiahe [14]. 


lh. GENERALIZATION ОҒ A SECTION THEOREM DUE 
TO ITOH, TAKAHASHI AND YANAGI AND A CLASS 
OF VARIATIONAL TYPE INEQUALITIES 


When we have distinct topological vector spaces the 
following is a generalization of Theorem 2.5. 


Theorem 8.1. Let K4 be a nonempty compact, convex 
subset of a locally convex space Е and K2 a nonempty closed 
convex subset of a Hausdorff topological vector space F. Let 
А Бе a subset of К. X К. and 8 a continuous self тар on Ka 


such that the following conditions are satisfied: 


(t) A ts closed 

(tt) For any у € Ko, {x € Ка : (gx,y) Є A} + 6 and 
convex 

(277) For any x € Ка, {у € K2 : (вх,у) € А} is empty 


or conver 
Then there exists хо Е К with {рхо} х Ка СА. 


Proof. Suppose that the assertion of the theorem is 
false. Then, for each x € К+, there is y € K2 such that 
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(gx,y) 6 A} for any у Е Ka, 


(gx,y) % A. Denote Aly) = {x € Ка 
of K and a par- 


қ п 
then there exists а finite covering (ACy 23-1 


tition of unity {829-4 corresponding to this covering. Set 


n . . 
x 8; У; for any x 6 Ка. Then р is a continuous пар- 
5 1 


121 { X4 
ping of K, into Ка. Define a mapping T Ка > 2 


= {u € К+: (g(u),p(x)) € A} then by (i) and (ii) T(x) is non- 
empty convex and compact for every хє Қ, (By the continuity 

of g and closedness of A, T(x) is a closed subset of K, for 
every x € Ка). Using the continuity of g, p and (i) it can be 
verified that T is uppersemicontinuous. Hence T has a fixed 
point z Є К+ by Fan^s fixed point theorem [7]. Thus (g(z),p(z)) 


€ A. On the other hand by (iii) (g(z),p(z)) € A. This contradic- 


р(х) = 
by Tx) = 


tion proves the theorem. 

When g = identity mapping on Ki we obtain Theorem 
2:5. 

Throughout the rest of this section Н is a closed 
convex subset of a Hausdorff topological vector space E and F 
a Hausdorff locally convex space, K © H a compact convex set 
with Ig OO + ф. g maps Н continuously into itself leaving К in- 
variant, f : Н + Ва real valued continuous convex function and 
T : H > CK(F). The bilinear form <•,•> is jointly continuous on 
ЕК. 


Theorem 4.2. Suppose the following conditions are 
satisfied for the maps У; (i = 1,2,3) of H into itself leaving 
К tnvartant. 


(%) The maps 28 and фл are continuous where ші ts affine 


and Tg is uppersemicontinuous оп К. 


(tt) For every x Е К, there exists w € T(g(x)) such that 
; < W,U4(x) = p2(gx) > > f(gx) - f(x). 
(iii) Ege Уз(х) Є B (K) there exists y € IQ(K) such that 
ee < м,фз(рх) - Wily) > > f(y) - Ғ(рх). 
(tiv) fg 2 fs and фа * g= у. * V4 . 
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Then there exists xo € K and wo € T(gxo) such that 


< мо,фа(х) ~ Uz(gxo) > > f(gxo) - f(x) for every х ЕН. 


Proof. Let A= {(x,y) ЕКХК: Sup < w ,01(у) - 
WET(x) 
= Wa(x) > > f(x) = fly). Ву (33) (хх) © А for eveny = 6058 


and thus A is nonempty. Since Фа is affine and f is convex, 
(y € К: (gx,y) € A} is convex for every x Е К and by the 
continuity of tag and the uppersemicontinuity ог Tg, {x € К 
(gx,y)€A) is closed for every y € К. Thus all the conditions 
of Theorem 3.1 are satisfied. Hence there exists xo € К such 
that еж нед. те; 


(Т) Sup < w,Us(x) - Uz(gxo) > > f(gxo) - f(x) 

МЕТ( вхо) 
for every x Е К. 

Now, define В = ((w,x) € T(gxo) x К : < ч,04(х) - 
- U2(gxo) > > f(gxo) - f(x)). B is nonempty in view of (I). 
Since yı and f are continuous, В is closed. By (I) and the af- 
fineness of фл it can be verified that B satisfies all the 
conditions of Theorem 4.1. (with р = identity in that theorem). 
So there exists wo € T(gxo) such that (wo) x K c B. i.e., 


(II) < Wo,U4(x) - Uz(gxo) > > f(gxo) - f(x) 


for every x € К. 
If уз(хо) € ің O0, for each x € Н we can choose Л 
(0 < Л < 1) so that Ax + (1 - J)Ua(xo) Є К. By II 


< Wo,U4(x) - У2(рхо) > > A(fCgxo) - f(x)) + 
+ (1 - A)[f(gxo) - f(Us(xo)) + < wo,U2(gxo) - 
= yaUs(xo) >] 


By (iv) < wo,U4(x) - U2(gxo) >> f(gxo) - f(x) for every x € d. 
Suppose уз(хо) € By OO; by (iii) there exists yo € 


€ 1, OO such that ing < w,U2(gxo) - 04(уо) > > Ғ(уо)-Ғ(вхо). 
ч WET(gxo) 
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Since мо € T(gxo), < Wo,W2(gxo) - фа(уо) > = f(yo) - fCgxo). 

Now if x € H, for yo € 1,9 there exists Л 6(0,1) such that 

м < — Ло Є К. By (ІІ) < Wo „Ја (Ах + (1 - Оуо) - 

- фа(ихо) > > f(gxo) - ҒОх +(1 - Х)уо) from which it follows 


that 
\ < мо, \1(х) - Ua(gxo) > 2 Mf(gxo) - #00) 
+ (1 -A)[f(gxo) - Е(уо) + < wo,Uz2(gxo) - Фа(уо) >] 


By (iii) and (iv) € wg,U4(x) - Уг(рхо) > 2 Flexo) = £x) fon 
every x € H. 


Remark 4.1. When T is single valued the lowersemi- 
continuity of f is sufficient to draw the conclusion of Theo- 
rem 4.2. 

For particular choices of 91, U2 and Us we obtain 
the following results. 


Theorem 4.3. Suppose the following conditions hold: 


(1) Т 28 uppersemicontinuous 
(%%) For x € By OO, there exists y € I,K) such that 
4п{< Wox-y > > Fly) = f(x). 
we T(x) 


Then there exists хо € K and Wo € Т(хо) such that < чо,х-хо > 2 
> f(Xo) - f(x) for every x ЄН. 


Proof. In Theorem 4.2 set фа = рг = фз = g = identi- 
ty on H. It can be verified that all conditions of Theorem 4.2 


are satsified under the assumptions (i) and (ii) and we have 
the required result. 


Remark 4.2. In the proof.of Theorem 2.6, though the 
authors have assumed f to be merely lowersemicontinuous, it арт 
pears that not only the lowersemicontinuity of Е, but also that 
of - f (which leads to the continuity of f) is indispensable. 
Theorem 5.3 is a modification of Theorem 2.6. 
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Theorem 4.4. Suppose we have the following condi- 


tions. 

(i) Tg 18 uppersemtcontinuous on К, 

(tt) For every x 6 К, there exists м 6 T(gx) such that 
< w,x-g?x > > f(gx) - f(x), 

(iti) For g2(x) € By (K) there exists y € Ij OO such that 

int < w,g?x-y > 2 fy - f(gx) and 

weT (gx) 

(iv) fo eriga 


Then there exists хо E K and Wo Е T(gxo) such that 
XWo,X-g?(xo) > > f(gxo) - f(x) for every x ЕН. 


Proof. In Theorem 4.2, put ф, = identity оп Iste 
U2 = g and ya = g?. For this choise of Vi (i = 1,2,3) under 
the assumptions (i) - (iv) it can be verified that all the 
conditions of Theorem 4.2 hold. Hence there exists Xo € K and 
wo € T(gxo) such that < wo,x-g2xo > > Ғ(рхо) - f(x) for every 
хен. 


Theorem 4.5. Suppose we have the following assumpt- 


tons on T and g. 


(t) 5 ts affine and Tg is uppersemtcontinuous on К 


iv 


(it) For every х Є К, there exists м € T(gx) such that 
, < W,gx-g2x > > f(gx) - f(x), 


E (tit) For gx € В, OO there extsts у 6 I (к) such that 
ing < W,g2x - gy > > fly) - f(gx) 
weT (gx) 


Then there exists xo Е К and Wo Е Т(вхо) such that 
< Wo,gX - Е2хо > > f(gxo) - f(x) for every x ЕН. 


Proof. Іп Theorem 4.2 take ф+ = 42 = Ws = 5. Under 
(1 the given hypotheses, for the particular choice of ф;› it can 


be verified that all the conditions of Theorem 4.2 are satis- 
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fied. So there exists хо Є К and wo € Т(рх) such that 


>> (рхо) = F(x) for every х GEH 
assume in the rest of the 


€ Wo BX 7 £?Xo 
For convenience we shall 


section that Tg is uppersemicontinuous on НЕ 
Theorem 4.2 still holds if in the place of F we ta- 


ке E*, the dual of Ба locally convex space and denote by 


< w,x > the value of w Е E* at x € E. 


Theorem 4.6. If H ts a closed convex subset of a 
locally convex space E,K CH compact and convex with IQ OO + $. 
мл, Us (i = 1,2,3) are maps of H into itself leaving K inva- 
riant where g is continuous, f :H > Ra continuous convex 


funetion, T : Н > CK(E*) wtth 
(%) The maps yag and y, are continuous where фл ts af- 
fine and Tg ts uppersemicontinuous, 


(0) For every x Е К, there exists м Є T(gx) such that 
< w,U4(x) - Uz2C(gx) > > f(gx) - £(x), 


(iit) For фз(х) € Ви СК) there exists у 6 Ти ПО such that 
inf < м,рг (вх) - wily) > > fly) - Ё(рх). 
WET(gx) 
(tv) fg > fya and U2 * g= va * Va. 


Then there extsts хо 6 К, Wo 6 Т(рхо) such that 
< Wo oi (х) - №2 (рхо) > > Ғ(рхо) - f(x) for every х Є Н. 


Given below are multivalued versions of nonlinear 
complementarity problems. 


Theorem 4.7. Let Н be а cone of a locally convex 
space E, К € Н compact and convex with ТО во зн 
£8 a continuous convex function, with £(0) = 0, T:H > CKCE*) 


and в, №; (i = 1,2,3) are maps of Н into itself leaving К in- 
vartant with g continuous satisfy the following conditions: 


(i) The maps фар and фл are continuous where Ші is Line 
ar and Tg uppersemicontinuous, 
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(te) For every x € К, there exists ы € T(gx) such that 


< ч,94(х) - Uz(gx) > > f(gx) - f(x). 


(ТЫ! For }з(х)Є В, OO there exists у Е I, OO such that 
ing < ч,Фа(вх) - Waly) > > Fly) - #(рх) 
we T( gx) 
(tv) fg > fils and We e fete = W4 * Ws. 


(a) Along with the above conditions if f : Н + R- їз 
such that #(Ах) = Af(x) for every x Є К and } > 1, then there 
exists Xo Є К and Wo € T(gxo) such that < мо, U2(gxo) > = 
= - f(gxo) and for every x ЕН, < wo,ti(x) > 20. 


(b) Along with the hypotheses (i) - (tv) if f : Н > R- 
ts such that f(x*y) < f(x) for every х,у ЕН, then there exists 
Хо € К and wo Є T(gxo) such that < < мо,фа(ахо) > < - Flexo) 
and < wo,U4(x) > = 0 for every x ЕН. 


Proof. By Theorem 4.6 there exists хо Е К and Wo Е 
Е T(gxo) such that 


(1) < Wo,Wi(x) - Фа(рхо) > > f(gxo) - f(x) for every ХЕН. 


Setting х = 0 we get < wo,U2(gxo) > < - f(gxo). 

In the case (a) taking x = 2Us(xo) in (I) we have <Wo,W2(gxo)> > 
> - f(gxo) by using (iv) and Ғ(Ах) = Af(x) for А > 1 and x ЕН. 
Thus < wo,U2(gxo) > = - f(gxo) and for x ЕН, < wo,Wi(x) > > 

= - f(x) > 0 for every x ЕН. 

In ease the condition (b) holds, taking х = 2%0з(хо) 
in (I) and using (iv) and f(x + y) < f(x) for every x,y € H we 
get < wo,U2(gxo) > > 0. Thus 0 < < wo,U2(gxo) > S - Ғ(рхо). For 
every x ЕН, taking x + Us(xg) in the place of x in (I) and 
using the conditions on f, Vi (i = 1,2,3) it follows that 
< wo,U4(x) > > 0 for every x ЕН. 


Remark 4.3. When р, Us (i = 1,2,3) are chosen as the 
identity maps on Н Theorem 4.7 ((a),(b)) are those obtained in 
Itoh, Takahashi and Yanagi ([13], Theorems 3.3, 3.4) for conti- 
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When f = 0 we get the following result. 


Theorem 4.8. If H їз а closed convex subset of a 


locally convex space E, К © H compact and convex wtth 1, O9, 
T : H + CKCE*) and в, LA (is 1,2,3) are maps of H tnto еве 
leaving К tnvartant with g continuous such that the following 


conditions hold 


(i) The maps фав and фл are continuous where Фа ts Line- 


ar and Tg ts uppersemtcontinuous 


(tt) For every x Е К, there exists м € T( gx) such that 
< ч,04(х) - UV2(gx) > = 0 


(ttt) For Wa(x) € By СО there extsts у Е Ig OO such that 
ing < ч,Фа(вх) - Wily) > = 0 and 
w€T( gx) 
(tv) 02 g = фа • уз. 


Then there exists хо € K, Wo Е T(gxo) with < чо.072(вхо) > = 0 
and < wo,U4(x) > = 0 for every x € Н. 


The choice Фа = Фа = g = Ws in finite dimensional 
Euclidean space R? leads to the following result generalizing 
the corresponding result due to Itoh, Takahashi and Yanagi 
[13]. 


Theorem 4.10. Let Н be a cone in the real n dimen- 
stonal space R" and T : H + CK(R™), g : H +H a continuous li- 
near map wtth llg(z)l < 12| for every 2 € Н and Tg is upperse- 


mtconttnuous. Suppose there exists с > 0 and 0 + vo € T(0) 
wtth 


(I) < W - Vo ,8(x) > > схја for every x ЕН and for 
every че T(x). 


If for every x ЕН, there exists we T(gx) sueh that 


(17) < wgx - g2x > > 0 
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then there exists хо ЕН and wo € Tg(xg) such that 


< wo,g?(xo) > = 0 and < wo ,g(x) > 2 0 for every x € H. 


Proof. If 0€ T(0) = T(g(0)) the conclusion holds. 
Otherwise, define К = {x ЕН : >| < Ilvoll/c}. К is a nonempty 
compact convex set. Under the given hypotheses, all the con- 
ditions of Theorem 4.9 except (iii) are easily verified for 


the choice фл = Ya = р = уз. If g(x) € Bg OO then 
ell вх! 2 = Ilvollllg¢x)Il and hence 
ing < w,g?x > > clgxl? + < vo,g?(x) > = 
we T( gx) 


= Ilvoll Пах + < vo, g2(x) > 


1.е., “пф < w,g2(x) > 2 0 
МЕ T( gx) 


for the interior point u = 0. By Theorem 4.9 there exists 
Xo Е К and wo € T(gxo) such that < wo,g?Xxo > = 0 and for eve- 
Ух ЕН < ўса) 9 О. 

When g is the identity map оп К and T : H + cK(gP) 
is uppersemicontinuous we obtain the corresponding theorem of 
Itoh, Takahashi and Yanagi ([13], Theorem 3.6). 

The following example illustrates Theorem 4.10. 


Example 4.1. Let Н = #3 the cone of nonnegative vec- 

= tors in А2 g : Н + Н be defined by g(x,y) = (y,x) for every 

(х,у) ЕН. Define T : Н + R2 by Т(х,у) = (ха + x + y - 1 - cosx, 

х + x + у - 1 - cosx). It сап be verified that T and g satisfy 

all the conditions of Theorem 4.10. The set {(x,y) : y2 +y + 

+ x - cosy = 0} = A forms the solutions set, namely for every 

(хо,уо) Е А, < Т(р(хо.уо)). р2(хо,уо) > = 0 and for every 

(x,y) ЕН, < Т(р(хо,уо)),я(х,у) > 2 0. (хо-Уо) = (2,0) is 


one such solution. 
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ABSTRACT 


In this paper we shall introduce the notion of a pro- 
babilistic metric space with a convex structure and prove fixed 
point theorems for multivalued mappings in such spaces. 


ils INTRODUCTION 


In [16] K.Menger introduced the notion of a probabilistic 
metric space and there are many papers from the theory of proba- 
bilistic metric spaces(for bibliographies see the books [4] , 

[15] and [27] ).Since 1972 ,when V.Sehgal and A.Bharucha-Reid 
published the paper [29] ,there is an increasing interest in the 
fixed point theory in probabilistic metric spaces and this theory 
is now an important part of the stochastic analysis [1] 

Fixed point theorems for singlevalued and multivalued 
mappings in probabilistic metric spaces are proved in [3],[5]-[14], 
[19] -[24],[31][32] апа [37] .Some very interesting results 
from the theory of probabilistic metric spaces are obtained by a 
group of Romanian mathematicians from the University of Timisoara. 

Japan mathematician W.Takahashi introduced in[35] the 
notion of a metric space with a convex structure . This class of 


metric spaces includes normed linear spaces and metric spaces of 
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hyperbolic type (see the books[ 33] and [34] ).Iterative processes 
on metric spaces of hyperbolic type are investigated by W.A.Kirk 
and K.Goebel ([33] , [34] ).Some fixed point theorems in such 
spaces are proved in [18]1,[25],[33],[34],[35] and [36] 

In this paper we shall generalize this notion to the class 
of probabilistic metric spaces, give a nontrivial example of sug 
space and prove fixed point theorems for multivalued mappings 
of nonexpansive type,which are defined on such spaces. 

2 PRELIMINARIES 

In this section we shall give necessary definitions and 
notations .By A we shall denote the set of all distribution 
functions F such that F(0) = 0 (F is a nondecreasing,leftconti- 


nuous mapping from В into [0,1] so that sup F(x) = on 
і à ХЕ В 
The ordered pair (S,F) is a probabilistic metric space 


if S is a nonempty set and F:SxS+A (F(p,q) for р,а65 is 
denoted by F ) so that the following conditions are satisfied 


рм 
Js ғ, JU) = 1 ,for every x>0 = u = v , and Е is symmetric. 
ГА 
2. Fu, vy) = 1 and Fyw Y?) = 1» Paw (ХУ) ab 


24 
for every (u,v,w) Е S x S х S апа (х,у) Е R' x R*. 


A Menger space is a triple (S,F,t) where (S,F) is a 
ade. metric space and t is a T-norm [27] so that 
уу) > t(F, von» ESSO 

for every u,v, vts and every ВЕ 


The (€,A)-topology is introduced by the family of neighbour 
hoods given by 


4 U gio (eZ Е, ESxR x (0, 1) 


where U, (Е,Х) is defined in the following way 
US (е,Х) ={ulu€S, Fu х(Е)>1- AS m 
Let A bs a nonempty Suse of S where (S, 2) is a probabilis! 
metric space . The function Da (*),defined on R by 
D, (x) = sup inf (t) 


t«X p,qEA Fora 
is called the probabilistic diameter of A апа the set A is 


probabilistic bounded if and only if [2] 
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sup Ра (x) = 1 
хек 


The notion of a random normed space is introduced by Sherstnev 


in [30] . A random normed space (S,F,t) is an ordered triple 


where S is a real or complex vector Space,t is а T-norm which 
is stronger then Т-погп Tan tm (х,у) = пах {х+у-1,0} апа the 
mapping Е:5 A satisfies the following conditions : 
(a) For He р = 9 „where 9 is the neutral element of 6 
and the mapping H is defined by : 


0 ,х<0 
H(x) = 
12: xx0 
(b) For every p€S,every x€R' апа every Л € KN {@}( K is the 
scalar field of S): 


M x 
Ер Fn) 
(с) For every р,465 апа every х,уєв* 8 


2t , 
Boag 2202 (E60 E) 


Every random normed space is а Menger space,where F:SxS+A 
is defined by F(p,q) - Fo-g 
The notion of a metric space with a convex structure is 


for every р,465 . 


introduced in[35] by Takahashi and we shall generalize this 
notion on a Menger space . 


"Definition 1.12% (S,F,t) be a Menger space . A mapping 
W:SxSx (0,11>5 25 said to be a convex structure if for every 
(х,у)65х5 : 

W(x,y,0) = y ,W(x,y,1) = x 
and fon every 26(0,1) : 


Senes UZ ace 
for every  c€R* and every (u,x,y) € S х S x 5. 


€ Е 
Е ъ=) 


Let us prove that every metric space (5,4) with a convex 
structure in the sense of Takahashi is a Menger space with a 
convex structure . 

Let (5,4) be a metric space with a convex structure W 
which means that W:SxSx[0,1]»S so that for every (xX,y,A)€SxSx[0,1] 
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(1) d(u,W(x,y,A)<Ad(u,x) + (1-A)d(u,y) ,for every ues 
It is known that (S,F,min) is a Menger space ,where 
0,d(u,v) 2х 
(x)= 
1,d(u,v) <x 


Let us prove that : 


Е Е 
> min{F Е Ux 
(2) аи y, А) (272 min{ pec. ‚у 1-3) 
+ 
for every (u,x,y)€SxSxS апа every (Е, Л) ЕВ x(0,1) . Suppose 
Є 
that BS ws = 1 and Pay GA = . Then d(u,x)«x 
and AE yq and (1) implies that 
p e. + (1-21 = ге 
Hence,we have that : 
Е E Жы. 
Ға н(х,у,А) (29) ELT mint x CE y Tan? 
г Е 
If тіл Е ах) Fu dem 2) )= 0 then from Fa W(x ;yyd) (26) 29 


it follows that (2) is satisfied. 
Furthermore from (1) we obtain ,for А = 0 and u = у 
that W(x,y,0) = y and for A = 1 and u = x that W(x,y,1) = x 
Every random normed space is a Menger space with the 
convex structure defined by W(x,y,A) = A x + (1-Х)у ,for 
every (x,y,A)€SxSx[0,1] . This follows from the inequality: 


хол (26) = Fy (nex) (1-2) (u-y) (29) 


р. 
EXAMPLE Let us give а nontrivial example of a probabilistic 
metric space with a convex structure . Suppose that (М,4) 
15 a separable metric space with a convex structure И 50 
that for every 26(0,11 the mapping  (x,y)PW(x,y,A)is 
continuous апа (2,A,P) is a probability space 

Let S be the space of all measurable mappings from 
$ into M(i.e.the space of all equivalence classes) . It 15 
well known [4] that the triple (S,F,T п) із a Menger space , 
if for every X€S,YES ,c»0, uc[0,1] andi veo]: 
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Fy y(e) = P {w| а(Х(о),У (о) ) «c) 
Turvy) = max(utv-1,0) 
Let W:SxSx 


[0,1]+S be defined by the relation: 


W(X,Y,A) (ш) = W(X(w),¥(w),A) ,for every ш60 


and for every XES ‚YES ‚ЛЕ[О,1]. 


Since Х and У are measurable mappings and И is,for every 


fixed ХЕ[0,1] ‚а continuous mapping 
every X€S and YES ,W(X,Y,A) ES 


it follows that for 


Now  ,prove that for every UES,XES,YES апа ЛЄ (0,1) 


* == iE mE 
(*) "uU, a у) (2) PT x (F) Fy у 6550) ‚ for every Е>0. 


From the definition of the mapping F it follows 
that: 


Fy Rex, v,a) (29) = P {w| d(U(w) ,W(X(w) ,Y(u) ,A))<2e } 


Further,from (1) it follows that for every шео 


A(U(w) ,W(X(o) ,Y (w), А))< Ха(0(ш),Х(ш)) + (1- -A)d(U(w),Y(w)). 
This ineguality implies that 


{w|d(U(w) ,W(X(w) ,¥(w) ,A))< 2e)2to | (0 (ш) ,х(ш)) <= } 


n (o [d (0 (0) „У (0) ) 75 ) and so we obtain that 


Pl{w]a(u(w) W(X (0) ,Y (w), ^)<2=}]>Р[ {w| d(U(u) HX) ) <È ) 
n(o|d(U(u), Y (0)) «55x - Since for every А,ВЕА ІЗ 22 
-P(AUB) we obtain that: 


Pitw] 8(0 (2) X (0) ) <} {w| d (U (w) ,Y (w) )< — )] 
= Piw] а (0 (и) ,X (в) )< 23] + Рој d(U(0) , ¥(w) <E] 

-Р[{ | 9(0 (6) X (ш) )<) и {wj a(U(u) ,X (w) « т) ] 

Fo x Hy, y G5 - 1 ,which completes the proof of (*) 


In a Menger space with a convex structure the notion of 


а star-convex subset can be introduced Similarly as in the case 
| ОЁ а погтеа 5расе 
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Definition 2. Let (S,F,t) be a Menger space with a convey 


structure М:5х5х[0,1]+5 and Ma subset of $ . The set) M is зала 
to be star-convex tf there exists X EM such that : 
W(x,x,,A)€M for every (x,À)€Sx[0,1] : 

Phen xg is a star point of the set M 

In this paper we shall suppose that (S,F,t) is а Menger spag 
with a convex structure W:SxSx [0,1]-5 so that the following 
condition is satisfied : 

(ЛЕ)>Е (=) 

(9) Fw(x,2,A) Wy, ZÀ) % х,у 
for every (€,A)E€Rtx(0,1) and every (х,у,2)65х5х5 . 

A similar condition for metric spaces with a convex structu 
is introduced in [25]. If (S,F,t) is a random normed space 


condition (3) is satisfied since : 


= TV Role 
Ы) Fay) ,for every (х,у,2) 


SxSxS and every (€,A) ER x (0,1) o 

If M is a nonempty subset of S ,by 2 we shall denote 
the family of all nonempty subsets of S and by p" the family 
of all nonempty,closed subsets ої M. 


Let T:M oF (McS) . The mapping T is demicompact 


if for every two sequences {x Jen and {у taney such that 
x, €M(nEN) ,у €Tx, (n€N) and that : 

lim Бы ‚у (Е) = 1 „for every => 0 

ты DESM 
there exists a convergent subsequence (ха } -This 
definition is introduced in[8] . ЕМ 


If а singlevalued mapping is demicompact in the sense of 4 
normed space it is also demicompact in the above sense.In the 
case of normed spaces it is well known that a densifying 
mapping is an example of a demicompact Mapping . 


3. FIXED POINT THEOREMS 


The following fixed point theorem is a generalization of 
the well known Nadler’s fixed point theorem [17] and it is 
proved in [8] 


—————— аа 
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Theorem [et (S,F,t) be a complete Menger space wtth a 


continuous T- norm t ,M a nonempty closed subset of S,T: ue 2M 
so that the following conditions are satisfied: 


(i) For every u,v€M,every x€Tu and every 620 there 
extsts УЕТУ such that/ : 
(Sz 6 
Pay Е ==“), for every Е 20 where ЧЕ(0,1). 


(ii) T ts demtcompact or the family {Е (u)} 
n 


à { 4 пем 78 
equicontinuous at the point 


eh a where 
t (u) АЕ. ош 
n-times 


Then there exists at least one element хем such that x€Tx 


ТЕ (S,d) is a metric Space and (S,F,min) the induced 

Menger space the condition (i) is satisfied if: 
D(Tu,Tv)$q d(u,v) (u,v€M ,q€(0,1)) 

and D is the Hausdorff metric (T:M» CB(M)) 

This was proved in [8] and since for T-norm t - min 
the family {t uM is equicontinuous at the point u = 1 
it follows tnt the Nadler fixed point theorem is a corollary 
of the above fixed point theorem . 

Let us give an example of a T-norm t # min such that 
the family (е (u) ең is equicontinuous at the point и = 1 


Let Е be a continuous t-norm and for every meNy{0}: 
г. и 
т 


We shall define T-norm t in the following way: 


-m, zl mil -m 


T 
1-2 T2 ERE (288 oam ae) 
for (x,y)€ In Im 
t(x,y) = 
| о ‚ог (х,у) UOS XI ni 


It it easy to see that the family 45 (u) } ex is egui - 
continuous at the point u = 1. 
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Using the above theorem we shall prove a fixed point 
theorem for multivalued mappings which are of nonexpansive 


type 

Theorem 1. Let (S,F,t) be a complete Menger space with 
а convex structure М and continuous T- norm tM а nonempty, сїоѕе 
star-convex subset of S,T:M+2} so that the set T(M) is probabi- 
listically precompact (in the sense of [2] ) and the following 
condition is satisfied:For every u,v€M,every x€Tu and every $ 


there exists, УЕТУ such that : 


5 - > 
(4) Fy eeu, үе 6) ,for every є>0, 


Then there exists at least one element ХЕМ such that x€Tx . 


Proof:Let хо be the star-point of the set М апа {К nen a 


sequence of real numbers from (0,1) such that lim К = 1 
no 
For every n€N and хем let T x = U W(z,x „К ). We shall prove 
П 2ЄТх ODE. 


that for every nEN there exists х,ем such that x, ET x 
Since Xo is a star-point of the set M it follows that 


U W(z,x_,k_) c M and so T xc M for every nEN and every ХЕМ 
ZETX ae n 


From(3) it follows that the mapping W is continuous in respect 
to the first variable .Since Tx is closed it follows that Tx 
is compact (as a subset of TM) and so the set W(TX,x_ Ку) is СЇ 
for every nEN . This implies that the set TAX is closed for eve 
n€N and every x€M . 

We shall prove that for every u,v€M ,every хет u апа 
еуегу 6>0 there exists ует,у such that : 


6-6 
Bes IZ BE) ,for every => 0 


Let u,v€M, 6>0 and хєт и . ThenPthere exists z€Tu such that 


х = W(z,x Ку) . From (4) it follows that there exists y’€TV 
such that : 


MESSEN. 


Mee s же 
"n 


$ 
Б (ЕС) в (сов еуесу/ с 70 


Let y = Wy’, x sk) ETRY . Then we have that : 


F (Е) =F Ez E 
х,у ) ИК) Wy" ix ок) и 2 Ee (С) 
Е-6 п 
2212. (==) о 


Bie ea ona ai 


The setot 4M) pdi веканав наға шыйеняашрасе -This means | 


that for every є>0 and every А €(0,1)there exists a finite 


cit 
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cover of Т(М) {A} ezl I is finite) such that Ра (6)>1-А ‚ МЄТ 
1 


where D is the probabilistic diameter (which is defined by 


D, (x) = sup inf F (t) . From this it it obvious that TM is 
t<x  p,q€A 


a ON PE bounded subset of 5808 Dr м (= 1) ала in 

[2] it is proved that TM is precompact im ара to the 
metric p which metrizises the uniformity of S generated by 
the (€,\)-topology . Hence ,the set T(M) is compact . From the 
continuity of the mapping W in respect to the first variable it 
follows that the set Ta = И(Т(М),х К) (n€N) is relatively 
compact . Let us prove that Та is а demicompact mapping 

Suppose that la EN and (ЕМ аге two sequences from 


M such that y ET n and lim F, (Е) = 1 ,for every Е>0. 
n n noo  "p'4m 
Then there exists a convergent subsequence(y, ) of the sequence 
k 


{y_} and suppose that lim y = 2 . Then from the inequality 
п nEN ko 22 

Е (=) > t(F (=) ЈЕ NC )) it follows that lim x = 2. 
а у 2 а 2 кэ» ПК 


This means that the mapping Тл is demicompact .Непсе, 
all the conditions of the Theorem are satisfied and for every пЕМ 
there exists x_€M such that x_€T x 

' п п пп 


Since T x = U W(z,x +k) it follows that there exists 
2ЄТх a 


Z TX such that XE W(z Ху Ка) . Then ме have that : 


F (е) =F (Е) >t (Е (5) ,F GE) 
KERZ Zz zx, ku) 24426 2к, Za’ žo 2(1 ka? 


£ Е 
= Е (1.6 Grom) = 8 (===>) for every n€N . 
21'Хо 2 (1 к) 2 "Хо 2 (1 к) 


Since ТМ is probabilistic bounded we have that for every 
€ е 
i —————— Joe 20) . 
ZEIM ,lim Е, „z TOK у) 1 (for every е>0) .Using the 
пә =n n 


inequality : 


F > Ee Е, GRE 
о CO — 2,12 4(1-к.) хо 4(1-к”) 


g € = > 1 
and lim Ea г-к}! 1 (for every є>0 ) it follows that 


no 
lim "A x, TUET = 1 (for every =>0). Hence we have that: 
noe ш. сс-0.п Public Domain. Gurukul Kangri Collection, Haridwar 
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Since 2 ЕТх and the set Т(М) is compact there exists 
n n = n D 
a convergent subsequence (za } and let z = lim z 
к КЕМ Кос k 


Then (5) and the inequality 
Е € 
ғ, 72/2 ЕР БРИ n 
Pk k 
implies that lim Е Let us prove that зета 
k 


We shall 


Кес 
prove that z€Tz ,which implies,since Tz is closed, that 2672 


Let є>0 and A€(0,1) . We shall prove that there exists ben 


such that b€U, (є,А) . Let us take in (4) that 6 = 5 


Then there exists b, ETZ such that : 


FB Lr TR 


and у = 2 
[3 € 
3 rb ша ‚2 Сї) 


Suppose that п(А) be such an element from the interval 


(0,1) that we have the following implication: 


x»l-n(A) = «(х,х)>1-А . 
If п (€,A) €N is such that 


Є,„у_ nO) Е п (Л 
Баш (4)>1- --- Е (5) >1- na) ,for every ken, (6,2) 
ny Dy 


it follows that 

F 3 д2), 1-293. „тај 
Any ee (Е 2 (5) Е, T (5))> t(1- 5-7 
and so b EU (e, А) NTZ . Since Tz is closed ‚ме conclude that 26 


Using Theorem 1 we can prove the following theorem. 

Theorem 2. Let (S,F,t) be q complete Menger space with а 
Conver structure М and continuous T-norm t such that the family 
Ge (u) ЕК $8 equicontinuous at the point ч = 1 ,M as in Theoren 
Т а demtcompact mapping from M into the family of all nonempty, 
and compact subsets of M such that T(M) is bounded and the 
condition (4) is satisfied . Then there exists ХЕМ such that хе? 


Proof:As іп the proof of Theorem 1 ,let for every ncN and every 


хем :T.x = U W(z,x,,k.) . Since the set Tx is compact ,for even 
2ЄТх e | 


x€M it follows that. ТХ is closed ,for every пећ and every xeM * 
From the шо of the family {+ (u)} at the point 
n nEN 


u = 1 we obtain that the mapping Т satisfies all the conditio 
г Collection: Шапшак x ЕМ васһ tha 
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х eT xX, - Since TM is bounded ‚аз in Theorem 1 it follows 
that : 

lim Fy. SE (Е) = 1 ,for every є>0 

n>% пп 


where 2,6Тх, ,for every n€N . Since the mapping T is demicompact 


we obtain the existence of a convergent sequence {х } . 
n 


The rest of the proof is as in Theorem 1. к KEN 


Corollary Let (5,4) be a complete metric space with 


eu а conven structure М euch that for every: (x,y,z)€ SxSxS 


k and every ХЕ[0,1] : 


d(W(x,z,A),W(y,z,3)) «Ad(x,y) . 


r T be а demtcompact mapping from M into the family 
of all nonempty and compact subsets of M,TM be a bounded, 


Let Ø+ McS 


subset of the space, S and the set M closed and star-convex . 
If for every  u€M and чем : 


D(Tu,Tv) <d(u,v) 


there exists at least one element’ xE M such that x€Tx . 

Proof:The triple (S,F,min) is a Menger space where: 

3) 1 , d(x,y)«e 
ES (є) = 
"У 0 , а(х,у)»Е 

and the topology induced by the metric d is the (6Х)-Еоро1оду . 
Further, for t = min the family {t (u) Јен 
Й at the point u = 1 .From the definition of the Hausdorff 


is equicontinuous 


metric D it follows that for every ô> 0,every u,v€M and every 
x€Tu there exists уЄТу such that : 
(6) d(x,y)< d(u,v) +6 2 


en Inequality (6) implies that for d(u,v)<e-6 we 

/ obtain that d(x,y)<e .Then from the definition of the mapping F 
it follows that (4) is satisfied. Hence,all the conditions of 

Єй Theorem 2 are satisfied and so there exists хЄМ such that x€Tx . 


у Remark Іп the books [33] and[34] furhter information on the 
т existence of a fixed point for nonexpansive mappings defined 
On some types of metric spaces with a convex structure may be 


obtained. 
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REZIME 


TEOREME 0 NEPOKRETNOJ TACKI ZA VISEZNACNA 
PRESLIKAVANJA U VEROVATNOSNIM METRICKIM 
PROSTORIMA SA KONVEKSNOM STRUKTUROM 


Ц омот radu uveden је pojam verovatnosnog metričkog 
prostora sa konveksnom strukturom i dokazane su teoreme o ne- 
pokretnoj tački za višeznačna preslikavanja u ovim prostorima. 


Received by the editors August 10, 1986. 
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SUBMEASURE CHARACTERIZATION OF THE 
GENERALIZED A-ADDITIVE SET FUNCTIONS 


Endre Pap 
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Institute of Mathematics, Dr. I. Djuričića 4, 
| 21000 Novi Sad, Yugoslavia 


ABSTRACT 


In this paper a general class P of non-additive set 
functions is introduced as a generalization of Sugeno measures. 
The continuity of the set functions from class P with respect 
to suitably chosen submeasures is proved. From this a Lebesgue 
type decomposition theorem is obtained. 


1. INTRODUCTION 


In the recent years non-additive set functions have 
obtained an important place in the mathematical investigations 
with many applications. Let us mention some of these classes: 
Submeasures , D-submeasures, semimeasures, fuzzy measures, k- 
-triangular set functions, etc. 

In this paper we introduce a wide class P of non-ad- 
ditive set functions called - generalized A-additive set func- 
tions. Namely, as a very special сазе of this class we obtain 
the family of A-additive set functions and Sugeno measures 
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from [6] and [8]. We investigate this class P upon Proposition 
3.2. in which we observed that the set functions from the class 
P are continuous with respect to suitably chosen submeasures, 
One of the consequence is a Lebesgue type decomposition 


theorem - Theorem 4.5. 


2. THE GENERALIZED A-ADDITIVE SET FUNCTION 


Переа парно Т^ = (0,1) x [0,1] into R such 
that 1) - 5) holds, where: 
1) à (x,y) А(у,х); 
2) 52) = ФВ 
3) For each x,z € I such that x < 2, А(х,у) < 
«|AG,y), (у [0,11) holds; 


4) For all sequences (х ) and (y_) such that x_,y 
n n mica 


п 


Е [0,1] (n € N) and x Ay О ав n + e it holds A(x ) +0 


as n > ©; 


n?Yn 
5) A(x,y) > мах{-х,-у}, (x,y € [0,1]) 


We shall denote by A the class of all functions with 
properties 1) - 5), 


Let X be an arbitrary non-empty set and let К be a 
class of subsets of X such that 0,Х c К. 


Now, we can introduce an important class of set 
functions. 


Definition 2.1. А set funetion в defined on К and 
with the values in [0,1] is called generalized \-additive if 


ВЕК, ВЕК, АПВ = d and A U B € K, 


implies 


£(A U В) = g(A) + g(B) + A(S(A),g(B)) and g() = 0; 
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additionally tt holds g(X) = 1, then g ts a normed h-generalt- 
zed set function. 


where the map A : I? +R satisfies the conditions 1) - 5). 8 


Example 1. Let A(x,y) = A+x-+y, (х,у Є I), where А 
is a fixed number from the interval (-1,+@). Then the corres- 
ponding normed generalized h-additive set functions я reduces 


to a A-additive set function from [6]. If g is additionally a 


fuzzy measure, then we obtain the Sugeno measure from [8]. 


Example 2. Let 


0, x = 0 
М(х,у) = 0, у = 0 
-(x+y), 94 Pi a sy x4 (б 


The function W(x,y) satisfies all conditions 1) - 
4), except of 5). If we take in the preceding example 1-(х+у) 
instead of -(х+у), then this function satisfies all conditions 
except of 3). We remark that both functions are not even sepa- 
rately continuous. 

We shall denote by Ру the set of all generalized 
A-additive set functions with respect to a fixed function 
A(x,y) with properties 1) - 5) оп a fixed К. We put 


P= y pov 
AEA 


Proposition 2.1. If g ts a generalized A-additive 
set funetion on a ring R of sets, then it holds: 

1) g ts monotone; 

2)  g(AU B) < ЕСА) + g(B) *|ACg CAD, gCBD) | 
for arbitrary A,B € R such that A U B € K; 

3) БСА) + g (B, > 0 as п +®, for A,B, Есеке 
(n € №), implies 

(Ад U B > 0 аз п > ә. 


Proof. (1) If A,B Є В and А c В then by the equali- 
ty 
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g(A U (BN A)) = gCA) + g(B \ A) + ACgCA),gCB \ A)) 


and the property 5) of the function A we obtain 
g(B) 2 g(A). 


(2) If АПВ = @, then it follows by Definition 


2.1. Let A and В be arbitrary sets in В such that A U ВЕК 
and А П В # @. Then by the preceding part (1) and properties 


1) and 3) of the function А we obtain 
g(A U В) = (Аи ((A U В) \ A)) = 
= g(A) + g((A U B) N A) + ACg(A),g((A U B) N A)) < 
< g(A) + g(B) +|A(g(A),g(B) )I. 


(3)  Folows by the preceding property (2) of g and 
by the property 4) of А. 


In a special important case we obtain 


Corrolary 2.2. If a generalized \-additive set fun- 
etion satisfies 


24 = ( 
> 


where (А > £8 a monotone sequence of sets in a ring R and Lim Ay 
Е Я, then р ts a fuzzy measure. = 


Remark 1. The set function E from the preceding Cor” 


rolary 2.2. is also а semimeasure from [3], and moreover, a D- 
-submeasure - [2], [5], by Corrolary 1 from [3]. 


1 
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5] 


3. SUBMEASURES 


An important well-known class of set functions are 


given in the following 


Definition 3.1. A set function п: K > [0,49] Ze 


called a 5ubmeasune if it satisfies 

(т) п(А) < n(B) for А,В є К 
such that A c В; Т.е. п is monotone; 

(tt) n(A U B) < n(A) + n(B) for A,B є К 
such that АЧ В € К and АПВ = 0, i.e. n ts subadditive. 


It is obvious, that if A(x,y) < 0, (x,y € [0,1]), 
then the corresponding generalized A-additive set function is a 
submeasure. But, if A(x,y) 2 0, (x,y 6 (0,11), then the cor- 
responding generalized A-additive set function g is superadditi- 


ve, i.e. 
БОА U B) > g(A) + g(B) 


for A,B € К such that A U B € K and A ПВ = 6. In other cases 
the function A changes its sign and so in general g is neither 


Subadditive nor superadditive. 
But, suprisingly it holds the following characteriza- 


tion. 
Proposition 3.2. Let g be а generalized A-additive 
Set function on a ring R.Then there exists а submeasure m on R 
Such that 
g( A) > 0 iff пСА > > 0. 


Proof. Using Proposition 2.1. it is easy to verify 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


58 Е. Pap 


the conditions of Proposition 1. from [5], which implies the | 


assertion of Proposition 3.2. 


Remark 2. The preceding property of a generalized 
h-additive set function is called роолор, generating - 
[3]. Namely, the families Un Ее А Е СЕ) < 2), (n € N), are 
a base at the empty set for a Frechet-Nikodym topology l(g) on 
В. This topology Г(Е) is pseudometrizable by an invariant pseu- 
dometric. | 
А set function g : R + I is order continuous if ЕСЕ.) 
> 0 for any sequence E, € R, (n € N) such that Eh у 0. 

А set function g : R + I is exhaustive if gE.) -0 | 
for any disjoint sequence (Ep) from R. 

If R is a o-ring then every order continuous set 


function is exhaustive - 5.1 from [4]. 


4, LEBESGUE DECOMPOSITION 
Let R be a ring of subsets of a set T. 


Definition 4.1. Let m,g € РА: The set function m їз 
called absolutely р continuous, m < g, if for every є > 0 there 
exists a 6 > 0 such that for each E Є В, g(E) < $, it holds 
m(E) < е. A set function m is called singular with respect to g, 
т 1 9, iff there exists a set АЕ В such that 


m(E \ А) = g(E) = 0 for. each E Є В. 
Theorem 4.2. Let R be a o-ring of subsets of a set 
T and let Б be an exhaustive generalized -additive set functio" 
Then there exists a set А 6 В such that 


ЕСЕ МА) = 0 and g(E) = g(E ПА), for each E Е В. 


Proof. The first assertion follows by Proposition 
3.2. and Theorem 4.8. from [4]. The second assertion follows by. 


the preceding one using the Definition 2.1. 
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Corrolary 4.3, Let m,g € P. and В be a o-ring. If 


g and m are exhaustive and m 1 5, then рі m. 


Theorem 4.3. Let р and m be two generalized h-ad- 
ditive set functions. If m is exhaustive and By М (BL € Ras 


e k € N) and g(B,) + 0 imply п(В,) + 0, then m is absolutely g 
1 continuous. | 
1- 


Proof. Easily follows by Proposition 3.2. and Theo- 
2) pem 3 from [3]. 


) Theorem 4.4. Let р and m be two order continuous 
generalized h-addtitive set functions on a O-ring R. Then ш 7з 


absolutely в continuous iff g(A) = 0, (A € В) implies m(A) = 0. 


Proof. Follows by Proposition 3.1. and Theorem 6.1. 
(с) from [4]. 


Now, we have the decomposition theorem. 


Theorem 4.5. Zet m,g € P, and m and в are order con- 


28 tinuous set functions on a o-ring В of subsets of с set T. Then 
29 there exist order continuous generalized l-additive set functi- 
ons m. and т. such that 
9 
m z ш2 tm + ACm, те» 
m <gandm_1l g 
hold. 5 E 
Proof. The family R, = (E € R,g(E) = 0) is a o-sub- 
А ring of the o-ring R. By Theorem 4.2. there exists a set А € д, 
soni 
ug Such that п(Е \ А) = 0 and m(E) = m(E ПА) for each set E € R,. 
Put п. (Е) = п(Е МА), (Е Е R) and m (Е) = m(E ПА), (E є R). 
Since м Е Ру апа the equality Е = (Е ХА) U (Е ПА) we obtain 
Пт + m. + Ат ,m ). By Theorem 4.4. mo is absolutely g con- 
с 5 с’5 re ae 
tinuous. The relation m. L g follows by the definitions of R, 
| and m_. 
by. > 
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Remark 3. Theorem 4.5. is a generalization of Pro- | 


position 1.3. from [А18 
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REZIME 


KARAKTERIZACIJA UOPSTENIH A-ADITIVNIH SKUPOVNIH 
FUNKCIJA POMOCU SUBMERA 


= U radu je kao uopštenje Sugenove mere uvedena jedna 
opšta klasa P ne-aditivnih takozvanih uopštenih A-aditivnih 
skupovnih funkcija. Dokazana je neprekidnost skupovnih funkcija. 
| 12 klase Р u odnosu па pogodno izabranu submeru. Na osnovu toga 
| se dokazyju neke osobine skupovnih funkcija iz klase Р, izmedJ"; 
| ostalih i Lebegova teorema о dekompoziciji. 
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ABSTRACT 


An uniform boundedness theorem for the class of se- 

quential continuous homomorphisms on uniform commutative semi - 

LV eh groups is proved. For that purpose two kinds of boundedness are 
introduced. A diagonal type theorem on uniform semigroup is 

proved and by it a theorem on continuous convergence is obtain. 


0. INTRODUCTION 


The paper deals with sequential continuous mappings 
defined on commutative uniform semigroup S; and with values in 
an another commutative uniform semigroup 52. 

The main purpose is to obtain an uniform boundedness 
type theorem - Theorem 2.1. By out knowledge this is the first 
uniform boundedness type theorem for homomorphisms on semigroups, 
i.e. on structures without scalar multiplication. For the pur- 
Pose of that theorem, two kinds of boundedness (functionally and 
root) are introduced. We introduce also the subclass of root 

ја и НИИ 
gai AMS Mathematics Subject Classification (1980): 46415. 
| Key words and phrases: Uniform semigroup, triangular functional, 


Toot bounded, functionally bounded. 
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bounded subsets so-called K-root bounded subsets, in the same i 
way as in [3]. 

We have proved also a diagonal type theorem, as a 
generalization of Lemma from [2], for uniform semigroups.This 


theorem enables us to obtain a theorem on continuous conver- 


gence. 
1.  BOUNDEDNESS ON AN UNIFORM SEMIGROUP 


Let S be a uniform commutative semigroup with a ne- 
utral element. The uniformity of S is induced by a family D of 


pseudometrics d which satisfy the condition 
d(x+x*,y+y~) < d(x,x^) + dly,y~) 


for x,x^,y,y/^ € S (see [10], [8]). For a fixed дер the functio- 
nal f defined by f(x) = d(x,0), (x Е S) is a triangular functio- 
nal (see [8], [9]), i.e. £(0) = 0, Ғ(хғу) < f(x) + f(y) and 
f(xty) > |Е(х) - fly)|, (х,у € S). 

Let 


Е = (f|lf(x) = d(x,0) хЕЗ, d e DÌ. 


F is called the family of triangular functionals induced by the 
uniformity of S. 
A sequence (х) from S converges to 0 iff f(x) * 0 


(f € F). We shall introduce some kinds of boundedness on unifor! 
semigroup $. 


Definition 1.1. A subset A of S is functionally bo- 
unded tf for each sequence (aj) of nonnegative real numbers such 
that о, > 0, a f(x) + 0 holds for each sequence (х) from A 
and each f € F, where F ts the family of triangular functionals | 
induced by the uniformity of S. 


Proposition 1.2. A subset A of S ts functionally | 


В 1 
bounded tff at Ox) > 0 as n + о for each sequence (x) from A 
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апа each Ё Є F. 


The preceding proposition obviously follows by the 
same property of non-negative real numbers. 

Specially, a subset А of 5 is functionally bounded 
iff KOE э 0 as n + o for each seguence (x) from A and 
each sequence (rà) of natural numbers such that 2. 8 
п + o, 

Let the algebraic semigroup $ satisfy the condition 

(В) For each п Е N and х Е $ there exists у 6 5 
such that пу = x. Ме denote by Veo the function Ya ео 
such that у СО = у (x and у from (R)). 


Obviously, the map ME has the following properties 


YQ Gey) z Y, lx) + Ya (У), 


nly, G1 = х, 


i.e. Va 15 a root function - [7]. 
The following definition holds for FLUSH convergen- 
ce semigroup (see for the definitions [8]), which are more ge- 


neral then uniform semigroups. 


Definition 1.3. A subset A of a FLUSH convergence 
semigroup S which satisfies the condition (К) ts root bounded 
түу Yr, (x) > 0 as п + e for each sequence (xp) from S, and for 


each sequence Co) from N such that Toe. 
We have the following characterization.. 


Proposition 1.h. А subset A of an uniform semigroup 


S which satisfies the condition (R) ts root bounded iff holds 


($) For each neighborhood М of zero there exists 


п Є N such that 


Ac {nu | че U}. 
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Proof. Suppose that А is root bounded and that 


there exists a neighborhood U of zero such that for each n € y 
А ¢ {nu | че U}. 


We choose а sequence (xà? from A such that x, € A N íÍnu|ueu) 
(n € N). By the construction 162565 Е Ч, (п € N). This implies 
f(y,(x,)) У 0 for some f € F. Contradiction to the assumption th 
A is root bounded. 

Suppose now that for a subset А of S (i) holds but 
A is not root bounded. Then there exist a sequence (x) from A 
and f € F such that ғсү,(х1)) # 0. There exists а neighborhood 
U of zero such that Үл? € U for п > no (we can take ng = 0). 
This implies Xn £ nU, a contradiction. 


Proposition 1.5. Let S be a uniform semtgroup 
whitch satisfies the condition (К). If a subset А of S ts root 
bounded, then tt ts also functionally bounded. 


Proof. The assertion follows by the inequality 
= £ 
£x.) #(т[Ү (x1) nf(y(x,)); 
where (xp? is a sequence from A. 


Proposition 1.6. Let S be a locally convex space 
and À a subset of S. Then the following conditions are equiva- 
tent: 

(t) А ts functionally bounded; 

(tt) А is root bounded; 


(tti) А ta bounded, i.e. for every neighborhood U 


For different type of boundedness on topological 


groups see [5], [6], [11] and on topological vector spaces - 
[4], [12]. | | 
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Definition 1.6. ret S be a FLUSH convergence semi- 


group with zero element О and wtth the Property (R). A sequen- 
Ge (x, ) іп S is K-convergent Sequence if each subsequence of 
(xj) nae a subsequence (xng?) such that 


n 
y Ж > x for some x Е S. 


ТЕ S тва topological group then K-convergent se- 
quence converges too0. The converse, in general, is false, but 
in complete spaces, it is true also the converse statement - 


[Зу [el 


Definition 1.7. A subset А of a FLUSH convergence 
semtgroup S whtch satisfies (К) їз K-root bounded tf tt ts root 
bounded and for each sequence (x) ) from A the sequence (а (x, )) 


ts а K-convergent sequence. 


Remark. If S is a topological group, then the sup- 
position of root boundedness of A in the preceding definition 
is superfluous. 


2. UNIFORM BOUNDEDNESS THEOREM 


Theorem 2.1. Let А be a family of additive and 
Sequenttally continuous mappings from a commutative uniform 
semigroup Sı, with property (R) to a commutative uniform semi- 
group S2. If the family А ts pointwise functionally bounded, 
then it 18 untformly funetionally bounded on each K-root bounded 
subset of 51. 


Proof. Let Ста ) be a sequence of mappings from A, 
let (хы ) be а sequence of elements from a K-root bounded subset 
А of s" - We have to prove irCT (x) > 0 as п > e for arbitrary 
fer, 


There exists a sequence a? of positive integers 
Suchithat on о and оре arbitrary f € F we 
n пп 
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have i 
(1) ier (x,)) = it T Om, G2) < ip (Т, Org O22). 

Let 

X; іг f(T, (Үрү 4222, for i # 3 and х;; = 0 (i € Қ), 


Since А is pointwise bounded we have 
RA Sea в ® а ETN 


Since А is root bounded we have Ур; (x5) + 0 as j © and by 
continuity of Ti follows Lim x. us 0, (i€ N). Applying Antosik^s 
Diagonal vm from [11378 we obtain ап increasing sequence (р;) 


of positive integers such that 


(2) Lim ў х = (0) ~ 


Е PiP} 


Since A is K-root bounded there exists a subsequence 
(s;) of (pi) such that 


(3) DESY. (x5) > x 


for some x € Si. 
We have for arbitrary p € N 


| ї+р 
| 1 + 
| СОО DS iz £T. о On. ))) 
| 58 1 joie = 3 3 
| itp 177 

1 

се ene ЕР i 
gu. sot 7, OS О» G € m. 


г; 


For р + ме obtain by (3) and continuity of T. 


1 j | 
зо = Ce, DUS ie s S wc © | 
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Now, letting i + ә, ме obtain by (2) 


1 

Sen эр = 

Soe И > 0. 
1. ub 


Hence by (1) 
а (66 7) ss 0а 
The Urysohn property (U) of real numbers implies 


1 
= f(T Xp)? > 0. 


3. CONTINUOUS CONVERGENCE 


Diagonal Theorem 3. Let [x; : 2 (i,j € N) be a 
matriz of elements from a Ма seta ОЕ S and let Е be the 
induced family of triangular functionals. If for each inerea- 
sing sequence (m; ) of positive integers there exists a subse- 
quence of (m) such that 


(i) Lim О-о Сенен 
and Ten Si J 
(ii) Lim £( ў x = Е, 
ije А njnj 
dedi 
where 
со 5 
tC] xd Jae 20 ЕС} “nin, (f ЄР) 
151 2 151 
then 
Lim О: = 0, Сева 
le 


Proof. The main idea of the proof is similar to the 
РГООЁ of Lemma from [2], so we give only a sketch of the proof. 

Let f be a functional from the family F and let (n; ) 
be а Subsequence of (m; ) such that (i) and (ii) hold. Then we 
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ean choose a subsequence (pi) of (n3) such that 
(1) о За exi). 


Ву (ii) there exists а subsequence (а; ) of (pi) 


such that 
(2) EU. fc ) ао 9: 
1 4:1 1) 
Then (1) implies 
(3) } #(х Nace Олы. 
4195 | 
251 
jzi 
The inequality 
і+р і+р 
С Уу FC) с), арен), 
414% 151 995 = 9:95 : 2 
TE yen 
(2) and (3) imply ха 4 ) > 0. Hence we obtain the assertion 
Да! 


of Theorem. 


Theorem.3.2. Let Ел» NEN, be additive and sequen- 
tially continuous mappings from a uniform semigroup S, to а 
unt form semigroup 5; (endowed with the induced families Fi and 
F2, respectively), both with neutral elements. 


If 


Lim f(g (x)) 20,5 (GG Gs F (5 925 
noo 


then 
Lim f(g (x) = 0 


noo 


for each K-sequence (x) from 51. 


= 5 21 
НЕ = £103), (i,j € N) and apply Diag? | 


nal theorem 3.1. | 
" 5 
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pa 
КЕ?ІМЕ | 
NIZOVNO NEPREKIDNA PRESLIKAVANJA NAD 
UNIFORMNIM POLUGRUPAMA 
U radu su uvedene dve vrste ograničenosti (funkcio- 
nalna i korena) nad uniformnim polugrupama. Ovo je omogućilo da 


se dokaže teorema o uniformnoj ograničenosti za nizovno nepre- 
kidne homomorfizme nad uniformnim polugrupama - Teorema 2.1. 
Dokazana je dijagonalna teorema nad uniformnim 


polugrupama, te pomoću nje teorema 3.2. o neprekidnoj konvergen- 


ciji. 


Received by the editors February 4, 1987. 
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ABSTRACT 


The aim of this paper is to prove the converses of 
Some generalizations of the Banach fixed point principles. 


1. INTRODUCTION 


In [2] and [13] some converses of the Banach fixed 
point principle are proved. 

In this paper we give the converses of some genera- 
lized Banach fixed-point principles for families of nonneces- 
sarily continuous Mappings on a metric space (see Teorems 
3.1-3.4). 

In $4 we consider some mappings fulfilling Sehgal 
type Conditions. We compare the mappings considered by F.Brow- 
der [3], O.Hadžić [10], О.На4%16 and Lj.Gajió [11],K.Iseki [12], 


i ыш eee lcs 
AMS Mathematics Subject Classification (1980): 47Н10. 

Key words and phrases: Converses of generalized Banach cont- 
raction principles, common fixed points, contractive iterate 
at the point, metric spaces. 
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J.Matkowski [15] and our paper [16] taking advantage, for this 
purpose, of the converses from $3. 
The results of $3 of this paper are generalizations 
of the theorems of paper [20], which have been presented at 
the NATO Conference on "Nonlinear Functional Analysis and Fix- 


ed Point Theory", Maratea (Italy), April 22 - May 3, 1985, 
2. NOTIONS, DEFINITIONS AND LEMMAS 


Let X be a nonempty set on which two metrics а апа 
e are given. We say that d 15 topologically equivalent to 
e, if the topologies Us and Ta generated by e and d res- 
pectively are the same. It is obvious that d is topological- 
ly роде: than ze iff Та 2 Те Or equivalent iff 
а е 


аргу 
п п 


Metrics d and е оп Х аге C-equivalent, if every 
(ха) is а Cauchy sequence in (Х,а) iff it is a Cauchy sequen- 


ce in (X,e). 


REMARK 2.1. If d and e are metrics on X, then 
C-equivalence of d апа е implies the topological equival- 
ence of these metrics (see for example W.Opojcev [19]). 


Let Fe (f) ең be a countable family of selfmappings 
on a nonempty set X. We say that sequence (x) nen of the form 
(о) 
Хе 
о 
pop | 
x, = Ех 1) mS 1720500 


is an (F, x Orbit. 


Let (X,d) be a metric space, F be a countable fami- 
ly of mappings fp XX, k=1,2,... and let x, € X be given. The 
(F, x )-orbit (х) is а Cauchy (F,x,)-orbit if (x) is a Cauchy 
sequence. We say that (X,d) is (F,x,)-orbitally complete, if 
a Cauchy (F,x,)-orbit is convergent to x 6 X and (X,d) is 
F-orbitally complete, if it is (F,x )-orbitally complete for 
апу x, € X. 
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Mappin Bo = 
u p an E. 4:Х>Х is (Р,х.) Огріба11у continuous at the 
oint x 1 х9 = i 
р = gx, ,gx) n for (F,x)) orbit (x) such that 
à (x, ,X) , aS n>, Mapping g is F-orbitally continuous if 
it is (F,x,)-orbitally continuous for every х2 Ех. 


REMARK 2.2. ТЕ Р= {Е} then the above definitions of 
the F-orbital completeness of (X,d) and the F-orbital continu- 
ity of g аге slight modifications of the well-known corres- 
ponding definitions considered in Lj. Cirié“s papers [4], (51. 

Let the families F and G of selfmappings on a metric 
space (X,d) be given and let the pair (F,G) have the proper- 
ties: 


(2.2) for each f € F, there exists g € б, that fg = gf, 

(2.3) for each f € F, f(X) с Z, where Z= f g(x) # Ø, 
4606 

(2.4) for each A 6 (0,1), there exist а metric p = p, оп 


2, and real numbers а,8 > 0, a + 28 = A, such that the inequ- 
ality holds 


p (£X, fy) < ор(41х,94-у) + В[р(9ух,# oy) + p (£i1x,g,y)] 


f а = 
ог fif, ЕЕ, дуд, € 6, gf, = £19; g,f, = 2,95, x € ТА (0); 
zl 
Y E g, (2). 
We can say that F is 


l. a contraction (with respect to б) on (X,d), in 
abbreviation F € св (X,d), if (2.2)-(2.4) hold, where 


a) В = 0 in condition (2.4) 

b) condition (2.4) holds for arbitrary fif ЕРЕ” 
f,7fj-f and g,-g,-g € б, fg = gf, 

c) Py is topologically equivalent to d on Z, and 
(2,0) is complete if (2,4) is complete. 

2. a quasi-contraction (with respect to б) on (X,d), 
to put it short Е є асс (X,d), if 

a) В = 0 in (2.4) 

b) condition (2.4) holds for arbitrary fff ЄР 


and =а_= = 
n 92 966 сс in Рив Domain. Gurukul Kangri Collection, Haridwar 
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и MEME 

с) Py is topologically stronger than d on Z and 
if (Z,d) is (h, Хо )-orbitally ое for some хо Е 2 and some 
choice function s 2+2, h(x) € f(g l(x)), x € 2, for any f c F, 
g Є G, fg = gf, then (2,р)) іѕ (h,xj)-orbitally complete. 


REMARK 2.3. If in 1. (2. respectively), G= (id) 
then we say that F is a contraction (quasi-contraction, res- 
pectively) on (X,d). In particular, if additionally F={f}, 
then we get a contraction (a guasi-contraction, respectively) 
оп (X,d) and then we write f € c(X,d) (f € ас(Х,4), respect- 
ively). 

3. а generalized contraction (with respect to б) on 
(X,d), briefly speaking F € geg (х,а), if 
a) a-B- 2 in (2.4) 


b) as b) in def. 1. 
C) as c) in def. 1. 


REMARK 2.4. If in 3., 6 = (id) and F -(ғ), then 


we say that f 15 a generalized contraction on (X,d) and thus 
we write f € gc(X,d). 


The next two special classes are defined 

ARE РЕБЕ (С.4) с iff (2.2) - (2.4) hold, where 
a) a =8 =) in (2.4) 

b) as c) in def. 1. 


БЕ Е Е. Әс iff (2.2) = ж 3) hold and (2.4) 
holds for 51,4 Є с? E ог 9,,9) € 62 “Аб, мһеге 


а) «= В = = А in (2.4) 
b) аз с) in def. 1. 


Ap (gr resp.) denotes a diagonal in F2 (in e^ resp.). 

REMARK 2.5. If G = (id хи = {£ rf} € (C.5)g; 
then the pair (£,,£, ) fulfils the sates aves а соп“ 
dition for pairs, and so we may write (£,,£,) Е gcp(X,d)- 


———— 
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| We say that aR Ry is a contractive gauge function 
(see W.Walter [25]), if it has the properties 


(a4) a is non-decreasing and continuous from 


the right 


(ay) lim ай (t) = 0 for any t > 0. 


noo 
The well-known Kwapisz's contractive gauge function 
(see for example [21], [26]) has the property (ау) апа іп аа- 
dition fulfils the following condition 


(a4) for any q € R} there exists a maximal solution 
m(q) of the equation t=q+a(t), t€ R,, which satisfies m(0)=0. 


REMARK 2.6. It is obvious, that if a:R, >R, fulfils 
(a) and (a4) then a also has the property (a5). 


J.Matkowski [15], W.Walter [25], D.Xieping [26] and 
others consider the contractive gauge function a:R > R}; which 
fulfils (а,) апа (a4) and in addition has the property 

(ал) lim (Е - a(t)) = ®. 

to 

In paper [16] (see also [11]), we prove the follow- 

ing simple fact 


LEMMA 2.1.  ([16], Lemma 2.2) Let Q = {+ € R,:t<q + 
* a(t)), q € R,, where a fulfils (а))-(а,) and (ај). Then 


(i) О # f and à(Q) c О, where A(t) = q+a(t), t»0 


(ii) О ts bounded for each а> 0, the maximal solu- 
tton m(q) of the inequality t<qta(t) ts a fixed point of а 
and m(q) = sup Q 

(111) the maximal solution m(0) of the inequality 
tsa(t) zs equal to 0. 


REMARK 2.7. Тһе above lemma was proved without the 
assumption that а is continuous from the right. It is evi- 
dent that if a fulfils (a4)- (a3) and (аз), then а fulfils 
(ai) and (a 


A — 


ae 
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Let (X,d) be a metric space and let Ғ:Х>Х. We de- 


fine 
Og (x) : =r se, бо eae 


О„(х,р): = оү лу ЕРх}, 


55 (8 бр 19 (5 Ns 


For the sequence (x4) nen , we define the following 


sets 


D 
~ 
ж 
- 
ж 
5 
+ 
чо) 
~ 


О(х ,p) 


olx se) = 


U 
~ 
“ 

5 

ж 


n € N,, PEN. 


- 


LEMMA 2.2. ([17], Lemma 1.1) Let Ot) nen, be a sequ- 


ence in a metric space (X,d) such that 
a) d(x or? 5 do 


b) the function a:R, >R, fulfils (а, ), and there 


exists the permet solution NG. ) p the TY t<q, "а (6), | 


ntl n 


сєк, апа а ™(m(q,) +0 ав n+e, where a? = за а = aa, 


R (4 
lt (02150006 u 


c) for each n € №, PEN, the inequality holds 
diam (0 (x. +p) ) 5 a(diam(O(x. ,,p-1))). 


Then diam(O(x,,9)) 5 miq) and (х) is a Cauchy sequence in 
(х,а). 


LEMMA 2.3. (Meyers Theorem [18]) Let X be a metriz- 
able space whose topology is generated by d and let f be сот” 
tinuous selfmapping оп X. If there exists x € X such that 


(2.5) x = fx 
(2.6) d(f"x,X) + 0 as п + = for each x € Х, 


(2.7) there exists an open neighbourhood U of x such that 
£P(U)- {X}, i.e. for each neighbourhood V of x there exist? 
n(V) EN, that f"(U) © V for n» n(V), then f € с(х,а). 
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LEMMA 2.4. Let £ be a continuous selfmapping on a 
metric space (X,d). If there exists X € X, that 


(2.8) а(х, Ех) s a(d(X,x)) 


for each x € X, where a:R, ^R, fulfils (а,)-(а„), then fE€c(X,d). 


РАО Obviously х = fX. From the inequality 
а(ғ0х,х) < ай (а(х, х)), we get a(£” х,х) +0 as n+ for any хЕХ. 
Let U = {x € X : d(x,x) < 1}. Then for each neighbour- 
hood V of x there exists n(V) that for n M Е? (u) с 
c {x € X : d(x,x) «a"(1)) с v, because aP(1)40. 
All the assumptions of Meyers Theorem hold and thus 
f € c(X,d). 


REMARK 2.8. From Lemma 2.4, it follows that various 
continuous contractive selfmappings on a metric space (X,d) 
are contractions on (X,d) (see D.Xieping [26], Theorem 7 and 
some of our remarks from [21]). 


3. CONVERSES OF GENERALIZED BANACH CONTRACTION 
PRINCIPLES FOR FAMILIES OF MAPPINGS 


At first we shall prove the converse of generalized 
Banach fixed-point principle for a family of noncontinuous 
mappings. 


THEOREM 2.1. Let (Х,а) be а metric space and let Е 
be a family of selfmappings on X. Suppose that there exist the 
point x € X and the contractive gauge functton ак >В, ful- 
filling (а, )- (a5) so that the inequaltty holds 


(3.1) а(х,Ех) < a(d(x,x)) 


for each Е € F and each x € X. 
Then F € (c. 4) (5 Зах) i.e. for each А € (0,1), there exists а 
metrte d., topologically equivalent to а, and complete if а is 


complete such that the inequality (3.2) holds: 
(3.2) а, (£,%,f5y) Sy (а, (x,y) +d, (x, Е,у) +4) (£,x,y)) 


1 
€ Р, x,y € X, where Y - 3 - 
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аккан о 1 PI NOEL —— 


PROOF. a) We define the family of balls (в (ш 


as follows 


Co = (x € X : d(x,x) 5 а), 


SG SO, $17 06010 EE 0, 


where 
а = { 


where iT 
a P(r_) = {r E R, :aP(r) = Еј = (аР) 


а (r_) ае неш 21 


min{r:r € a(r )} for п= -1, -2, ..., 


Function џ is defined іп the following мау 


n(x) + n(y for x # апау # х 


u(x,y) = { - - 
Qmin{n(x), п(у)} for x = х ог у =x. 


From the definition of U we get the inequality for 51,4; ЕР, 
x 7х and y # x 


у(х, зу) 2max{y (x,y) u(x, Еру) u (£,x,y)} +1. 


For у = 5 A we define 
0 if х=у= х 
p, Gto y) - { 
у" (У) а(х,у) if х,уех, X/X ог УМХ. 


If x # x and y # x, then we can easily obtain the inequality 
py (Еух,Ефу) = Үр, (х,у) + р, (х,у) + рү(#үх,у)), ff, ЄР. 


However, if x = x and у # х, then 
p (Еух, Еру) = Py (х,у) = 


u(x, £5y) is ы(х,у) У E 
Y. 8 (x, f y) & ү уа(х,у) = yp, (ау) 


and again we receive 


p, (£x £5y) s Y (р (x, y) = р. (X, fy) + p, (£93) 
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Thus for each x,y € X and ££ CET 


2 
p. (7х, 25) S Y (р, (x,y) + р. (x, £>y) is р. (E yy). 


Obviously, p, (х,у) =р, (y,x) and p, Gy)-0iff x- y, x,y € X. 


b) Now we shall introduce the functional for which 
the triangle inequality holds. 


Let 
а, (х,у) - inf{L (о) TD: }, 


where Pay denotes the set of chains [x = x 


We have ау (x,y) -4, (у,х), а, (x,x) =0 and а, (х,у) 5 
< 4; (х,2) +d (z,y) for x,y,z € X. 


с) We shall prove that 4; (x,y) > 0 for x Жу, х,у € X. 
Let у # x and let, for example, n(x) < п(у) for some у Е X. Then: 


а, (x,y) > у пала (x,y) „а (х,в (r_)),4(y,B (5020) 


п(у) +1 п(у) +1 


and hence а; (х,у) > 0, where d(x,A) denotes, as usual, the dis- 
tance between point x and set A. 
Analogically, if y=x then we have а, (x,X) > 


CHE A ТБ (ro)? >0. Thus is this case we also have 


> 
il n(x) +1 
d, (x,y) >0 for x#y, х,у € X. 

а) Metrics d, and d are topologically equivalent. 

= о 

At first let x £X and let x € (B, (x) -k £9)? for 
Some К € М, and moreover п(у) > п(х) for some y € X, where for 
A c X, A? denotes the d-interior of A. | 


We have the inequality 
= о 
a) (х,у) < y2{n(x)-k) minta (x,y) „а (Ву (x) -k fo?) ) 


о 
а (y X\ (B, (x)-k Fo)? We 


Let €>0. If d(x,y) <6, where 


6 = ey 2n 00 Kin (1d (6x (, (к) a (192270 > 


d(y,X\(B, оху ко 
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then d, (x,y) <€ and therefore, if d(x,,x) *0, then dy (xx) +0 


ав n+, Є 
Tet п(у) < n(x) for some x,y € X, х 7 X. Then the 


inequality holds 


y2 G0 ЕЈ іта (x,y) ,d Gc, B (с )), 


d, (x,y) 2 n(x)+k 


аво c 9 | 


for some k € N. 
Let 0<e< тїпїа(х,В (y) 4 (Fo) ) ra (у Ву (x) ax (Fo))}- Непсе, 1Ё 


di (х,у) <6- 6201 (x) +k} then d(x,y) <є. Thus a) (x rx) +0 im- | 


plies а (x, ,X) +0 аз п-®. 
Let now х= х and let, for example, y Є В (т). We 


have 
а) Guy) < e, (х,у) 5 d(x,y) 


and so if d(x, ,X) +0 then 4, (xj, X) +0 as n. 


For each €> 0 there exists n, such that minfa ACA 
If d(x,y) > є then 4(y:B,_(rg)) > = and a, (x,y) у Caly By GJ)? 
> уто 5 for some mo € N. If d, (х,у) «6, 6-еү 10, then 
d(X,y) <e. 

Therefore 4; is topologically equivalent to а. 


e) Let (X,d) be complete. We shall prove that in 
that case (х,4,) is also complete. 


Let (xn) be a Cauchy seguence in (х,а)) and let us 
assume that (х ) is not convergent іп (X,d,). Then we have 
n(x) <р<% i.e. for each m2 0, Xn É B, (r9) х 


Let 9e 6r. NES where a_ is defined ав in the part 
a) of this proof {p=0, +1, ...). For sufficiently large 1, 


It is easy to verify that 


пи ans 


к) > 2Р1) іта (х нь}: 


4; (х3 n'Šn+j 
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In that way 


-2(p*1 
Y (р "а (KA) 2 а(х xa 


+) 
апа (x4) is a Cauchy sequence in (X,d). Then d(x x) +0 for 
some x Е X and from the topological equivalence of а and 
ау, 
plete if (Х,а) is complete. 


d, (x,,x)* 0. This contradiction proves that (Х,4)) is com- 


Therefore Р € (С.4) ria запа the proof is complete. 
X 


In [21] we get the following characterization of con- 


tinuous selfmappings on a metric space: 


THEOREM 3.2..([21], Theorem 2.2.) Let (X,d) bea met- 
rte space and Let fi:Xo X, 1=1, ..., n, be continuous mapp- 
ings. Suppose that there exists the point X € X and there is 


a real number aq» 0 so that the inequality holds 


(3.3) d (x, £x) < сах), еі BD 


for each ХЕХ. Then the following conditions are equivalent 
(i) (fi, 22; £4) € c(X,d) 


(ii) (f, 0000 ғ.) е Е 


Now ме shall formulate coincidence type converses 


for commuting selfmappings on metric spaces. 


THEOREM 3.3.. Let F and G be two families of self- 
mappings on a metric space (X,d), such that (2.2)-(2.3) hold. 
Assume that there exist хо Е 2 = geG а (Хх) ge a countable 
family of functions (hy) зем в; (x) Е Е; (gi (x)), x 67, figu 
= gif,, i € М, that (2,4) is ((hj)iew: хо) - orbttally comp- 
lete. Then F € (С.4) с iff there esist x € Z and the contract- 
tve gauge function а fulfilling (a)-(a5) such that the in- 
equality holds 


(3.4) а(х,Ех) < a(d(x,gx)) 


-1 
for each Е Є Е, а 6 6, fg=gf, x 64 (2). 


СС-0. In Public Domain kul Капан Collection Ненси 


= 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ae 


82 B. Palezewski and A. Mtezko 
а 

PROOF 1. If F € (С.4)с, then by standard arguments 
we get that (F, Хо )-orbit (ха УУ ха Sei 


Cauchy orbit in (x, d,) and à, (x, ‚х) +0 for some x 6 2 = sec? d 


zor each f € F, g € 6, fg=gf, we have for h:Z>2, | 

h(x) € £(g_ lx), x € Z, the inequality d, (x, hx) < i 

€ а, (X,x,) * dj (hyx, , hX) <4, (ких) +L, (хорих) +9) Gr 2E 

at а, (х "S9 25; taking noo, we get а, (х, һх)< үа, (х, һх) i.e. | 
п 


| 
| 
| 


n=l, 27 ...,; isa 


X= hx. | 
Thus X € f(g l(x)), and from fg= gf, ЕХ = 9х. But | 

а, (х, fx) =d, (hy х, Ех) = 8, (£i u,fx), where u €E Sg lux), gjü-X, 

" ЕРЕ? 91 Є e £19, = d | 

Therefore 


а, (%,Ғ%) < v[d, (x,x) + d Gi, £x) + dj (x,fx)] = 


= 2үа(х,Ёх). 


So Х = £X = gx. 
If y=fy=gy for each f € F, g € G, fg=gf, then а, (х,у) = 


| 


| 
| 
| 
| 


= a, (х,у) < Зүй. (х,у) апа х = у. 


2. If the inequality d(x,fx) < a(d(x,gx)) holds for 
each f € G, g € G, fg = gf, then from Theorem 3.1, we get the 
searched for assertion. 


THEOREM 3.4. ([21], Theorem 2.4.) Let (X,d) be а 
metric space and let fig:X > X, fig, = 9,Ё,, f(X) c 2, 
п 
i=l, ...,n, 2 = N gi (X). Suppose that there exist the 
x de] 
point x in X and a real number a» 0 such that the inequality 
holds 


(3.5) d(x, £,x) < ad(x,g,x), ісі, 


óoop- 9 


for each x € X. If for each i € (1, ..., n) there 200 а 
continuous choice function һ,:2 > Z, В, (x) € f, (CH 1(x)), хет 


then the following londi oan are EIOS 


але efTc 
(i) 1 27 Coq gr Do 


(ii) (f£,,...,f ) € (C.5) : 
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REMARK 3.1. Theorems 3.1. ana 3.3. are generaliza- 
tions of the results of [22] (see [21], Theorems 2.1. and 2.3.). 
In [21] we prove converses of generalized Banach fixed-point 
theorems in the case where the contractive gauge function a 
in conditions (3.1) and (3.3) has the form a(t) = ot, t € к, 
a € (0,1). 


4, SOME REMARKS ON MAPPINGS WITH A CONTRACTIVE 
|ТЕКАТЕ AT THE POINT 


Let (X,d) be a metric space. For mapping f:X > X, 
the following conditions are taken into account 


(4.1) (V.M.Sehgal [24]) there exists a € [0,1), that for 


each x € X there exists w(x) € М that for any y Е.Х the in- 
equality holds 


ace Dx, er OD y < oat y) 


(4.2) (K.Iseki [12]) there exist a, В, ү > 0, а+4(В+ү)<1, 


.that for each x € X there is w(x) € N such that for any y € X, 


асе" 9х, #9 50) < аа(х,у) + Bra (x, £V C x) + 


+ а(у, СО] + мас" 00 x 29) уу + a(et yy] 


(4.3) (J.Matkowski [15]) there exists the function а: ВВ, 
nondecreasing with respect to each variable separately, that 
a:R, > R,, a(t) = a(t, t, 2t, t, 2t), t > 0, has properties 
(а1)-(а,) апа (a), and let for every x € X be a Positive in- 
teger м = w(x), such that for all y € X, d(f'x,f' y) < a(d(x,y), 
d (x, £"x) ,a(y, £"y) „а (x, £"y) ,d(£"x,y)) - 


(4.4) (see [16]) there exists the function a:R + R,, non- 
decreasing related to each variable separately that a:R, > Rj, 
a(t) = w(t, t, 2t, t, 2t), t € R, is upper-semicontinuous and 
к = 0 is a unique solution of the inequality t < a(t), t € КА, 
and for each q » 0 there exists a maximal solution m(q) of 
the inequality t < а + (t, а, 2t, t, att), t € R,. 

Let w:X + М be such that for every x,y € X, 


ale” „те Оду) < o(a Guy) „а 0,2“ x) „асу, e y), 
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REMARK 8.1. V.M. Sehgal 1241 and K.Iseki [12] assum | 


ed f to be a continuous mapping ina complete metric space, 


L.Guseman noted іп [8] that the continuity condition of f і 


the fixed point theorems of Sehgal and Iseki is superfluous, 


THEOREM 4.1. Let f fulfil one of conditions (3.1)- 
-(3.4) and let (X,d) be an Е complete metric 
space for some x, € X, where F(x) =f x, x € X. Then there 


= В nase 
exists a unigue common fixed point x of Е tn X and а(Ғ-х,х)-0 
m 
for each x € X. If f fulfils (4.1)-(4.4), then f Є яс(Х,4), 
m = w(x). If f is continuous in topology Та and if one of 
(4.1)-(4.4) holds, then f € c(X,d). 


PROOF. We have the following sequence of implicat- 
ions: (4.1) = (4.2) = (4.3) = (4.4). 


A) In [16] we prove (see also [21]) that if (4.4) 
holds, f has a unique fixed point x in X and d(f"x,x) > 0 
for each x € X. 


3 | 
B) If Е fulfils (3.4), then d(x,f"x) < а(а(х,х)), | 
x € X. Function а fulfils (a,)-(a,) and thus the assumptions | 
of Theorem 3.1. are fulfilled. In consequence f € gc(X,d). 


C) If f fulfils (4.1)-(4.4) and f is a continu- 
ous mapping in the topology generated by d, then all the as- 
sumptions of Meyers Theorem [18] hold for the iterate f£" of f, 
m = w(x). 

For example, there exists an open neighbourhood U 
of x that f™ (u) > (x). But in that case also £"(W) > {x}, 
where 

m-1 2 
w= п Е Јо) 
3-0 


(compare P.Meyers [18]). As a result f € c(X,d). 


(4.5 ) (W.Walter [25], (C.5)) for every x € X there exist? 
a positive integer w(x) such that for n > w(x) and y € X: 


a(£"x,f"y) < а (diam(O, (x,n) U Oc (y,n))) , 
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r 


where a:R, > R, fulfils (ау) - (a5) and (a4) 


(4.6) for every x € X there exists w(x) € N such that for 
n > w(x), у E€ X, 


d(£"x,£"y) < a(diam(0,(x,n) U О„(х,п))), 


where a:R, > в, fulfils (а) апа (a4). 


THEOREM 4.2. Let (Х,а) be a complete metric space 
and £ be a continuous selfmapping on X fulfilling one of the 
conditions (4.5)-(4.6). Then there exists a unique fixed point 
x of Е in X and d(£"x,x) > 0 for each x € X. Moreover, 

ЕЕ ас(Х,д). 


PROOF. А) We have the implication (4.5)9(4.6). It 
is easy to verify, on the basis of Lemma 2.2, that diam(C,(x))< 
<= for each x 6 Х. Let р(х,х) = 0 and р(х,у) = diam (Ој (x) U 
U Oe (y)) for х,у € X. It is obvious that (Х,р) is a metric 
space and for each x € X there exists w(x) € М, that for any 
УЕ, о(4%(%), 00у) < а(р(х,у)), х,у Е X. We also have 


о(х,у) > d(x,y) for each x,y € X. 


B) Now we shall prove that (X,p) is F-orbitally com- 
plete, where Fx = er), x € X. 
wi Cera) 
Let (х) be (F,x,)-orbit for some хо, i.e. x, = f XT 
п= 1,2,... . 


As in the proof of Theorem 2.2. of [21], we have 
sup(sup(p (x, f x) #1 > 1}:К > п} э 0 as ne 


апа so (xj) із a Cauchy sequence in (X,d) and а(х +X) э 0 for 
some x € x. 

Moreover, зар sup{d (xp, хр) :1 > 0}:k > n) э 0 and 
thus See pes > 0 as пэ efor each К Є М. 
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кекете a ~ 


We have 


p (x,x,) = diam(0, (xU 0 (x,)) 


=: k 1 | 
EE cupidus x, E x) Ку! > 0), sup(d(f х ,f Хр) :k,1»0), 


supla (£z, f x ):k,1 > 09. 


On the other hand, we get estimations 


= = 2 - „К k 1 
a(£*x, #19) < a(£'x,£ х) + d(f хы) ЗЕ а (х, xj) 41 


+ а(Ејх ЕТ), | 
п | 
eX 


k 
а(х , £I) < а(Е XX) + d(x, x) and 


= - -k 5 1 
абе, ғ?) < аек, х.) ах x) + а(х, х) 


and from the continuity of f іп та’ we obtain р(х ,х) > 0 


аз n э о. 
From Theorem 4.1, we get the assertion 


(4.7) (O.HadZié [9], Theorem 2) Let £,9,,95:X > X be such | 
that 
(i) #,91,93 are continuous in та 


(ii) f(X) cZ, Z = 41 (X) n 429 | 
(111) fg, = g,f, = 1525 


Let there exist w:X > М and а Е (0,1) that 


(avy  a(g" 00 х, #9 Оу) < а пала (9 х,9у), 
d(g4x,g,y)}, 
х,у € X, 
(v) . for every x € X, one of the sets 


m 
(f'gPx:p € N, пе (0,1,...,w(x)-1)) and 


In 
{ғ gbx :p EN, m € (0,1,...,w(x)-1)) 
is bounded. 


THEOREM 4.3. (compare Theorem 4.1. of 1211) Let | 


E 5 ab 
(Х,а) be a Жоор пате space and let £,9,,95:X > x fuif | 
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condition (4.7). Then for each à € (0,1), there extste a met- 

pie d, on Z, topologically о to d, and complete if a 

is жул such that ме x,£" y) < үс 15.955) +а А (9х, Е Пу) + 
+ а, (fx, 9.5) ) for x € ЕЛ Hajy уе 9; P237 е 206 Y = Lx 

м = w(x), "x = fx = gx = gX. 


If in Mey a there extst continuous choice funetions Һ,:2%2, 

hi (x) € £" CH 1(х)), x € X, i = 1,2, m = w(x), then for 4507 a € 
ЈЕ (0,1) Wiens extsts a metric d a? POP ETIO E equivalent to d, 
and pure if d Zs complete, Ho. that 4, (к х,Е Ty) <аа (а. 1х,9У), 
x,y Е g; AN i = 1,2, m = wx). 


(4.8) (O.HadZió, Lj.Gajió [10], Theorem 1) Let f,g,,95 be 
such selfmappings on (X,d), that (4.7) (1)-(111) holds. Suppose 
that there exist w:X Є N and nondecreasing q:[0,~) > (0,1), 
lim t(1 - q(t)) = e, such that 


tco 


(vi) a(£" *) x, gw GO, 


< nin(q(d(gx,g5y)) -d(g,x,goy) , 
9(9(92х,91у)) -d(gox,g.y)), х,у ЕХ, 


(vii) for some Хо Е X one of the sets 


а. : рєм, me {0,...,w(x,)-1}} and 


{£"g5x, : РЕМ, mE (0,...,w(x )-1}} 


is bounded. 


THEOREM 4.4. Let (X,d) be a complete metric space 
and let £,g,,g5:X > X fulfil condition (4.8). If function 
q:[0,9) + [0,1) is continuous from the right, then 


m 
f € Cig ga) TF w(x), X = fx = gX - 2х. If, besides 


91785 
that, these exist continuous chotce functtons в, 22> Z, hi (x) € 


є gm (gi ӨЗІ. х62,і-1,2, м = w(x), then Е =" ‚а). 


PROOF. From Theorem 1 of [10], there exists a unique 
common fixed point x of £,g,,99 in X, x € 2. 
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We have the inequality i 
ах, £x) < minta (a (X,95x)) 8(%, 927) 7 а(а(х,4,х))4(х,4,х)) | | 
i.e. а(х, 253) < а(а(х, 9% х))а(х х,8{Х) for each x € X, i = 1,2. | { 
Thus the M тд of "Theorem 3.3. are fulfilled and | à 


ERE оак 


continuous choice functions h,,h5:2 > Z, all в} 
hold and f € c } (x,a) 


If there exist 
i 4 

the assumptions of Theorem 3.4. lad 

(АЖЕ Ее (С:5) ). The proof is complete. 

(4.9) (O.HadZió, L.Gajié [10], Theorem 2). Let G={g, G5}, | | 


where 9,,95: :X > Х are continuous mappings. Let F be a countab- 


le family of mappings HM iX 2, 1 = 1,2, 2 = g, (X) n 92 (X) 
such that f, dela = Jj fy, i Gana mee (152). с Ыр that 
q:[0,9) > (0,1) TR a ое continuous function and | 


for every x,y € X: 
8(fx,f,y) < а(а(а,х,42У)) | 


iz j, ij ЄМ. | | 


THEOREM 4.5. Let (X,d) be a complete metric space NI 
and let Е and 6 fulfil (4.9). Then F € (C.4)g. If сага F = | 
zelena = (Е 0759 ) and for each i € (1,...,n) 422 esist — | 
continuous Bios nettoie hi 22 > 7, hi (ху е ғ ©: (х)), | 
x € 7, К = 1 and К = 2, then F G (е: Sac 


PROOF. O.HadZié and L.Gajié in [10] proved that 


there exists a unique common fixed point x of f ї 89 182090 


Е = a 
and g, and 9. in X, x € Z. Thus we have the inequality 


(£x) < q((X,g 0 a Go | 


for j € М and k Е {1,2}. Hence from Theorem 2.3, F € (C.4)g* 


The second part of the assertion follows from LU 
Theorem 2.4. 
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FINAL REMARK. Theorems of paragraph 3 of this work 
give a new possibility of presenting a wide range of contrac- 
tive type mappings. An attempt of a survey of mappings belong- 
ing to classes c(X,d), gc(X,d) and ас(Х,4) has already been 
made by us before in [21]. 
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REZIME 
INVERZIJE UOPSTENJA BANAHOVOG PRINCIPA 
KONTRAKCIJE | PRIMEDBE 0 PRESLIKAVANJIMA 


SA KONTRAKTIVNOM ITERACIJOM U TAČKI 


U ovom radu su dokazane inverzi je nekih uop$tenja 
Banahovog principa kontrakcije. 
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ABSTRACT 


In this paper a linear partial differential equati - 
on with constant coefficients is observed in the field of Mi- 
kusifiski operators. A new form of the approximate solution is 
constructed and the error of approximation is estimated. 


яж x 


We are going to observe the linear partial differen- 


tial equation with constant coefficients: 


m 1 
pty 
(1) prm 9 x(A,t) _ 9 д А а 
5 б “ең д) ид. У 
ЗА at 
yz0 v=0 


with conditions: 


u 
(2) 9-х(2,0) _ 0 м = 02...,п 
Эли 


AMS Mathematics Subject Classification (1980): Primary 44440, 
Secondary 65М15. 


Кеу words and phrases: The field of Mikusirski s operators, 
Partial differential equations 
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| 9l Dj. ТаКаёт 
u 
OO > Oo = 0,....m-2 = D 
(3) T 5 
OA 
at tx(o,t) = i, t? On 
Ses 
In the field of Mikusinski operators M, the equati- 
on 
m 1 QS 
v (м = 
(4) | ў 0, ve X (A) = 0 
u=0 v=0 
with conditions: 
, -1 
(5) КОО AO о... x C0) = f 


corresponds to equation (1) with conditions (2) and (3). 
The solution of equation (4) is of the form: 


m со i-Pj 
= i Е «а= rank 44 
(6) xr) 2 Бр, 02 в, ў cij 
2-1 i=0 


where w. are the solutions of the characteristic equation and 
b. are the coefficients determined by (5). 
The approximate solution of equation (4) on the in- 
| terval [0,T] has the form: 
m 3b i-Pj 
| (7) XA) = 1 b,expOQ), б; = е аз 
j=1 1=0 
As in [3], in this paper че divide the interval (0,7! 
into n equal subintervals, (0,Т,1, ІТ,,Т:1....» qus otc In 
[3] we constructed the approximate solution of equation (1) 
with conditions (2) and (3) on the interval (T 47) in seve" 


ral steps. The form of this approximate solution implied tho 
А 2 2 ой 
we had to construct it on each subinterval, апа it depended ‹ 
previous 


of the first one) on the approximate Solution on the P 


а e 
he approxima 


one. In this paper, we shall give a new form of t 
O 2 1 15 

solution on the last subinterval Іт, 1511. Its construction ^. 
za je 

prox 


easier than the one in [3], since it requires only the ар 
it 


mate solution of the first subinterval. At the same time» 
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turns out that the error of approximation is much better than 
before. 

The correct solution on the first subinterval {o,T] 
has the form (6) and the approximate one has the form (7). On 
the subinterval [T;,T2] the exact solution of equation (5) 


is of the form: 


À 
-hs 
(8) ха (А) = x (А) + — f Fi GOx, О-кдак 
SEM 
where x OA) is given by (6), 
" T 
(9) (0175 - 
$ (а w + 9.18) 
апа 
m u 
(10) EODEM | 3 x,t) 
apes ОЛЫ Е 


The approximate solution on the interval [Ti,T2] is: 


À 
(11) $, (А) = (А) + f FiCkOXCA-k)dk, 
0 
where X(A) is of the form (7), Q is of the form (9), while 
A BCA t) 
= 9x t 
(12 z дала ара 
) Fi (A) а ато, 
y= 


Repeating this procedure, one obtains the exact solu- 


tion on the interval IT,_{,T1: 


e (n- hs A 
(13) х (А) = ха) + | Е,-109хО-к)ак, 
0 
where x(A) is given by (8), Q is given by (9) and 
m 9 x (АЕ) 
(15) E n-i 
Е i 2,1 н Б - 
u1 эх n-1 


while the approximate solution on the interval I n) is 
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eee eee 


Seine. >. T T 
(15) ХО) = ХО) + f Е_1'к)хСА-к)ак, 
0 
where 
= alk 1059 
(16) EQ A F = 
y= 


In order to get a new form of the exact and the 


approximate solution let us prove: 


Lemma 1. The factors FO for k = 1,...,n-1 can be 


written as: 
A 


FO) = A gh 0) + Ay 1 [ FiQA)F,QA-K )de + 
Ts 
+ A2 f (f Fi (ti )Fi (K-ti )dti РЕ (A-* )dk + 
0 0 
(17) в Wea 
PIS oy АО RAGE ЛЕ Ct tat, Е, (e-t, dt, Е, СЛАНА 
0 @ O 


л к 
Без 26 Қ ,k-1 f С]... оғ0О-юдак, 
00 
(k-1) integrals 
where Fi(A) has the form (10) and coefficients А i i = 0,1» 
2 
‚. „к= ane 


Аз 0 =1+ 88, 1/0? 
Ay 4 = 1/9, 
(18) А kel MATE 


А 0 


1 + 2 2 E 25 
Sn,1/0 + an 1/9 +... + S 1, 


— 


Py i S Аз x «л,1^к-1,1?/9- 
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Proof. We start from the solution of equation (4) 
on the subinterval UT, 0:51, КЕ УП 
paca ns 


х СА) = х(Х) + 5 F,_{ (6) xO-k dk , 


COT 


and its derivatives: 


Я e (k-1)hs 
(A) + (x(0) FL 109 + 
© = ж Я 
A 
s 1 (Е -1(K)x C-K )dk) 
0 


п 
м 


хо) 


k 


а“ {k-1)hs 
xk OO = XxX{ (A) + —— ————— (x^(0)F, (A) + 
Q к-1 


A 

“ГЕО 005090 
0 

e (k-1)hs 


Q 
(A-K) dk). 


(т) (т) (m-1) 
X% (A) (A) + (x (0)Е 10) + 


(т) 


х 
A 

+ f Еу 109х 
0 


In the last relations we used the fact that x(0) = 0, x^(0) = 
8 Op обед 2) 0) = 0. Multiplying each line with the coef- 


ficients 9.4? respectively, for и = 0,...,m, we get: 


d 
m m a 
(u) m,1 
7 Ge ©? =) a 14% (A) + d н 4 F164) + 
=0 и=0 
(19) ү A = 
-(n-1)h 
+ EP f Fy 4C F а, ух°!?О-к)ак). 
= , ; 
Q 0 и=0 
From (19) follows: 
A 
| (20) BO) ЕЕ Om, 4 p D +5 ЈЕ 4 (KIF, дю ак. 
| 0 0 
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After using (20), by mathematical induction, one gets (18), 


Lemma 2. The factors F, CA) can be uritten as: 
A 


~ ~ = = AS 
PLOD = А, phi A) + Aq f FiQA)FiQa-«)dk + 


Ак @ 
F Fi (k-tı)dtı)Fı(À-K)dK + 
+ Ak)? (CA za (anh 1 
0 
(21) Ж K t р E 
а f Cf Cf Е. (Е: Ра СЕь-2 dt2)Fi(k-tiddti) - 
оо 


. Fi (A-k)dk +... + 
A 


K 
КО а О АВИИ 
0 0 
(k-1) integrals 


where Е, (A) has the form (12) and the coefficients Ay a? i= 
= 0,...,k-1 аге of the form (18). 


The proof is analogous as in the previous Lemma. 
The error of approximation. 


ТЕ Sj is given in (6), let us introduce the follow- 


ing denotations: 


м. С, 


3 J,k+u Vk (D = Va шын т 
m m 
= Я : T)). 
(22) Wy өз) б b_( ў a 144 k+u 
Jed - wen 
Using (10) and (22), one can write: 
> ak | 
(23) п) а) б | 
к! | 
k=0 | 
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and analogously: 


(24) (А) = 2 A 8 (T), 
к=0 К! 
where: 
m m 
W (T) = Y b, Y 
(25) 
Vs kay Т? = 9: ки РО [Ег 
~ E 
a kay CE = Sa 


and Da па given ani (7). 
In order to estimate the difference |, OO - О, 


let us prove: 


Lemma 3. If Е, (A) ts given by (23) then: 


A Er дізізі й 
(26) J Fi@PiQ-«)de = FF —— м; (Ти; СТ) =: BOO 
0 1-0 120 (14241)! 


where W_ CT) ,W_ CT) for i,j = 0,1,..., are of the form (23): 


Proof. It is known that: 


A 
Г(о)-Г(8) 
(27) [ co 1 o 87 Tae = чей e ЕК EET 
Е г (0+8) 


From this relation and relation (23) follows (26). 


Lemma 4. If Fi(A) ts given by (23), then 


М ЕД 152 tk-2 
529) JEG JE д Pi(ty (Расе 275 4) dt, 1): 
о 0 0 


"Pitty 3g - 6 „246 20. ... РЕЗ, = 


ijtigt...ti_ptk 
AS Oe б. 
: OUS neci ... + d, 8k)! i 2 
ij:0 і;-0 і 29 Тата к 


п 
mu 
~ 
~ 


РАЕН 
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| 
| 
| 
| 
| 
1 
i 
1 
| 


A а ОБТ... ате oT UD 
where м; (Т), S МТ) for 11» зір 31» > c 


form (23). | 
The proof follows from relation (26). 


Corollary. If Fi (A) £s given by (24) then: 


А 12 62 tk-2. 4 | 
ЛО ВЕ Бш 0t 6 | 
0) 0 | 
ЕИ о ав о. hO-todn = | 
(29) Каз | 
© © © yin +12+.. „+ tk 2 | 
м. (Т) | 
= fj оо - = | 
ва 5 к... УЕ ИЭ): | 
1,=0 1,20 i, =0 k | 
1 2 к | 
ев ©) | 
ik k-1 


where м, (109) оов М; (Т) for i1,++-51, = 0,1,... are of the fori 
1 | 
(25). Б 


Using (28) and (29), one can write: 


(30) FLO) А Fi СА) + Ае ава С) + А 2B2 OO + 


... tA (Х) 


k,k-15k-1 


and analogously: 


| F = Р B a QU 

| (31) F(A) = Ај оз СА) + Ak Вах) +... + Ay ұ-ідк-1 

| г 2 
| The following estimations are going to be needed | 
| latter: 
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аа Ma ws 
1,31 < My ej 
(32) 


2 . . 11741 < 
KOG © үс Р, (Ту? 


Lemma 2. 17 W (Te given ВИ ОО ОЛИ (ТЕ 
given by (25) then: 


- m m 
Ін (1) = Wy (DDI 4 ) ай |; [o5 ТЇРК" Cr) скер) . 
ЕЕ H=0 124 
33 pli Р; 
(33) т = — (ки) +1 
go qj 
T = st, (ay) 
0+1 р. k 
T(—— - ktu) + 2) 
j j 
where P} (T), and P3 are given by (82). 
Proof. 
m m m m 
к-н „Кър 
ER Йа 0 = Б. 4 Q =; < 
|I Бора о ME 
151 uz0 `7=1 H=0 
m m 
< 10%1 „К+и О 
m la, 41 } Ib, les Ру (D Oen 
H=0 ј=1 
loti р. 
- en) + 2. 
Заа 05 3 


Since the last estimate holds for any t & Т, the re- 


lation (33) is satisfied. 


Now, using Lemma 5, we get: 


ssh) Ін, (тәң, (т) - 8 COW, CD < в, COW2CD. + 
* W, CDR, ©. iniz EN 


where th, is defined by: 
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k+ я 
DERE y Kp Wj (TL 


m 
| ) Smad J 


u=0 1:1 


ала К. (Т) апа к, (Т) are given by (33). 
| Similary, we obtain Rs as: 


ew M W. (rp = 9 CTR 
(35) м. Ст)... co! Wi(T) Y | i. 


Now, we can find the difference between FO) and 


FLO): 


Proposition 1. If Fi СА) is given by (17) and FLO) 
ts given by (21), then: 


р "Ја 
< ГА Ве OI 
[CRD = EOD] Sp IA, of | E i! 
со © |х [21+22+1 
o Qi РО О == Qi (TO + Ет 
s ane) Алей САТ ЭО ИШ 
(352 = = = |a] 214124... ti) tk | 
Зе ______-_ о 
1120 12=0 ijs0(iitizs...*i HO" k 
= Қ сто 
where к. (Т), апа Qi (T) are given bu (33) and (35). 

k 

Proof. Using (17), (18) and (21), we have: 

о о е OOO ЕСЕ 
Х Х E | 

+ [A 42 ЛЕ, ФЕ, -kdk - f Е, (ков, код | + 
0 0 i 
À K | 

+ JA 28 f СІ Con GoeDato Fi деко де - | 
0-1 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


On the form of the approximate solution 


А K 
aada Fy (ty Fy (k=t, )dt Р, (А-к)ак| А 
їй 
А K 
+ [Ak yell | СГС... 05i Oe - 
0 0 
А к у: 
~ (С Ј C... УР, О-кдак| 
m. 


and from (28) and (29) follows: 


9 a 1.1 
[ЕР (АУ = Е (ООЗ ШЕ | (PAGET) ІМ. (Т) - 
к k о } IDE 
1120 
eo © }11+12+1 
S ^ ç 
о IA, 4 | } 2 wi CTW, < 


A =0 (11+12+1)1 


- №; сон, (| ж...» 
1 


Liti2t...+i, +} 
л21+12+ ik k 


file EM 


ys ijtiat...+i, )! 
i -0 G1 12 i 


- Ñ; М ЕЛ 
ін; 08; о и; (Т) ; (DI 


Finally, using (34) and (35) we have: 


1 
= 1,1 
Гесс оо А ene OJ 
i,=0 Ž 
со о ан 
Nye qp il cce D OM UU NOE 
ES 11=0 о а а о 4 
ee e | а 
а } ж 
: Ajet безі EE ш эү +! 
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Proposition 2. If х O ) is given by (13) and 
X (А) de given by (15) then the error of approximation is ор 
n 


the form: 


Ix, OO zd Х С) | <p x, (ADL + MGE S24 ATRAL + 
+ РО (А00) 
п E 


where 


|х(А) - XO) “т х (ADL 


R Б Ё T 
Re п-1(К2Т) Pao mod СБ? 


РО) = max Е(к) 


0<к<А 
тах |хО-к)| < ХО 
OSAXK 
ХО) = max х.(А-к) 
0<қ<А 


CEI RIL DRL талы 


and КЕ, п-1 91) ts gtven by (36). 


Proof. Using (13) and (15) we have: 


——À———— 


|х CX) - KOD] < [xA - ХО) | + 


46) - OELAGOD0xC(O-&) [ак 


lec nc ОУ “х= 


$ 5 
| Kp X,UO* + МЕ, n-a OTDAN + Ф OOR ООР). 


| Numerical example. Let us observe the following 
partial differential equation: 
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—————— 


9^x(A,t) ax(A,t) 
(38) TF See oe 
9Х9% дА 
with conditions: 
9x(1,0) 
(39) —— —2 28105029210 
9A 


ХОР EOM 
In the field M, equation 


(40) (s-1)x^(1) - xd) 


п 
о 


corresponds to the equation (38) with conditions (39). Тһе. 


solution of equation (40) is: 


со 


(41) ие. 
1=0 

while the approximate solution is of the form: 
10 

(42) x(a) = Beep (NG) 0 MEUS. 
i=0 


After dividing interval [0,T] on n subintervals the 


solution on the interval т сап be written as: 


-(n-1)hs А 
x (А) = x(A) + J F._,(k)xQ-« )dk 
n п-1 
о 
and the approximate one is of the form: 
e (n-1)hs х 25 = 
х (А) = XO) + Л F 1 (6 )XO-K dK, 
0 


Where Q = £(s-1), x(A) is of the form (51), Х(А) is of the 
form (42), Е (А) and f, (к) аге given by (17) and (21), res- 
Pectively. 

The following table shows the dependence of the error 


ОЁ approximation on the number of subintervals. For ig = 11, 


А = 1 we have: 
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REZIME 


0 OBLIKU PRIBLIZNOG RESENJA JEDNE PARCIJALNE 
DIFERENCIJALNE JEDNACINE 


U ovom radu se posmatra linearna parcijalna diferen- 
cijalna jednačina sa konstantnim koeficijentima и polju opera“ 
tora Mikusifskog. Konstruisan je novi oblik približnog rešenja 


) : A z 1 
i осеп)епа је greška. 
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ABSTRACT 


Using the neutrix calculus we introduce and analyse 
a more general product of distributions than in [5h]. In parti- 
cular, we find the  "a-product" x^ 8 x" for А + р « -1, 
A,U,AtU + -1,-2,... and a = -A-u-1-[-A7u]. 


* 


In the following р denotes a fixed infinitely differentiable 


function having the properties 


(i) p(x) = о for |х| > 1, 

(i1) р(х) > о, | | 
а | 
| | | 
| (iv) | р(х)ах =1. 8 
; -1 


C MM MEM NENNEN E uo se ВИЕ НИИ 


AMS Mathematics Subject Classification (1980): 46F10. 


Key words and phrases: Neutris calculus, product of distributi- 
ons, 


distribution vector. 
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The function 5, is defined by 8 (x) = np(nx) for n= 


It is obvious that the sequence {5,3 is regular and converges to 


the Dirac delta-function 6. 


The following definitions and theorem were given in [4]. 


Definition 1. Let h, be a distribution for г = 0,7,2,... Че 


say that | 


в = (поћи ehe; осо | 


is a distribution vector. | 


If h .-0 for і = 1,2, ... , We write | 
rri | 
| 


u 


h [hosh. T wr) = [hh ... shy] 


and if һ, 0 for i = 1,2, ... , we write { 


The set of all distribution vectors is made into a vector space 
by defining the sum and product by a scalar in the usual way. 
...] be a distribution 


Definition 2. let h= (поћи eas 


vector and Jet ф be an arbitrary test function with compact 
support. We define (һ,ф) by the sequence of real numbers 

(5, g) = (ho, Ф) (в › Ф), eee (в,,%); 2909 
Definition 3. Let h= [ао ... эһ, ...] be а distribution 
vector. We define the derivative h' of h by 


ло [hob "> 2... ћи" ess 


Theorem 1. let h= [hy,h,, ... ући, ...] be a distribution 
vector and let ¢ be an arbitrary test function with compact 
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——— ea 


support. Then 


(h' , $) UR e (h,¢'). 


Definition h.Iet f and д be distributions and let Е -g*5 
n 


n 


We say that the neutrix product fo g of f and & exists and is 


equal to the distribution vector һ= [һо +++ һы, ...] оп the 


open interval (a,b) if 


N-lim n™ (f,g $) = (has $) 


n-oo 


for г = 0,1,2, ... and all test functions ¢ іп (а,Ь), where 
№ is the neutrix with negligible functions , linear sums 


of the functions А inTn for A» 0 and г=1,2, ... 


and all functions which converge to zero as n tends to infinity. 


This definition of the neutrix product was introduced in order 
to give more information about the behaviour of the neutrix product 
than was given by definition 4 of [2]. Although this is indeed 
so for a number of important neutrix products, it fails for other 


neutrix products. 


In order to remedy this we have у Е 


Definition 5. Let f and g be distributions and let 6 =ё&*$. 
Ме say that the a-neutrix product f $ g of f and g exists 

and is equal to the distribution vector h = [ho shy, ... о» 2221 
on the open interval (a,b) if 


N-lim (f,g $) = (hg, 9), 


n>% 


N-lim Ceg ф) = (в,,9) 


п»с 


for ра 1,2, ... and all test functions $ іп D(a,b), where 
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-1< 08 0. ) 
It is immediately obvious that definition 5 is equivalent to 


definition 4 in the particular case a = 0. 


Definition 6.Iet f and g be distributions and suppose that 


the а-пешігіх product f © 6 exists and is equal to the distribution 


vector h= (бр ба» un ...] on the open interval (a,b). We 
say that hy із the finite part of f © g and then write 
pf.f$g = hg 
on the interval (a,b). 
It is obvious that by taking the finite part of an a-neutrix 
product reduces definition 5 to the original definition of the 


neutrix product, see definition 4 cf (2]. 


Theorem 2. Let f and в be distributions and suppose that the 


exist and are 


————— 


а-пешігіх products f $ g and f' ЧЕ (ог f S gU) 


equal to distribution vectors on the open interval (a,b). Then the 


a-neutrix product f $ g' (or f' © g) exists as а distribution 


——ÁÁ DCT TS 


vector and 


| 


(озара 2062 25 


on the interval (a,b). 


We omit the proof of this theorem as it is almost identical to 
` the proof of theorem 2 of [5]. 
Theorem 3. Let f and g be tempered distributions such that 


the a-neutrix product f © g exists and is equal to h оп the 


real line. TheSC-h In Bablücdndyaifiibdrbedykanariyatienien SENi RFS - 


спреман то AEE Ет 
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proof. It is well-known, (see [6], theorem 12, р. 41), that К 


there exist integers К, k', 1 and 1' and continuous functions 


Е and С on the real line such that 


с(к') 4 | 


(1) 


and 


о) |FG)| & KA + lelt, |б £ KU + [xD 


for some К> 0 and all real x. | 


Then (1) implies for arbitrary test function ф with 


compact support 


(£,8,6) = (луче (6 ө)®) 


к tí; го 1 1,4 Ж 

= (AES кк ied беја ey | обез) casas. | 
3-0 xx = : 

It now follows from (2) that | | 
ЈОРКУ $ | | 
TRIS с Т 3 1 1 0 * 
кше y | (а у [x] 182 02) ax. (G+ ltl)? |р +3) (+) [at | 
3-0 -%0 -1 | 
оқа), | 

Thus 3 
ја (2,2 Ф)] = обат 00) 1 

; 1 

апа so || 


lim n“(f,6,¢) = 0 


П-со 


N-lim n (БР, %) 
Te п 


for г> k. k'. The result of the theorem follows. 


а ҚАТ 


The proof of this theorem сап be modified to give 


Theorem 4. ret f and g be distributions such that the a-neutrix product 
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| 
| 
| 
4 
| 
i 
| 
1 


qual to В on the finite open interval (a,b). ) 


r$ g exists and is e 


Then h has only finitely many non-zero terms. 


Definition 7. let f and в be distributions and let 8,586 * Doo 


We say that the a-product f © к of f and в exists and is 


equal to the distribution vector h = | ПИР эһ, e+e] оп the 


open interval (a,b) if 


(8$) = (hy, 9) + ACD te 
r= 


where e = O(n") if -1 <a < 0 and e, + 0 іға = 0. 
for all test functions ф in D(a,b). 


In particular if h, = 0 for rz 1,2, ... we simply say 


that the product Рок of f and g exists and write 
fog = ho 


on the interval (a,b). 


It follows that this definition of the product fe Е is 
equivalent to definition 4 of the product fog given in [1]. | 
Further, we note that if the product Го g exists and equals | 


h then the a-product f © g exists and is equal to hy for 


0? 
all a with -1< a £0. 
We also note that if the a-product of two distributions f 
and в exists and is equal to the distribution vector В, then 
_ the «-neutrix product of f and g exists and is equal to В, 
although the converse does not hold. It follows that theorems 2, 2 


and 4 also hold for the a-product. А 


Definition 8. let f and g be distributions and suppose that 
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a с А 
the a-product f s g exists and is equal to the distribution 


vector h = (hg,hy; s ћу» e] on the open interval (a,b). 


We 
say that ho is the finite part of ғ % 8 and then write 
Vio fou) = 
р ° Б hy 
on the interval (a,b). 
The following theorem holds, see [5]. 
Theorem 5. The O-product ae 9 759 exists and 
AQ _-A-q _ 
жі” ж” = Һ(А,9) = [n9(., a) h, (Х,9), кА. hang (Х,3)] 
for g= 1,2, ... and ЛР 0,£1,42, ... , where 
5 А. -1 
m = NGC ), 1=0, 
һ(А,а) = SIR 


T(A«g-i)rcosec(mA) P 2(4-1-1) 
г (ла) ба 
I denotes the қашпа function and 
Ps (о) 
for і-0,1,2, ... 


In particular, the product © o xad exists and 
X o = – #тсозес(тл) ô 
"UM UN p espe л. 


We now prove the following theorem. 


Theorem 6. tet А, и be real numbers such that Л, и, А+ H # 


21585 аа S AS и < —1. Then the a-product 


H T 
+ © X exists апа 
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" 


(ax 8x" = Маш) = 0 (Ази), ... ој, 


where а= (-A- n], а=-А-и-а- 1, 


m E. M 
В(и+1 A+g-i+1) (-1)% ҚОЛА 1 ), 


(1 Pruis) |. ое (р) (а) au | 


а. (А = 
i ж) T(A+u+p+i+2) 0 


for ї= 1, ... ,g and B denotes the beta function. 


Proof. Suppose first of all that A > -1 and choose positive 
integers р, а such that -1<р+р and -1<Лл+и+ < 0. | 
“Теп 


и 2 (ил) (4)P(x imp) 
T(u+p+1) i | 


and putting 


ое. 


we have 

1/n 
T(u+p+1) (-1)P(x 8) = |; (&—х)К*Р s (2) (6) at, x 2 1/n, 
Г(и+1) -т 


0, x» ifn. 
Thus 


Г(и+р+1) ЕНЕ л ну 1, _ | 
ол е: | 


Ya ya | 1/n (®-х)*Рв (РО (+) аах 
x 


u 
—› 
о 


u 


1/n 
M P(t) | х (+ cx) P axat 
0 0 : 


u 


1/n 5 1 
4 
| _Atl+rpri+ 5 9а) | a - vy*Payat 
0 


0 
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P — ООО 
| 
| 
| 
| 


1]5 


1 
-А-и-і-1 A 
2 воља инь) п ^ ^ |. МР p (u) au 


а, (Хи) 
г(А+и+і+2) 
where the substitutions х = tv and пё = u have been made. It 


follows that 


| pid au сал = В(и+1 Aviat) кіндікті. 


o 


а, (А su). 


Now let ф be an arbitrary test function with compact support. 
Then 
i 


= со 
Neu) = E | лсе), eax « ote) 


-1 2 
B Macte) (205a, Qu) (6 2, ауп ntn + (n) 
is 3 у 


= у Вече) (1) а (аа G7, фуга“ + (ий) 
i=1 (9-1)! e 
and equation (3) follows for А 2-1, a= 1,2, ++. ; H, ИЯ 
-1,-2, ... and -1 < Х+и+а < 0. 
Now assume that equation (3) holds for -р< А < 1-р, 
а= 1,2, ... , Hy лжи 1,2, осо апа REI O EE 
P is some positive integer. Then using theorem 2 we have 


= -1 
дее е s (Gc ^ € x Hyr E ux DACIA 


= [ов (Ади), --- „ва 0,0) + 


{ + u(0,h,Q,u-1), 295 ‚л 87]. 


Now for i= 1, ... за we have 


= ze (0-2+1) 
Аш) + uh (aju-1) = ВОНА 3+1) л) а 109 у 


(9-2)! 
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ue КАМ (а-2+1) | 
т B(u  A+9-i+2) (-1)% із 2 ciiin )5 ) 


+ | 
(q-i+1)! 


И -1+1 = (а-1+1) 
В(и+1›\+а—4+1) (_4)% азал 4 ,u )8 


= А 
(а-із1)! 


= А n, (А-1 u). 


Further 
иВ(и,А+1 ја 006-1 )5 


u 


ph 40271) 


u 


АВ(и+1,А)а (A-1, и) 8 


Ah 0-4 su) 
and equation (3) follows for -р-1< А < -р, Q= 1,2,..., 
u, Аи Ж -—1,-2, ... and -1 < Мми+а < 0. Equation (3) now 


follows by induction for A < -1, 9=1,2, ses » А, H, Mu £ 


-1,-2) ... and —1 < Atu+q < 0. This completes the proof of 


the theorem. 


Corollary. Let А, и be real numbers such that A, U, АжИ É 
-1,-2, ... and А+р < -1. Then 
Аар o. 
pefe х ох 0. 
The proof of this corollary is immediate. 


Theorem 7. The g—product дб 5 x P exists and | 


А А 
(4) 52, 5 x = ЕЯ *P,-(-1)Ph,(,p), ... ‚=(—1)Рһ @,р)] 


for р = 0,1,2, ... and q= 1,2, ... , where а = -А-р-4-!» 


= с a< 0, À -1,-2, ... and в; (Ар) is as defined in 


theorem 4 for i= 1, ... ,q. 
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| P 


Proof. Since is an infinitely differentiable function for 


А 


= a Р, 
р = 0,1,2, ... the product хб хР 15 defined in the normal 


sense, see [1], and 


ла L AAD гола 
ү ох = E xi (x P + (-1)Px Р). 


It follows that 


лор Мала Теа DEED 
+ Ж” ы (19°, оке 


[x,*P,o, ... ,0] — (1) (0,6, (ар), --- пр] 


and equation (4) follows. This completes the proof of the 


theoren. 


Corollary. Let A be a real number such that A £ -1,-2, ... and 


| 
| 
| 
| 
| 
| 
А+р< -1, for р= 0,1,2, ... . Then | 
р.ғ. х^ 5 x = x MP, 
The proof of this corollary is also immediate. 


We finally point out that the product x Хх, sale exists and 


+ 
А 
ay © pale = 0 for A+u 3-1, see theorem 6 of [4]. 
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ABSTRACT 


| A new definition of the convolution of distributi- 
ons is given and some of its properties are investigated. 


ж 


The convolution of two functions is normally defined as follows, 


see for example Sikorski [5]. 


| Definition 1.Let f and g ђе functions. Then the convolution 


f* & is defined by 


| (£ 6) = |" rose at 


-œ 


for all points x for which the integral exists. 


It follows easily from the definition that if (г * в) ехїзїз 


WH ee 


AMS 
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then (g " f)(x) exists and 
(£ * в)(х) = (в * f)(x) (1) 
апа if (f * g)'(x) and (f * g')(x) (or (f' = в)(х)) exist, then 
(£ + Б)'(х) = (£ + в!) (х) (or (£' * g)(x)). (2) 
The following theorem also holds and it is an immediate 


consequence of Hélder's inequality for integrals. 


Theorem 1. 12% f and g be functions in ІР(-ө,ө) and I93(-5,,) 
respectively, where 1/р + 1/9 = 1. Then the convolution 


(£ * g)(x) exists for all values of x. 


Now suppose that the convolution (f * gx) exists for all 
values of x and let ф be an arbitrary test function in the space 
К of infinitely differentiable functions with compact support. Then 

© о 

(€ * 69,66) = |" sco |^ Eel- +) авах 

=o =o 


u 


| ey) Г f(t)e(y + t)dtay 


-o0 =o 
which for convenience we will write as 
((£ * &)(х),ф(х)) = (ely), (f(x), p(x + y)), 
even though the infinitely differentiable function (f(x), ¢(x+y)) 
does not necessarily have bounded support. 
This leads us to the following definition for the convolution 
of certain distributions f and g, see for example Gelfand and 


‘Shilov [3]. 


Definition 2.126 f and в Бе distributions satisfying either 
of the following conditions: 


(a) either Г or в has bounded support, 
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(p) the supports of f and g are bounded on the same side. 
Then the convolution f * g is defined by 
(г * в)(х),ф(х)) = (ely), (f(x), ф(х + y))) 


for arbitrary test function ф in К. 


Note that with this definition, if f has bounded Support, 
then (f(x), ф(х + y)) із in К and so (g(y),(f(x),¢(x + y))) 
15 meaningful. If on the other hand either д has bounded support 
or the supports of Г and g аге bounded on the same side, then 
the intersection of the supports of (у) and (f(x), ¢(x+ y)) 
is bounded and зо (g(y), (f(x), (x + y))) is again meaningful. 


It follows that if the convolution f * g exists by this 
definition then equations (1) and (2) always hold. 


Definitions 1 and 2 are very restrictive and can only be 
used for a small class of distributions. In order to extend the 
convolution to a larger class of distributions, Jones [5] gave 


the following definition. 


Definition 3.let Г and g be distributions and let т be an 
infinitely differentiablefunction satisfying the following conditions: 
(i) T(x) = т(-х), 


Gi) 05 rx) < 4, 


Gii) r(x) = 4 for |х| < 2, 
(iv) т(х) = 0 for led] 2 de 
let 


f = f(x) r(x/n), g(x) = в(х)т (х/п) 


for = А 
Е ттеп the convolution f * g 15 defined as the 


limi . 
Mit of the Sequence [f «д |, providing the limit h exists 
n n = 
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іп the sense that | 


> lim (f, * 6,2) = (h,4) 


П» о 


for all test functions ф in K. 


Note that in this definition the convolution fa Ж 8, exists 


by definition 2 since f, and B, both have bounded supports. 


It is also clear that if the limit of the sequence um * gj 


exists, so that the convolution f * g exists, then equation (1) 


holds. However equations (2) need not necessarily hold since 


Jones proved that 


1i*sgnx- x = sgnx * 1 


and 


(1% sgnx)! = 1, 1 % sgnx = 0, 1% (вап х)! = 2. 


An alternative extension of definitions 1 and 2 was given 


in [2]. То distinguish this definition from definition 3 the 
convolution of two distributions f and д was denoted by 796 


when it existed. 


Definition h.Let f and g be distributions and let fu be 
defined as in definition 3. Then the convolution f@g is defined 


аз the limit of the sequence i£, * gl» providing the limit h 


exists in the sense that 
lim (Ea x 5,9) = (в, $) 


Пс 


| 
| . for all test functions ф іп К. 
| 
| 
In this definition the convolution fa * g is in the sense of 
We 2159 


definition 2, the distribution fa having bounded support. 


note that because of the lack of symmetry in this definition the 
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convolution of two distributions is not always commutative. 


In the following we are now going to give another non-commuta tive 


| 
| 
| 
| 


extension of definitions 1 and 2. This definition is also 


possibly an extension of definition 1. since not only are all the 


results proved in {2) in agreement with the new definition but 


further convolutions exist which are not defined by definition 4. 


Yhether or not there exist distributions f and g which give 


different results for the convolution f € в, ог for which the ) 
convolution f Әр exists by definition 4 but not by the new 
definition, are open questions. 


First of all we need the following definition given by van der 


Corput [1]. | 


Definition 5.A neutrix N is a commutative additive group of 
functions v : N' № (where the domain М! is a set and the : | 


range N" 1з a commutative additive group) with the property that 


| 
| 
if у isin М and v(é)=y forall 6 in №, then ү=0. | 
| The functions in N are said to be negligible. Now suppose that М! i 


is contained in a topological space with a limit point b which is 
| 
not in N' and let М de a commutative additive group of functions | 


У: N' +N" with the property that if М contains а function of 


6 which tends to a finite limit ү as € tends to b, then Y 


"ы. апа 


= 0. It follows that М із a neutrix. If now f : № 


there exists a constant В such that #(6) -p is negligible in 


N, then @ зз called the neutrix limit of f(E) as € tends to 


b and we write 


N-lim f(£) = B, 
6b 
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where 0 is always unique if it exists. 


Definition 6.Iet Г and g be distributions and let Tes be 


the infinitely differentiable function defined by 


1, |x| < п, 
1 
TAX) z т(шх- п >, 
r(n"x+ 7+1), x< -n, 


where T 1з defined аз in definition 2. Let 
f(x) = гот, C) 

for n= 1,2, s.e . Теп the convolution f g is defined as the 

neutrix limit of the sequence if, * 5}, providing the limit h 


exists in the sense that 


N-lim (асы в.%) = (һ,ф) 


N> 
for all test functions ф in K, where N is the neutrix having 
domain М! = 14,2, ... уп, ...} and range М" the real numbers 


with negligible functions finite linear sums of the functions 
п Да п, Inn 
for A> 0 and r= 1,2, ... , and all functions f(n) for which 


lim f(n) = 0. 


The convolution f. * g in this definition is again in the 
sense of definition 2, the distribution fu having bounded 


. Support since the support of Th is contained in the interval 


(-n- n", nen). 


From now on all the convolutions denoted by f * g will be 25 
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defined in definitions 1 or 2 and those denoted by fG g will 


pe as defined in definition 6. 


Theorem 2. Let f and 6 be functions in IP(-5,5) and ДАБ 
respectively, where 1/р + 1/9 = 1. Then the convolution fOg 


exists and 


fOg = f*g. 
Proof. For arbitrary є > 0 we have 


Е 


РГ secos - ot = т Ла 


—‹со 


ГАХ 


| | |2(%)в(х - t)] àt < є 
lt] Zn 


for all n greater than some п Thus if ф is an arbitrary test 


0: 
function in К then 


Це“ в,ф) – (© "6,91 € sup 119(х) Пе 


for n> Ny and it follows that 


(£ Ж &,¢) = N-lim (22 * 5,$), 


П->со 


1їщ (26 *Е, 3) 
П— со 
or equivalently that 


Е@ФЕ = f*g. 


This completes the proof of the theorem. 


This theorem therefore shows that definition 6 is an extension 


of definition 1. The next theorem shows that definition 6 is also 


an extension of definition 2. 


T ; 
ћеотет 3. Tet f and g Ъе distributions satisfying either 
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condition (a) or condition (b) of definition 2. Then the 

convolution 2608 exists and i ( 
rg SELOSTE, | 

Proof. Suppose first of all that the support of f 15 bounded. 


Then f = fa for large enough n and so 


lin (£ * 6,4) = (f*5,4) = Mlin (f, "6, 6) 
n 


N> өз -> со 
for all test functions ф in К. Тһе result follows in this case. | 

Now suppose that the support of g is contained in the bounded | i 
interval (a,b) and let ф be an arbitrary test function in K 


with support contained in the bounded interval (c,d). Then 


(с *в-г в, $) = (s(y),(f(x) - © (х),ф(х+у))) | 


u 


b d-y | 
во) | _ 2600 - 7,629166 +у)ахау | 
а с-у 


= 0 | 1 
for large enough п and the result follows in this second сазе. 
Finally suppose that the supports of f and д are bounded on 


the same side, say on the left, so that the supports of Г and 6 


are contained in the half-bounded intervals (а,ә) and (b,e) 


| 


respectively. Then if ф is an arbitrary test function in К with 
its support contained in the bounded interval (c,d) we have 
Y со а-у 
(r*e-f,*e9 = |. ау) |" eGOU -r (к) ебу) акду. 
п 
b с-у 
Now f(x) = 0 if х<а and so 
d-y 
| | £690 = „блю + ујах = о 
c-y 


if у>а-а. Thus 
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IG A 
а-а а-у 
(*g-f,* 69 = | cn] ї(х)[1-т(х)]ф(х+у)ахау 


= 0 
for large enough n and the result follows in this third case. - 


This completes the proof of the theorem. 


Having proved that definition 6 15 an extension of both 
definitions 1 and 2, we will now consider a particular 
convolution which is defined by definition 6 but which is not 


defined by definitions 1, 2, 5 or 4. 
Example. х? ® (х2 + on = т(,2 = eae (3) 
We put 
Cae = х°т (x), f(x) = Cee с" 
Then the convolution (ES). * f (x) exists by definition 1 and 


(2), “ғ (x) = ЈЕ (х= t) ve (сш 


—o 42 i 2 
nex 2 nen x 2 
= | (х = t) at + | (x -t) т(х-%) dt + 
-0+х 42 +2 nex t.e 
ES 2 (х-%)т(х-%) at 
52 -п 2 у 
-n-n +X $ +e 


ne И 
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nen +x 2 (n+n_ nos -п 
| (x-t){r(x-t) at < еше = = O(n") 


nex t +e 


т 
5 
* 
ҡ 

I 
+ 
^ 


and similarly 


n 


pes (x= t) r- t) a = о. 
-n-n 4x яе 


It follows that 


2 


Меза (G2), * г (х),ф(х)) = E(x? = 6 ,Ф) 


п» о 


for arbitrary test function ф in К and equation (3) follows. 


We now put | 
809 С) завдя 
€ ш 6 п(х e^) ' 


It is well-known that 


lim 8 (x) = (х), 
є» 0 


where 5 is the Dirac delta-function, and it follows from 


equation (3) that 


Thus 


lim х © 5 а x? * 8, 
€+0 


а result we should certainly hope to obtain since 8 acts as the 
identity with the convolution product. 


It can be proved similarly that 
2 24-1 
(х2 + 2)! хе = "к=; 
and so we also have 


lim 6 ® x* = x? = 5 * хе 
€ 
€+0 
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Theorem h.let Г and g be distributions опа Suppose that the 


convolution f © в exists. Then the convolution fO g' exists 


and 


(2402). = PD gt 


Proof. Since the convolution fa * g exists by definition 2 we 
have 


CLE ME as Tor 


n 
Thus 


((f@g)', $) = -(f@g,¢') = = N-lim (Е + 85%") 


П > со 


= N-lim ((f, * 6)',ф) = N-lim (f, * g', 4) 


Noo n - e 
for arbitrary test function Ф in К. It follows that the 
convolution f G)g' exists and 

(reg) = Әр 


This completes the proof of the theorem. 


This result also holds for the convolution given by definition 
4, see theorem 3 of [2]. However, this result does not hold in 


general for the convolution given by definition 3, see [4]. 


Theorem 5. Jet f ђе ап odd distribution. Then the convolution 
£@ 4 exists and 
f (©; = ©. 


Proof. Since the convolution f * 1 exists by definition 2, 
n 


equation (1) holds and so 


(© * 1,¢) 


(1 = £,,%) 


(£,(y),(1, pl + у))) 
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for arbitrary test function $ in К. If the support of ф is | 


contained in the interval (a,b) we have | 


b-y 
Upea) = | enm | 


b 
- | eaa = (1,9) = % 
a 
where c is а constant. Thus 
(820% 1,9) = (г, (у),с) = 0, 
since fa 45 ап odd distribution. Letting п tend to infinity we 


see that f®1=0. This completes the proof of the theorem. 


This theorem also holds for the convolution given by definition 


| 
| 
| 
| 


4, see theorem 4 of [4]. 
A particular case of this theorem is 
senx@1 = 0 

and since 

(зепх)' 691 = 25 *1 = 2 

# 0 = (sgnx@1)', 

it follows that the equation 

(f@g)' = 26 
does not hold in general. 


Further particular cases of the theorem are 
yr фл = о 
for г = 0,+1,+2, ... and more generally 
(senx.Ixl^) 81 = о 


for all Л. 
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Theorem 6. The convolution х @ х5 = 0 


for л>-1 and ВЕ о 


proof. The convolution Ge ја (©) x^, where 


A 


(x^) = жт 00); | 


again exists by definition 2 and so 
A ‚ 9 
(ОА) *х°,еФ()) = (QI „С, Фе + y) 


for arbitrary test function ф іп К. If the support of ф is 


| contained in the interval (a,b) we have 


| 
| 
| 
b- | 
Gh eG у) = |А (ке ya | 
а-у | 
E 5 E i 
| (e-r) oltar = Вау, 
a 
a = (2) o oe) 


u 


u 


where 


| for iz 0,1, ... ,5. Thus 


| (^). * x^, ф(х) ё, (САМ y) 


-n 


s n A Мал” уд 
= »- 8e U yòt ау + | y ay 
1 0 n 


і-0 


| 5 А+1+1 = 
| а + O(n n+stAy 


| and it follows that 


Nim WEST + хз, $(х)) = 0. 
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The result of the theorem follows. This completes the proof of the 


theorem. | 
3 D 


5 A 5 
Corollary 1.The convolutions хХФх , |[х^@х’ ага 


(sgn х .|х|^) ® х? exist and 


о 


х^ @х° = |х|^ © хз = (sgnx. ||“) Ox" = 
for A» -1 and э=0,1,2,.... 


Proof. The first result follows on replacing x by -х іп the 


theorem. Тһе other two results follow on noting that 


l^» + х, senx.|x|* = x^ -x^, 


———— M — 


the convolution product being distributive with respect to addition. 


Corollary 2.The convolutions x^ ®х, °, |x] Ф Go and 
(sgn x.|x|*) ® um exist and 


n © = Ene BC А+1›в+1)х^*°*!, у (5) 


- | 


A+s+1 
B( А+1,8+1) зеп х . |х| емеп 5 
+ Ox? = (6) 


Beast, set) |] 151, Дф Bp 


Рен |, even 5, 


5 


Nu 
~ 
~ 
— 


(sgnx. |x|) © x, 
В(А+1,3+1) sgn А аа 5 


2 


for A» -1 and 5 = 0,1,2, ese o. 


Proof. The convolution sc Ж m^ exists by definition 2 and 


even eee | (x-+),* ^at = B(A ан) E 


Ж со 
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B denotes the beta function. Replacing x D 


where -X we have 


1 х ^s же = В(А+1‚,в+1)х ^*5+1 


u 


S) * (х° 2s x ^) 


u 


(-05x Oxs - (21x ^x 3 


and equation (5) follows on using equations (5) and (8). 


Further 


[х^ © Ag С 5 x ^) ©] x 


-x^*x?.x^Q9x5 
+ + - + 
and equation (6) follows on using equations (5) and (8). 
Finally 


(sgn х.|х|%) ©х 5 Ee - х^) @ x 


5 
= х^ ех хох 
+ + = + 


and equation (7) follows on using equations (5) and (8). 


| хХ6|х|28-1 = 28(л+1,28)х 
х^® |x 2371 


Б^ e [28-1 = 
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2s-1 A 28-1 _ „28-1 
ОА = 6) ) 


À = x 28-1 _ x * @ x28"! 
+ + 


и 


2x 
+ 


and equation (9) follows on using equation (8) and theorem 6. 
Equation (10) follows on replacing x by -х in equation (9) 
and equations (11) and (12) now follow immediately from 


equations (9) and (10). 
4. The convolutions x AG (sgnx ko); 
Corollary 4. i 
2 
х^® (sgn х.х°9), |x|*@ (sgnx.x^^) and 
(веп x. |x|*) O (sen x . x2?) exist and 


4 
2B(A+1,25+1 pee 


и 


9 


m^ © (sgn х.х25) 


u 


А+25+1 
2 


x ^ © (sgn x. x^?) -2B(A+1,2s+1 )x 


[х]^ © (sgn х.х°5) = 2B(A+1,2s+1) sgn |2567, (15) 


4 
а) O (зеп х.х25) = 2в(д+1,28+1) |x|**25* 


for A» -1 and в = 0,1,2, .... 


Proof. Tne results follow as above on noting that 


sen x. |x|?? z gx 25 254 


A particular case of equation (13) is | 


2r+1 
2r 2х а 
x^ @ sgnx = РЕ 


` for г = 0,1,2, ... . This result also holds for the convolution 


given by definition 4, see theorem 5 of [2]. 
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) The case г = 0 is 


ннн 


1 sgnx = 2x 


ee 


eV NT YA ERST ааа а У 


and comparing this equation with equation (4) we see that the 
convolution product is not in general commutative, even if the 


convolution of two distributions exists in either order. 


u 

- | 

Theorem 7.Тһе convolutions x Т ОУ and КООБУ? а | 
ХО = x Ox = 0 | 

1 

i 

\ LOGS = 0:1, №. 1 -41- әлі = 49207722 { 


This theorem was proved їп [2] for the convolution given by | 
definition 4. The proof can easily be adapted for the convolution 


given by definition 6 and so we omit the proof. 
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ABSTRACT 


The aim of the present paper is to study some рго- 
perties of a-Hausdorff (a-regular, a-almost regular) subsets 


and almost closed mappings. 
| 1. INTRODUCTION 


Our notation is standard. No separation properties 


are assumed for spaces unless explicitly stated. 


А subset A of a space Х is regularly open iff it is 


the interior of its own closure, or equivalently, iff it is 
interior of some closed set. A is called regularly closed iff 


it is the closure of some open set, ог eguivalently, iff it = 


xe Mathematics Subject Classification (1980): Primary 54010, 
есопдаву 541015. 


21 words and phrases: a-Hausdorff;, а 
a ost elosed, continuous, a-nearly paracompact, 
Nearly compact. 


| 
i 
| 
| 
| 
| 


a-almost regular, 
a-paracompact, 
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a closure of its own interior (a subset is regularly open ift 


1 


its complement is regularly closed), [6]. 


А mapping f: X> Y is said to be almost closed 


(almost open) iff for every regularly closed (regularly Open) 
set Е of Х, Ғ(Е) is closed (open) in Y, [6]. | 


Let Х be а space and А а subset of Х. The set A 15 
о-рахасопрасе (a-nearly paracompact) iff for every Х-ореп 
(X-regularly open) cover U of A there exists an X-open X-loc- 
ally finite family V which refines U and covers А, [8]([3]). 


A subset A of a space Х is a-nearly compact (N clos- 
ed) iff every X-regularly open cover of A has a finite sub- 
cover, [7]. 


A subset А of a space X is Lindelöf iff every X-open 


cover of A has a countable subcover, [1]. 


A subset А of a space X is a-Hausdorff iff any two 
points a,b of a space X, where a € А and b € X ~ А, can 
be strongly separated, [4]. 


A subset A of a space X is a-regular (a-almost re- 
gular) iff for any point a € А and any open (regularly open) 
set U containing а, there exists an open set V such that 
аєусӯ су, [4] ([21). | 


| 2. RESULTS 


LEMMA 2.1. Let Ц = {0,: i € I) be any family of 
a-regular (о-айтов% regular, a-Hausdorff) subsets of а space 
X. Then the sets U = UtU, : d G m ала поо: 1E eo 

i 


a-regular (a-almost regular, O-Hausdorff). 


PROOF. Obvious. 


In paper 141(121) the author showed that if A 13 2 
a-regular (a-almost regular) o-paracompact (a-nearly paracom 
pact) subset of a space X, U an open (regularly open) neigh” 
bourhood of A, then there exists an open (regularly open) 


neighbourhood У, Ре such, tatu кА сео HaridWar 


| 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
A note on subsets and almost closed mappings 


ео -- л ра 


From this fact we can easily prove the next lemma: 


LEMMA 2.2. Let A be any open (regularly open) a-re- 
gular a-paracompact (a-almost regular O-nearly paracompact) 
subset of a space X. Then A ts с1оѕей, (А is regularly closed), 


THEOREM 2.1. In any space the union of a locally 
finite family of open a-paracompact -regular sets їв a elo- 


-open a-regular -paracompact set. 


PROOF. Let U= {U,: і Е I) be any locally finite 
family of open a-regular a-paracompact subsets of a space X. 
By theorem 9 in [8], the set U = о, : i € I) is a-paracom- 
pact. By Lemma 2.1. U is a-regular. By Lemma 2.2. се зеп 


is closed. 


THEOREM 2.2. Let А and В be any disjoint closed 
a-regular and Lindelöf subsets of a space X. Then, there 


exist disjoint open sets U and V such that ACU, B c V. 


PROOF. For each point x € A there exists an open 
Set Џи, such that x € U, =. с х ~ В. For each point x € B 
there exists an open seus Ver UT that x € V. < ўе ХУА: 
Let U = ІШЕ: x € A). Let j = (V. : x € B}. Sino m is Lindelóf 
there exists a sequence (0: in ^ of elements of a family 
U, such that A c U(U, : n € o). Since В is Lindelóf, there 
exists a Sequence Уд: п Е w} of elements © Е family У, > 
Such that B c Шу: n € ш). Let up er os ШУ: P $ n} an 


= ch п and 
Via ре Ge б ШУЙ for, еа 


x {олт пе је вем= U{v;: n € w} 


it follows that A c U= 
and оп м = 0. 


e - . а 
COLOLLARY 2.1. Let A and В be any disjoint close 
a- 

“regular subsets of a Lindelöf space X. Then, 
joint open sets U and V such that A € U, BS У: 


there exist dis- 
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PROOF. Every closed subset of a Lindelöf Ee 


Lindelóf. 
In paper [5] T.Noiri proved the next theorem; 


THEOREM А. If Е: X > y ts an almost closed пар. 
| ping of a Hausdorff space X onto a compact space Y with 
N-closed point inverses, then Е is continuous. 
In this theorem the Hausdorff property can be omit- 


ted, which we shall prove in the next theorem. 


THEOREM 2.3. If Е: X> Y ts an almost closed пар 
ping of a space X onto a compact space Ү such that £1 (y) 
is a-Hausdorff a-neariy paracompact fo» each point y € Y, 


then f ts continuous. 


PROOF. Suppose that f is not continuous at some 
point x € X. Let U(x) denote the family of all open neigh- 
bourhoods of x in X. Let y = f(x). Since f іс not com | 
tinuous at x, then there exists an open neighbourhood V of 
y in Y such that f(u) n (У ~ V) # Ў for every u € U(x). 
Thus A = (£(0) n (Y ~ V): U € U(x)} is a family of closed 
subsets of Y. This family must have the finite intersection 
property (if there exists a finite number of open sets 


s 


n | 
U;,U5,...,U, such that П [£(U,) п (y~ v)] = Йй, then ШІ 
ізі uH 


is Gm open set containing x and (ү ~ V) n ҒО Д u) = 


Я ne SEDEM (£ (5,0) = f which is a Ех 
Since У is compact, there exists а point у, € ПА: a Є А). 


Thus we nave Y € Y SV апа hence x g = ). 


| 


Since f | (у) o-Hausdorff a-nearly paracompact, it follows 


that, by Lemma 2.1 in [2], there exist disjoint regulari 
open sets 0, Eng Че such that x € Ц, and f ERA ) © % 
Since U, n "E КА у еб, п U =й Ja have y, £ #00, № 

On the other hand, Та U. рео to TOE а have T 


УБЕ #(0 ) n (уху) с TR ). This is a contradiction: 
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513 ғ must be continuous at x. Since x is an arbitrary point 
f 


Вах Lt follows that f is continuous. 
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0 PODSKUPOVIMA | SKORO ZATVORENIM PRESLIKAVANJIMA 


-Hausdorfovih, 
pros- 


{ U radu se ispituju neke osobine @ 
је | -regularnih i a-skoro regularnih podskupova topološkog 
tora X. Daju se i uslovi kada je skoro zatvoreno preslikava- 


| nje neprekidno nad prostorom koji ne mora da bude Hat Ce 
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ABSTRACT 


Some generalizations of the results from the paper 
of S.P. Singh [11] are presented. 


1. INTRODUCTION 
The following result was proved by Brosowski (1969). 


| Theorem А. Let Е be а contractive linear operator 

| on a normed linear space X. Let C be an F-invariant subset of X 
and x an F-invariant point. If the set of best C-approzimants 
үз non-empty, compact and convex, then tt contains an F- 
-invariant point. 

y Singh (1979) that in 

and the con- 


| Later оп, it was observed b 
Theorem A condition of linearity of the operator, 
Vexity condition of the set of best approximants can ђе pu 
cd. Then, as ап application of a fixed point theorem of Edel- 


4 
М5 Mathematics Subject Classification (1980): 54125. 
Key wonds оп, invariant points, 


and : imati 
Nonexpansi phrases: Best approx 


ve mappings. 
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stein (1962), Singh (1979) obtained the following extension j 
of Theorem A. f 

Theorem В. Let F be a contractive operator on q 
normed linear space X. Let C be an F-invartant subsets of x 
and x an F-invartant point. If the set of best C-approzimants 
to x ts non-empty, compact and starshaped, then tt contains 


an F-invartant point. 


Note. Іп Theorem А and Theorem В, by а contractive 
operator F : X > X, it is meant that Е satisfies |Ех - Ву! < 
< 1х - yl for all х,у in X. However, in the current terminolo- | 
gy of fixed point theory, such an operator is said to be non- 


-expansive. 


In this paper, we prove some extensions and generali 
zations of Theorem B by using fixed point theorems of Jungck 
(1976), Danes (1968) and a notion introduced by Dotson (1973). 
An application of Theorem B is given which ensures the exister 


ce of invariant points for a pair commuting mappings. 


2. PRELIMINARIES 


We first list a number of definitions and known re- 
; à ; їп the; 
sults for our future use. I denotes the identity mapping int | 
sequel. 


Definition 2.1. (Park (1978)). Let G be a = 
% 
ping on а normed linear space X. Then а self-—mapping Е on X 


said to be G-nonexpansive tf 


| 
| 


(+) |Ех - ЕуЇ < 16х - Gyl 


for all x,y € X. 


X 
then f 


If strict inequality holds in (#) for distinct points, T 
t 


said to be "G-contractive". For б = I, we simply say the 
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ngontractive". Clearly, G-nonexpansive and G-contractive maps 
are continuous, whenever G itself is a continuous map 
nuous мар. 

Jungek (1976) obtained the following common fixed 


point theorem for G-contractive mappings. 


Theorem C. Let F and G be commuting mappings ofa 
compact metric space (X,d) into itself such that F(X) G(X), 
and G ts continuous. If F ts а G-contractive map on the metric 


space X, then there ts a unique common fixed point of Ғ and 6. 


A result similar to Theorem C for contractive map- 


pings has been proved by Edelstein (1962). 


Definition 2.2. A subset М of a linear space X is 
said to be "starshaped" provided that there ts at least one 
РЕМ such that, if x € M and 0 < а < 1, then (1-а)р + ax € М. 


Each convex set is necessarily starshaped, but а 


starshaped set need not be convex. 


Definition 2.3. (Dotson (1973)). Let S be a subset 
of a normed linear space X, and let H = {o;hies be a family of 
funetions from [0,1] into S, having the property that for each 
i € S, ve have $,C1) = i. Such a family Н is вата to be "con- 
tractive" provided there exists a function 6: (0,1) > (0,1) 
such that for all i and 1 in S and for ай t € (0,1) we have 


19 Ct) - $ СЕ! < o(t)li - 31. 


continuous" provided 


Such q family H is said to be "jointiy 
> $4, (to) 


Pag tf t э to in [0,1] and i + io їп 5 then $; СЕ) 
in S. 


4 t 
It may be remarked that if S is a starshaped subse 
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— 08 
continuous family of functions associated with S as describe 
Ц 


above. 
Now we introduce the following: 


Definition 2.4. А subset М of a linear space X is 
said to be "G-starshaped" with respect to a mapping G : X sy 
provided there ts at least one р Е M such that if x € М ам — 
а Е (0,1) then (1-a)Gp + ах € М. 


3. MAIN RESULTS 


The first theorem generalizes the main result of ) 
Singh (1979). | 


Theorem 3.1. Let Е апа G be commuting operators on 
а normed linear space X such that Е is G-nonexpansive, where 
С ts Linear, continuous and satisfies 62 = 6. Let C bea sub- 
set of X, and x a point of X such that both of them are inva- 
rtant under both F and Сб. 

Let D = {у Є С : Gy ts a best C-approximant to x). 
If F(D) с G(D), and also D is non-empty, compact and G-starsh- | 
aped with respect to б, then D contains a point invariant un- 
der both F and 6. 


Proof. Let y € D. Then we have 
IGFy - xl = [Ебу - Ех! < 162у - Gx = 16у - ХІ» 


and i 


IGCGy) - хі = 10у - хі. | 
| 


- re 
These relations show that Fy € D and Gy € D. Thus F and Gila 
self-mappings on D. 


s 


Let p € D such that aq + (1-a)Gp € D for all 
and 0 <a< 1. Let fa) be a sequence of real numbers such 


q € ps 
tnat 


» 
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< 1 and Lim c 1. Now define Pa : D+ D by setting 


< 
(И on noe 


ЕХ = «Ех + (1-a ,26р 
for all x 6 р. For each п, F_ is clearly a self-mapping on D. 
Now 


Ех РУ! = ail Ех = РУ 


ж 


а | Gx - Gyll 


A 


Пех - Gyl, 


Ғор all x,y € р, бх * бу. 

Using commutativity of G and F, linearity of G and the fact 

62 = б, it is routine to verify that G and ES commutes for each 
п. Also because of F(D) < G(D), linearity of б and G2 = G, it 
is not difficult to see that FO) c Q(D) for all n. As D is 
compact , it follows from Theorem C that there is a unique com- 


mon fixed point, say Xn Е №. ОЕ Pi апа G for each n. So Gx, = 


Once again the compactness of D ensures that {x} 
an x € D. We 


E e EXC Ех. 
n nn 


has a convergent subsequence (xy) converging to 
claim that x = Ех = Gx. To show this, consider 


a -a_ )бр. 
x = Рух т ао Бан 
п; п; п, ni ni aL 
T а i Е 
Letting i + e and using the continuity of F, we = Е 5 
са = 5 = Pim С = Lam x = х. 
Х = Fx. Furthermore, Gx = GE ZLE ТЕЙ ins i>» "i 


~ z ; аз requi- 
Thus x is the simultaneous invariant point of F and G 4 


гей. 


he proof of Theorem 3.1. 


Remark. It appears from t Dionis 


5 істей to 
that the continuity and the linearity of 6 restric 
are actually needed. 


5 where че 
Next result is yet another extension of Theorem В, 
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use Theorem ч of Danes (1968) instead of Edelstein^s theorem 


as used by Singh (1979). 


Theorem 3.2. Let F bea contractive weakly continy. 
ous operator on a normed linear space д. шег C Бе а F-invan. 
ant subset of X and x a F-invariant point. If the set of beg 
C-approxtmants to x їз non-empty, weakly compact and stap-gh. 


ped, then tt contains а F-invariant point. 


The following theorem of Meade and Singh (1977) 
extends a result of Kasahara (1976) 


Theorem D. Let С be a mapping of a set X into ii- | 
self such that the function x > d(Gx,G?x).has а minimum value 
at some a € X, where d ts a non-negative real-valued funetion 
on X x X such that (х,у) 0 tf and only if x = y. Then 6 ha 
a fixed point if there is a mapping F of X into G(X) which cor, 
mutes with G and satisfies (ж) in X for all х,у € X with бх + | 
+ бу. 


Let Y be a subset of a Banach space X. Then we shall | 
вау that Y has property (MS) with respect to б if there exists 
a mapping G : Y > Y such that the function x = d(Gx,G?x) has 
a minimum value at some a € Y, where d is as in Theorem D. 

Clearly, a compact subset Y of X will always have 
property (MS) with respect to a continuous function G. From | 
this we get the following slightly revised version of тһеоге? | 
321. 


on } 

Theorem 3.3. Let F and 6 be commuting operators E 

Я ore ^. 

а normed linear space X such that F is G-nonexpanstves У „| 
8 


ts linear, continuous and satisfies G* = G. Let C be 4 = >. 
; a 

"оғ X and x a point of X such that both of them are invart | 

under F апа б. | 


6 
с 
Let D = (у ЕС: бу ts best C-approximant to x}. If F(D) гі 
and also D ts non-empty, G-starshaped and has property ^d 
nae 


with respect to 6, then D contains a point invariant U 
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р апа 6. 


Proof. The proof is almost identical to that of 


Theorem 3.1 except that we use Theorem D rather than Theorem С 
Finally, we extend the main theorem of Singh (1979) 

for a single operator where the starshaped sets are replaced 

py sets with which a certain family of functions are associa- 


ted. 


Theorem 3.4. Let F be a nonexpanstve operator on а 
normed linear space X. Let C Бе an F-invariant subset of X and 
х an F-invariant point. If the set of best C-approximants to x 
is non-empty, compact and for which there extsts a contractive 
jointly continuous famiiy Н of funettons, then tt contains an 


F-invarzant point. 


Proof. Let D be the set of best C-approximants to 
X. Then F is clearly a self-mapping on D. Let (а ) be a sequen- 
ce of real numbers such that 0 < аһ < 1 апа Lim a, = 1. Let us 
. n? 
define Fa : D> D by 


ғ Сх) = px? 


for each x € D. Since а € (0,1) and F is a self-mapping on D, 
We see that Fa is ее for each п and is also а self- 
“Mapping on D. 

Now for all x,y € D and each n we have 


» = | < Ө(а )1Ех - Eyl 
IE xn Е.уі = їф (о) bry An? n 


< (olx - yl < їх-у! 


f 

E ED Хх. ; 

Th Therefore each F is a contractive mapping Оп D. : 
DAY а fixed point theorem of Edelstein (1962), there ехіѕт 


ts Е =x. The 
рп васп n, а unique point x, Є D such that FG) EU EU 
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rest of the proof is identical to that of the proof of Thes. ) 
pem 3.1.мћеље we make use of compactness of D, continuity = Н 
Е, the joint continuity ої the family H and ‘the Hausdorfines, 


of the space. This ends the proof. 
h. AN APPLICATION 


The next result is a direct application of the maig 
theorem of Singh (1979). Im doing so, we are motivated by the | 
work of Goebel and Zlotkiewicz (1971) where some fixed point 
theorems in Banach spaces have been obtained for self-mapping 
С which are non-expansive and also satisfy С? = I. 

Theorem 4.1. Zet Е and © be commuting operators on | 


а mormed linear space X such that F is G-nonexpansive and 


Let C be ап FG-invariant subset of X and x ат Ёб-й- 
variant point of X. If the set D of best C-approximant to Xi 
a singleton set x, then x is a simultaneous invariant point ој 
F ата ©. У 


Proof. Ав ©? = I, FG is clearly a monexpansive шаў | 
ping. Then by Theorem B, the set D of best C-approximant о; | 
contains an Еб—їшуагйатї point which clearly coincides with X 
Now consider | 


FG(Fx) = F(GFx) = F(FGx) = Fx. 


3 к > 3 
Then by unicity of x, we get Fx = x. Furthermore, G(x) = es 
= СРЕ = x. Thus x is a polu which is imvariant under both! 


1 


and ©. as desired. j 


4 
i 


Е Remarks (i) Тї may be трофей that mo continuity 
condition either on F or on © is mequired. 

(ii) Tt is well-kmowm (Hicks and Humphries (198 
that im a strictly convex mormed linear space, the set of 


approximants contains only one element. 
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ABSTRACT 


Let (Е(5)) be a Gaussian process with а discrete 
spectral type and H'P/(E) be the linear closure of Hermite 
polynomials of degree p in variables {&(t)}. Іп this paper the 
innovation process and the spectral type in нбр) (к), р > 2 are 
determined. 


1. INTRODUCTION 


Let (E(t),t > 0), БЕСЕ) = 0, БЕЗ(Е) < = ре Ене дес 
mean square continuous and purely non-deterministic process. 
Denote 


HOD (Е) = n с (E(u), u< tte}, 
JE 
Е>0 


Чһеге СІ.) is the mean square linear closure of random varia- 


bles in the parenthesis. The space Ht? (Е) = U Ré СЕ) d 
Зерагаһіе Hilbert space with the scalar product (Еп) = Eén. 


The Cramer representation [1] of (ECO) is: 


AMS 
Mathematics Subject Classification (1980): 60615. 


Ke 
ре Gausalat process, spectral type- 
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NOS i Е 

@) =) ] в (t,udn, G2, № may Бе ©, } } 
n=1 0 [ Е 

where à 
1% {n Ce, t > 0), n = 1,...,N are mutually ortho- : 


gonal increments, 


м 0% 
EE2(t) = ПЕСКА = yw g2(t,uddF Cu), 
inea (0) 
1 
dF Cu) = alln 04012, 
9 x = 
(2) ELE ES) E Xen Cn.) Ncc 
n=1 


3. The measures ағ,» m 2 Gos oaghh bs ordered by 


absolute continuity 


ағ, > ара 2,... 2 ЧЕ 


The correlation function r(s,t) БЕ(5)Е(+); s,t > 0, uniquely 
determines the so-called spectral type of (ECt)) i.e. the | 


chain of equivalence classes of measures КЕ. 


(3) ра > ра 2255" бұ» | | 


where ағ, е Pa’ 


This fact follows from the well-known theorem 
t oper? 


| 
| 
| 
| 
| 
| 


on the | 


complete system of unitary invariants of a self-adjoin 
tor in a separable Hilbert space. Also, one says that (3) 15 
the spectral type of the батады; (LO CED, t > 0) or of the = 
solution of the identity {P,,t > 0}, where P, is the project 
on operator from H‘*)(—) onto REO (Е). 


| The main result of [1] is that for an arbitrary 
} with the 


chain (3), there exists a continuous process {ЕСЕ) 


spectral type (3). 


11e 
The processes {np (tt es WS ам are са | 
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үре innovation process of (ЕСЕ)) and М is called the multipli- 
city of (Е(Е)). A linear functional t of (E(t)) is an element 
BE gp oO (Е). It is evident from (1) and (2) that с has the fol- 
presentation 


lowing ге 
3 № о N o 
c= | Гора, Well? = f f һасшағ (и). 
п=1 0 п=1 0 


2. SQUARE INTEGRABLE FUNCTIONALS OF THE GAUSSIAN PROCESS 


In the sequel we suppose that the process {&(t)} 
is Gaussian. Consider the set И(Е) of all square integrable 
functionals of (£(t)) i.e. the set of all random variables 
Ех, EXT < «=, measurable with respect to {&(t)}. Н(Е) 
is a Hilbert space with the scalar product (X,Y) = EXY. Since 
the set of all polynomials of Е(%), t > 0, is dense іп H(£), 
it follows that H(&) is separable. Denote by o{-} the o-field 
of random variables in the parenthesis and 


Р (Е) = п соб ees ЕНЕ 
ID 
Е>0 
Let t, (£) be the subspace of Н(Е) consisting of all random 


E iles X, EX = 0, EX? < e, measurable with respect to F.CL). 
x is 


> 
Consider the conditional expectation EC) = ECC CODE 
evident that E (ЕСЕ) = N,CE). It is а well-known fact that 
RUM (Е) UNI E, to 3 

In [4] eS eH, we solved the problem of the deter- 
mination of the spectral type of (H,(£),t > 0}. It is shown 
there that if рі in (3) is M а then the spectral type 
in ACE) is 


бт D coe 


i.e. 
Maxim 


in HU? CE) is the uniform 


the maxi 
mal spectral type 01 HCE) Ctermi- 


3l spectral type of infinite multiplicity in 
n 
Slogy of (61). 


E 5 eneral 
The situation is more complicated in gue ; 
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case ([5]), but p4 is always the maximal spectral type in 
H(E). We shall elaborate the case when 91 is discrete Яй куча. 


tion 3 of this paper. 
In [4] we constructed the innovation process 


{2 (t),t > 0, n= 1,2, .) in HCE) i.e. the mutually orthogo. 
Кат martingals: 12, x Пс 02227... Satisfying 


со 


HCE) = Poe HZ), 24 Ctrl? > diiZo(ty2 » 


n=1 
The random variable 249 is expressed as a multiple ТЕД inte 
gral with respect to measures dn Ct), TNR ее Nie 


Simply combining the above mentioned main result 


from [1] and [4], we have 


Proposition 1. There exists a continuous {X(t), 
t > 0} such that any square integrable funettonal X of {&(t)} 
is a linear one of {X(t)} 

We say that (X(t)) is the process assOctated to 
МЕСЕ: 


Proof. Let 
(4) T4(= 01) > t2 > ... 7 | 
be the spectral type of {Н 202005 According to [1], there exist 


a continuous process Т. t > 0) such that the chain (4) is 
its spectral type. It means that 


(5) Ки) (X) = HE), HO (X) = HCE). 


вв 


fut 
Let X € Н(Е). The relation (5) shows that X is the ane as 
tional of {X(t)}. This completes the proof. 


pees 
o 


= 
~ 
M 


no 
Moreover, since (Z.(t), n= 1,2,. oj Ag 1042 = 
1 n 
tion process in ИН (1) (Х),+ће functional X has the repres? 
со со со со ) j 
(ut | 
хз Е OR TOSS ә у кыйс, ; 
CC-0. шг ФБотап. Gurukul Капап Collection, Handwar 0 
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resentattoy ^ the SEIT 
Representatvon of the square tntegrable 


~ : ооо ИС 
H 46,04) € т. 


3. CASE OF THE DISCRETE SPECTRAL TYPE ОҒ {Е (&)} 
- In this section we shall elaborate in detail the 
construction of the associated process {X(t)} and its ійдоуа- 
tion process when (£(t)) has the discrete spectral type. The 
reason of the restriction to the discrete case is that the 
construction of the process of multiplicity М > 1 in the ge- 
је. | neral case involves rather "pathologic" functions (65-45) 
(see 121). + 
j Consider the Hermite polynomial Hy 37 of 
degree p of Gaussian rdndom variables E4 035 (not necessa- 
rily different). Denote 


) TAGE fy EOS бша), QI) issu, € tre), 
gy = у «СЕ 
dE 


The Hilbert space g Pg) reduces {Е,), Ei Pe) = НОР) р), 
Also, there is the orthogonal decomposition 


| (9) НЕ) = Je RPG). 
| р=1 
a these reasons it is sufficient to consider the space 
? | H (=), р> 2. 
То avoid cumbersome notation, we shall assume that 


N= 1 and that p, is concentrated on an unbounded sequence of 
Points 0 < t 


ist! 


< t2 <... . Let 


uj (7) 
| g(t) = fg Соп 
be ас A k= 2 4. 

| 5 тапег representation. It means that independant Gaussian 

агјађ 

+ Тез ИЕШЕ Е нкт) (5) for 


-. (say, Епа = 1) satisfy ny 
B. i that 
се ) ` То ensure the continuity of (E(t)), we suppose 
IQ Es . 
Continuous апа g. Cu) = 0, кұ Ct +2) #0 
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(p) iC 
Proposition 2. The space ШАР (Е) сотистаез with 


L{H Qs + Про» tss ti 


Proof. The proof is based on the following proper. 


ty of Hermite polynomials. Consider» 


m4 ma Mp 
Ны ў Bio ў isis queo 2 с 
al 2 1 


where some. of the variables бізі» ск may be natn Examinati- 
on of the explicit expression of Hermite polynomial (see [3]) | 


yields the relation IE 


m1 m2 Mp ) 
ны ў 5i ў Ма ) Б? = 2 Hy Cbg Паја eot] 
1 1 1 3553] obs 


We thus conclude that Hy EQ, -aE Сар) Е ЕН» +++ Лу 
tk, 5 maxu }. Since (7) is а Cramér representation we have, 


for some 0 < 51 * s2 # ... # 5ұ < Chad? 
f k 
m. = 2 а,&(5.) 
951 
or Н (n, эту ) Є кР) (к) for tk. < +. This completes the 
p ka Kp t al 
proof. 


syn inde i 
Lemma. Two Hermite polynomials of degree P in 11 


pendent variables m4,na,... ave identical or orthogonal. 


Proof. Since Hermite polynomials are symmetrie 

S n e 
functions, all Hp (n,. ‚... Пк), where а = (Ка). ок ) 15 th 
1 P ime; 


same combination (with repetition) of {1,2,...}, p at а t c 
J 


are identical. Let ч be the number of occurrences ОЁ 1, 
Е {1,2,...} іп а. We rewrite ). 


Hoka eeo kp) = Н (9) = мз T 
а, times 42 times | 
. 10П 
Ву the idenpedence of П4,П2,..., we have the factorisati? 
С” 
Hq) = Hg, SUT лон arena? sae (050) à 
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SSS ag 

are different if fon at 

least one J> 44 n 44: SOR EH ан са), МЕ 


Two combinations q апа а^ 


Big, п 275 На (п › - : 17) = 0. This completes the proof. 

Denote by C(p,k) = (Шақа С(р,0) = 0, the number 
of combinations (with repetition) of К elements, р at a time. 
The are C(p,k) mutually orthogonal Hermite polynomials of 
degree Р in variables па же On the figure for Р = 3 Нег- 
mite polynomials are marked by 0. Observe that (РЕ) in the 
linear closure of C(p,k), k = +19% j, Hermite polynomials. 
Hermite polynomials corresponding to the point t = t. (the 
number of these is C(p,j) - C(p,j-1) аге the innovation гесе- 
ived at time t = tj. 


Now it is easy to construct the innovation process 


(a es 5-05 он 
(p) = 43 (р) ma ma 
ЕЕ : = = у 
а ĆE) И. ) н, (= J Нр?) 
tSt tise tiSt.St 
J J J 
т = 23e.. CO2) om CGD ie 
(p) Ё Пз/- ma 
Zn (Е) = Жи (= в % 
SU t. St 
j Ha 
m= С(р,2) = СрО 0 5c 56958) C(p,2) 
and so on. 


Concerning the spectral type of 
(CP) (gy) : ат PN? > ара > 
Ме obtain immediately 
Proposition 3. The spectral type of RP (Е) 78 
> ағза“ 


дел > ағ. ~ dF22 ~ ... ~ ағ, а(р,2) 


анаа 69 осо 22 dF4 d(p,3) > 


Uh : 
ere аср,к) = [ec к) x С(р,К-1)] ae [ С(р,к-1) = CCp,k-2)] 
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and the measure ЧЕ, is concentrated at Е < E x 


( E) reduces 


жар реті 


Consider Н(Е). Since (6) holds, H 
{Б} and d(p,2) = p>% as р + =, we have 


Corollary. The spectral type of t CED) is 
dF44 > dF24 ~ dF24 ~ 


Finally we shall give a Cramér ерген ш of 
) : 
the continuous associated process (ХР (t)) in H`P (E), PÈN 


Proposition 4. А continuous process ix Pte 
with the innovation process (2 P) (+), + 250, n = 152550 И Лл ) 


x Pte) has a Cramér representation 


CLE рон 
nazi SU 
(Actually, the domain of the summation of n is (1,...,N(t)) 
where N(t) = C(p,k) - C(p,k-1), k = eng j. 


Proof. The continuity of (xP) oo») follows from 


ИХ, не) > x P) ce, -е01* = | 


= ini Lus yt nijas. 

5910 (tate t) Нр =} (tje ti) Hl | 

п>1 isj 1<1-1 { 

N(t) | 

i day MD US nina] + | 

Sole еы -т,-є)›°1° I T | 
п=1 isj-1 


+ 


е He а)» a6 55%. 


То show that t 


со (ү(р2, _ (р) 

BLE ORE) can) ОВОС) 

n2j Ü 

4 med 
_ 1% suffices to show that aeg ix x CP? ) for tj < +. For 
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27 simplicity, we shall consider the example р = 3 and +, < t 
5 Қ 4 
222 5. (к = Ч). Choose arbitrarily Ср Е C(p,k-1) = 20 
distinct points s, in [tu tute), tyte< ts and consider the 


system of 20 linear equations in 20 variables И н12 
à 3 9 


у 1074, 
ЫНА џ 


танда иеле 


10 
X) (в. ) о) (81-е; )7н37, а UR 
n=1 358 
It is not difficult to see that this system has a unique so- 
2, lution, so that НОЈ is a linear combination of Х(3) (5.), + = 
15445520. Lt means that H3J є О). { 
(| This completes the proof. 


84 
(з) 
и . . —— p _ 


(а) Hà (431) 
На edo ае 


6з 64 
(3) Нз (311) Нз (432) 


Y^ 
N 
a 


53 54 
09) Нз (321) Нз (433) 
Уд 


- 
о 
~ 


43 54 
Ha (322) Hà (441) 
3 эз 34 
©; H3 (211) Hs (331) На (442) 


(э) Н22 (221) Hs (332) На (443) 


| 
| 


141 
На (111) H3 (222) Hs (333) На (444) 


t1 tz їз ty 
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REPREZENTACIJA KVADRAT-INTEGRABILNIH FUNKCIONALA 
GAUSOVSKOG PROCESA DISKRETNOG SPEKTRALNOG TIPA | 


Neka |е ШІ Gausovski proces diskretnog spektral- 

neka je НІР/(Е) linearna zatvorenost Ermitskih PO" 
ts U radu зе odredjuJe 

proces i spektralni tip u H РО (=), р = 2. 
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ABSTRACT 


Ме sonsider the numerical solution of a nonlinear 

| singularly perturbed two-point boundary value problem by combi- 
Nation of numerical solutions of boundary value problems which 
approximate the original problem in two parts of the considered 
Interval and the solution of the reduced problem. То approxima- 
te the differential equation we use the Hermitian approximation 
ОП a special nonuniform mesh. Some numerical examples are given 
to demonstrate the efficiency of the method. 


1. Introduction 


In this paper we shall consider the problem 


T u:= -ELu" + c(x,u) = 0, баца и 08,13, 


u(g) = исл) = 0, 


АМ 

5 Mathemattes Subject Classification (1980): 65110. 
Key Words а numerical solu- 
tion 


nd phrases: Singularly perturbation, 
> S0undary value problem. 
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where = Е (0,60), Е 441, is a small perturbation parameter, val 

assume that the following conditions are satisfied: | 
k 

c E С (ІК, КЕМ (2 

g(x) < с 00 < G(x), (x,u) Е IxR ТЕ 

§ = min € 5g60 - 2860 = x [23 Q1. мех (1.4) 

а < ү2 < 90), lg bi £L, 16'601 « L, x B I (1.5) 


~ 


Numerical treatment of problem (1.1) was considered, 
among the others, in Bakhvalov [11, Boglaev [21], Doolan, Miller 
and Schilders [9], Herceg (121, Herceg and Vulanovic [13], 
Marchuk and Schaidurov (281, Shishkin [251 and Vulanovic [26] 
and E281. The problem (1.1) occurs in the study of chemical 
catalisys, fluid mechanics (boundary value problems), 
elasticity, quantum mechanics and fluid dynamics. 

We note that the problem (1.1) with conditions (1.2) and | 


a«vy?^« c, O uu), (x,u) € IxR (1.6 
occurs frequently in the literature. In linear Са 
under | 


с‹х,ч)=#(х)и + e(x), problem (1.1) can be considered 
conditions (1.2), with k>2, and (1.6) only. Because of 00%) 
86) = f(x) > y^ and $ = mintSfG0: x € I) > sy? condi tion? 
(1.3), (1.4) and (1.5) are satisfied. 
sorution | 

тау | 
n 


It is well known that there exists а unique 


u (90% (1) to (1.1) which in general displays boundary 


=a 


АЕ ncm ORE) ed em oO €, [11,[21,[91,Г191. The correspond 


reduced problem c(x,u)=0 has also a uni que d 
ge^ on which in general does not satisfy the boundary соп 


ditions. For the solution u to (1.1) it holds, г2521,1252+ 


u 


M(1 + e exp(-yx/e)), @<х<@.5 
lu^ GOT < і-0,1.--:" 


Melo, ћ Ble Bs Ran. БОКЕ kdk оте от ааг 


) 
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Here and throughout the paper M denotes any positive 
constant that may take different values in different formulas, 
put that are always independent of Е and of discretization mesh. 
In this paper we shall talk about а numerical 


solution 
of problem (1.1) which consists of ug C? for Е. 5, Зое 
(0,0-5) and numerical solutions to Problems 
2 n" 
—E wv" + cCx,v) - Ве t0,s1, 
(1.8) 
v(0) = A, vis) = ug (3), 
2n 
ге w" + c(x,w) = @, x EI = г1-ө2,11, 
(1.9) 


“(1-ш2) ш ч44-»), w(1)=@. 


A choice of s and => is described in section 2. 

From now on we consider a construction of numerical 
solution to (1.1) on [0,0.53. A numerical solution оп [@.5,11 
can be constructed in a Similar way. 


Let 


h:= Q.5/n , т, = (xi = х(а,їһ): 1=0,1,... уп), ‹1.10) 


һе а Special discretization mesh with mesh generating function: 


A(a,t) = SU , t € [0,0.51, (1.11) 
Where 


а = 0.5 + ag , 
EXE а CETUR 


.12) 
а < 2ag < 1. (ona 
Let I = C хє I: x < = 2. On I, we solve (1.8) using 
Hermit; 5 h^ T 5 4 р by v 
RE гай SPProximation. If we denote this solution h 
“Гу 
av 


т 
1'*3val , me М, min, then we prove that 


Vx.) = vil < Mh, x,€ I 
1 1 
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where v is the exact solution to (1.8). The existence of y ang | 


the following estimates 


+Е ) , ХЕ [s,0.51, 


їч G0 - мді 5 MC ехр(-зү/в) (1.13) 


iv qr < MA + e "expt-yx/e)) , 0<х<0-5 , i-0.,1,---.k, (1.14) 


follow from the inverse monotonicity of (1.8) under assumption | 


(1.5), see (192, £23], 1251. For s<x<@.5 we approximate u 00 
by ug o? and it holds 


2 
ім (x) — Up (x) ! < M( exp(-sy/E) + € ) а ХЕ [5,0.51. (1.15) | 
€ 


Using [1.13 — 1.141 we prove 


Dos Qo = u(x)! < МС n* * e? > , хе I. U rs,0.51, 


where У for x-x. € I , 
i © 


4209 for хе Г5,0.51. 


For the mesh generating function on Г0.5,11 we can take | 


i Ag(agst) = 1 Шш, t8 00.5,12, if @ < Zaye < 1. 1" |. 
n case sg one can obtain from So а mh) where т satisfied 9 
max < 1-«gri-*, > < (m*i)h. 

Our numerical results are obtained by solving boundary | 
[22 (5-0 


value problems which were cosidered in many papers: E | 
theore | 


[15-171,[2@1,[241,[27-281. These results show that the 


cal order of converegence is also established numerically- | 


2. The numerical method 


From now we shall take k=8 and а such that he 
holds. Our discretization mesh is of the form (1.10) 


mesh generating function a given by (1.11) and 
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| пў D тах {3,3.5L/ 
| : 27 (2.1) 
е 
The value ОҒ © we choos as follows. Let 
) 
pq. qaes “a 7 Ga) UG ыза 
) 
and let те М be determined so that 
n : 
{m-1)h < mi 
) < тіпа ‚к, > < mh. 
Then we take 
5 = Za = A(a,mh) . 
) 
) біпсе «| < 8.5 it holds в Є (0,0.5). Now we shall give some 
properties of the function a(a,t). It is easily seen that 
(i) У 
A (t) > 0, t € Г0,0.51, i=1,2. 
Let us concider the following two cases. 
Сі. i i 
“з < “1. In this case it holds 
SAG € даде < (3 + 2V3)^n^ , (т-1)һ € ор € mh Say * h, 
А апа 
15 | 
mu 5 = A(a,mh) > х (азо) > ав (5п/ (5+2 5) - 1). 
Thus, 
| 4 
у. exp(-sy/e) < exp (—х (a) Т/Е) «Mh , 
ј SE 2 
biel (at) € a‘(a,mh) < A! (a,agrh) = 0.75аде/Һ < \3+1.75 , 
| t € гд,ићј. 
| C2. g > 
| 0 ^ %,- Here it holds 
|| 
| 
i = +h 
| (т-1)һҺһ < в < ао ; 
2 
he Th © ж А(а,тһ) > ala, а) = ag Сү1%0.5/ (ae) = 1). 
Us, 
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2 
exp(-sy/e) < exp (<-> (a, )¥/e) СЕМЕ 5 


a'(a,t) < a’ faymh) < х' (ак) < у (a ag о < [$1.75 
t Е Гй,тҺ1. 


It follows that in both cases we have 


2132 
exp(-sy/e) < Mth +e )  , (2.2) ; 
х“(а,%) < ү5+1.75 , t E [Ø,mh]. (2.3) 


In order to form a discretization of the problem (1.8) 
we approximate the differential equation of (1.8) by difference | | 
formula of Hermite type in хі Е D i-1,2,...,m-1. The coef- | 
ficients of this formula are not constant, i.e. they depend on 


x These coefficients one can obtain in a similar F 


i-i! "us ы 
way as on equidistant mesh. Let 


“= : у < 4 д " 3 "n (1)у". | 
Ty, а, (ї)у, _, + ag G? Y, * а OY * b Gy ТЛИ 5o tidy ihe 55 lY uu 
where У = yu and У"; = y" (x) for a function у(х). 


1 We obtain the coefficients а (i), b (i), р-0,1,2 fri 
Р р 


Б the following system: 


k 
Txt =Ø, k=0,1,2,3,4 
(2.4) | 


Б (1) + 524) + b5(i) = 1. 


1 2 | 
Let h; = x, - X, |, ізі,2,...,п-і. Then from system (2.4) | 
aso Аг 2 | 
a (i) = a (i) = i) = | 
о O? сау = ү 
3 d oed 2 Men Sea aD о ы 


А : 2 2 
) -- - 
b_ {i a (i) th; ШЫ h b;,,)/12, 
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7 QUEUE TZ 
boli) = zap li) (higy h; + hihi 712, 
А 2 2 
boi? = ag? (ад? ni * 3h,h; 12712. T 
Т 
using this we approximate the differential equation of (1.8) t 
in X; Е I. gi=l,2,---,m-1, by 4 H 
Е 
2 У ах Кл ар 
ЕУ =e (ачу, + agli)v; + абі) р) H 
(2.8) | 
i бі і = be 
+ ьс (х qvi? 4 bo GP? 60s vi? * B5 (х ovi үү) 0. 2 
Using this and (2.5) we form discrete analogue of = 
problem (1.8): || 
Ра MA - 0, 
а А i 
КУ!” Е (а,Ч)у,_, + а У, + а. р) = ОЗ ovi Bn 
(2.6) А 
i м i = i= aonb ђе) | 
+ bg coru vi + b lidel Yigg? @, i21,2,...,m-1, | 
ah 
FR YE ugs? 5 г 
i Т (2-60), 1.62 9% 
The solution УКУ аз М1 - > Ут of 54% 9 d 
Ку =8, where Е= (Е: Ез Е). is the approximation of exact 
Solution ц of (1.1) for хет_. 
Е 5 
= 2 а. | 
Theorem 1. Suppose that conditions (1.2)-(1.9) are 52515446 ; 
A i с 
Then the equation Ғу,-0,1-е. (2.6) has а unique solution V, wht cd 
j э = $045 М1 
15 а point of atraction of SQR-Newton and Hewton SOR me 
ғ - $ 
*laxation parameter ш6(0,11. 
Pro t r arbitrary 
2 of. The Frechet-derivative F'(z) of F fo 
=iz 2 
QZ y2---,2 37 is tridiagonal matrix 
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1 1 i 
F'(z) = i Е А d 
A n-i В Ec 
@ Ø 1 
where 
A 5 pA Шу tbs Че (хо оо >, 
йыт сау 1 u ‘4-1 i- 
В. = GE (i) + b ide (х.у2.) i 
1 @ ви": 
0 --2а (1) * b.c, (X, az, 
i 2 DUCI САНА 
Let 


For the coefficients а (i), b,G), р-0,1,2, із1,2,..-зт-і "| 
holds 
j ; Азу ci i i)*b,G) =1, 
а, G) + ay (i) +a G) = 0, b (i) + bg GO 2 
а, (1) <Ø, ал) >@, а) < 0, bg“? 2 5/6. 


Since i < т-1 we have 


ih < со 


A 
U) 
~ 


b) > -1/6. 
For i-1,2,...,m-1 it holds 


-1/6 $ b, (i) < CAE 1/12 £ b ti) < 1/6- 


Now we consider two cases: b_ (1) < @ and 5,4) > 0. In the 


case A, < @ and in dependence of С, we have the following 


subcases. 
If с, < @ it holds 
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2 ka 1) ча (i)) + j 5 
(g (D) жара! + але латы bo Pe, (х, зд) 


~ 


" ьс брди) by, d)g(x;) ЕЕ 62 (429%; 1) + 5,2664 1) 


С j (3))9(х,) + b, GIG.) + b_(i)g' Nike 
со АВАЛА 1 i 5,424 Сеад пар + b, (iG (6, yh, 


gs > 1196) = Gon) - dg’ tajeg h - Bee (в шоно ы Adu 


0: > AE = Lh; 41/5- 


If С. > @ we have 


2 у : : 
-2 (Ж. 7. + а i d 
сирена (1) + b, 606. inp? i-p? bs G6 08: i? b Gc (x, ZIA 


2 2 1°°i+t 


o> bg 86) * (b G) = 5521860) - b_(i)G LAM ДЕРТ +b 


у (658, Dh, 


2 1 


1 


= үс. стер ИЕ E a 
ы > баби) - 280и.) — 166, D Ih, 7 1876 EEZ Ne 
© > 5/6 — Lh, 11/5. 


In the second case, i.e. in the case b_i) > @ іп а 
Similar way as above we conclude that for А, < 0, С, < @ it 
2 
holds с>ү< and in other cases it holds 
с > 5/6 — Lh, ,,76- 


It is easy to see that 


а < a‘ (at) <\/3+1.75), tECØ,mh]- 


No 
" from (2.1) it follows 
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с > ASE E 501.75 - 43/213 


and 
IF a < 1/6 < М. 


= (2.7) 
Now by Hadamard Theorem, [21] it follows that equation РМ = | 
has a unique solution Уы” Тһе matrix F'(z) is srictly diagonal, 
dominant matrix and convergence of the Newton-SOR and 
SOR-Newton iterative methods for е6(0,11 follows by well know 


theorems from (21). 


The theorem below is the main result of our paper. 


Theorem $. Suppose that conditions (1.2)—(1.5) are К 
fied. Let 4. be the solution to problem (1.1) and let 


и. for хшх. € 1_, 
I i s 
u(x) = 
Ug (x) for x € Г5,0.51, 
T К 5 | 
where и, = ГУ grV green Vd is the solution of (2.6) 0 


discretization mesh given by (1.18)—(1.12) with 
п 2 max{3, 3.51/5?- 
Then we have 
2 


іш. 60 - u(x)1I < Mth" wre») 6  & I. U г5,0.51. 


is | 
Proof. From (1.15) and (2.2) it follows that (2.8) 1* | 


valid for x € (s,@.5]. For x = x. ЕТ we have 
i s 
|| - —, — „ 
u, OO u(x)! < fu, Go) у(х)! + Iv v;! 


Using (2.2) and (1.13) we see that for proof of (2.8) 


sufficient to prove 
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1 
h 4 
Са 
Iv (x) УҺ! СЕМЯ (2 
т 
Е VP = pvo av OG aav. 
К 5 
For a function + Е С (1) we have 
Feet T S SRS (5). 
Rf := T fi = ( а, Gh; г a, Gh; f ix) /120 
+ C-b ans + b GR? Т АНЕ )/6 
1 1 2 ізі 
36 2726 (6) 
(зы т а 
+ (a, ihi 2 ће) \6,)/72@ 
4 3.4 (6) 
è ( 
+ (b, Gh, an 55 lidh f to) /24 3 
with 6.,0. Е (x, 35 ). Simple calculation shows that 
dd і-і77ізі 
Reo = th... —h.)(2h? + 252. эю, $ 090/188 
i 1+1 1 1 bel Litt 
т. 
1+1 1 1 ізі 
DA 
t thd an E» - hihi € le 7144 А 
1 1+1 1-і 1 


For the solution v to problem (1.8) we have for 1=1 1234253497 


у: agi vou? + aj v 6L) 


h 2 2 
eT v(x.) = е Ryty жоба : г 
à Е Rv Gt.) E fa, fyt 


+ 1 м : 1)с(х.;у(хХ.)) 
b Gde paver) + bg Cus a 


+ bidet. )). 


2 зе 


It is easy to see that for іші,2.---ат-і 


2.h h E ZRv Gu - 
= = - F.v, = & 
En v OG) ЕУ Fiv i*h i 
Let 24, 92 uc From 
к= е EQ RV (х) „Ву хш) s S RY G5, 4) 707 
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h /: | 
ЕУ = Fy, = Ry? \ : 
it follows | 
i nes E 
F'(z)(v Yh? Ru 
M N from (2.7) we have 
for some z-Uzoiz {355-1 . Now д 
yu” = Nal aes MIR Ig ” 
In order to prove (2.9) we need the estimate 
4 | 
м 
ІК, < Mh 
i.e. 
e^ IRv6)1 < mht, i-1,2,...,m-1. олай! 
By using the technique from (251, [251 and [271 we сап | 
obtain the last inequality. Here we give the main steps only. | 
The truncation error of our discretization one 
can write as 
Ar 
С Вук.) = £^ XP. + 0. + 5.), 
1 1 1 1 
where e 
= = 2 2 (5) : 
Р, (hat hi )(2h; * А Shih, +1) ~ (x, ) 7188, | ҖЕ 
Е 5 (6 pc 
ER m th; + hi 44? V le.) / (360th; * һу) з | в 
4 4 2,2 (6 | 
8. = а м а = | 
i (hi ШЕРТ АЈА lo 7144 . | 
я | ar 
1 
The estimates of e^, + 0 + S5), will be { 
1 1 i 
given in the following two cases. | 
| 
Ci. Because of q>2h there is a number 0 € Са 
such that m>Q/((@-1)q)>1/q. Now let аа-ізһ<а-а/ (9-2) n) 
Sc 


follows that (i+1)h<q and 


а — (i-1)h < Q(q — +105). 
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\ 
¢ since 2 
| h., — h, € Mh^a" CG«1)h) 


3 
в. = ^((1+1)6) — atih) 5 һх^((1+1)Һ) 
5 


a'((i+1)h) = ава‹а - (i+1)) 2 


А 


2 = 
aeq (а - (i-1)h) © 


3, 


х"((ї+1)һҺ) = 2aeq(q — G+) > 


I^ 


3 ЈЕ 
a£qQ (а – (ї-1)һ) 3 


= ММВ > - =. 
q q “| aeq 


7 


ме һауе 


| 4 3-7 -5 } 
| IP. d < Mh (aeq) Q (1 += exp(-ya(CGi-1)h2)/g))/€q = ‹ї-1)һ)” 


1 


43 - 
4 ІРІ < Ме (1 + 2 = expl-ya((i-1)h)/ge))/(g = (i-th)? 


IA 


ql E 3 = 
ІР, Mh (Е ЕЕ Са — са 0D» 7 exp y С-З ИВЕ ; 


, Analogously 


| 2 4 
E ге; tS. L< Mh er + 


= : 4 
i € exp (үл CG-1)h) /e))a" (ti+1)h) г 


| e*io л 5 | Sreća -4 4 у -8 
i і 5 Mh^« + 2 ""expt-yaCG-1)852/g))g (9 - (1-1)Һ) , 


A 


со 
[s] 
m. 
T 
oO 
JA 


Mh^ qi + ‹а - аі-ізһ) Өехр(-үхл((ї—1)һ) Ze) S MW 3 


l^ 
я 


С.2. In this case is Ø < а - 20Һ/(0-1) < (i-1)h 


2 
= Now we use 


2 
Е IRv Сх I < Me max Civ" GO 1 8 x€Ux, 3X; 4477 


< Ме (1 +e 2 exp (-ya C Ci -1)h) Ze)? < mh 
)oth 


соғ of 
th Cases we get (2.10), which completes the Pr 
е theore 


т. 
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3. Numerical examples 
| 
In this section we present the results of Sore 
numerical experiments using the scheme described in Previ ou 
section. Our examples are often used in the literature tol 
compare different codes. For some of the selected examples the | 
exact solutions are known. In cases where the exact solution |; 
not available for comparasion purposes, we compute а goy 
approximation to it by asymptotic expansions. We also give the 
numerical validation of the theoretical order of uniforma, 
convergence for the scheme discussed in section 2. 
We shall here list our examples and the characteristics 
of the examples. The boundary conditions for all examples аге! | 
the same as іп (1.1),i.e. u(@)=u(1)=0. | 
| 
Ехатрје 1. 
Equation: =.20" tut ere m) v 2(єп) “cos (2m) =0 . ; | 
Solution: u, 00 = (вхр(-х/в) + ехр(-(1-х)/ё))/(1 + ехр (-1/8)) - cos (8 
References: a) Cash,L61 | ( 
b) Dickhof#,Lory,Oberle,Pesh,Rentrop , Seidel ,9 
q c) Deuflhard,Bader , (72 | 
| d) Doolan,Miller,Schilders,(9] E 
e) Hemker, Schippers, de Zeeuw,L111 | 
f) Негтап,Вегпак, (151 | 
g) Lentini ,Osborne,Russel ,£16] | 
h) Lentini,Pereyra,Ci71 | : 
i) Stoer ,Bulirsch,[24] = 
j) Vulanovié,Herceg,Petrovic,L271 | 5 
k) Vulanovic,t283 . | 
| 
Parameters: = 1/20 in b,g,h,i 


и 


1/k, k-20(20)200 in c 
17k, k-2,10,100,1000 ine 
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———— 
€ = 1/k, k-100-10 000 in + 
=k 
€ = 10 , k-1-8 in a 
Е = 1/400 in d 
—k 
Е = 1@ , k-3,6,9,12 in Jets 
Constants and functions 
from (1.5)-(1.5) = Үү = 1, 6 = 0, g(x)=G(x)=1, ; = 3. 
Condition for п: п 25. 
Example 2. 
2 
Equation: >и” c 5 
Salution: HU = i-ch(x/g) - sh(x/g)(1 - ch(1/g))/sh(1/g) . 
References: a) Воћ1,(5Ј 


b) Herceg,L[141 . 


Parameters: = 


1/k, k-10,20,30,300,1000,100 000 in а 


= 2*, k-20-80 in b . 


Constants and functions 


from (1.3)-(1.5) : ү = 1, L= 0, g607860721, 5 = 5 - 
Condition for n: m» Эа 
Example za 


Е : 
dation: esis + u -10(2 - exp(x)) = а. 


5 Е 
ЭТ оп: u ©) = 20 – dexp(x) + (20 - d)(cth(1/e)sh 64/2) 7 соса) 
+ дехр (1) (20 - dexp(1)) sh(x/e))/sh(1/e) 
Чан 
Ref erence 5 


а) Marchuk,Schaidurov,L203 - 
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Parameters: e = 1/k, к-10,20,100 - ) р 
| 4 
Constants and functions 
from (1.5)-(1.5) = ү = 1, L= 0, 9(х)=6(х)=1, без, C 
Condition for n: п >з. 
Е 
5 
Ехатріе 4. 5 
Equation: ви" + (1 = МУ жы) + (1 = &)х/{\1 + x)? = 0:56 
= -2/Е + - 
Solution: us 00 = -y + (2/(1*3)0) Me КЛИСА 2/5 уу S 
R 
Reference: а) Boglaev,[2] . 
F 
Parameters: 2 = 1/k, k-i10,100,10 020, 1000 000 . | х 
З: 
Constants апа functions | 
from (1.3)-(1.5) : Y = (1-в02/2, L = 3/4, & = 2-298) 
g(x) = (eg) / Ox, Gtx) =1/ (14x) ae 
Condition for п: п > max{S, 10.5/((8-18e,))3 . 
E 
E 
iE 
Example 5. | 
| Equation: 2" + (1 + x)4u - (12x? - 13x + 5) (1 + к)? 2o | Б 
| Solution: u (x) = 1252 - 13x + 5 + 2.5((х/в)^  x/E -2) exp око) | 
(x) 1 
—4(((х-1)/в) 7 = 1.5(х-1)/в)ехр(2(х—1)/®) * f ; 
РОДЕ € Mete 
С 
+ 
Reference: а) Doolan,Miller,Schilders,L9?J - 
Parameters: В = 2252 k=1(1)9 . 
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) constants and functions 
| from (1.3)-(1-5) = ү Sion =. g602860-(0s)?, =з 
condition for п: I Xm. 
Example 6- 4 
; г Ж (275 2, zm 2 2 
Equation: еи x 5х + 6)u 4(2У7 - Зи + 2) (x - .5)* + 2) = a. 
2 
Solution: 420% = ју + (22-126 8) (х2 c Ea 2.25) /(2x> = Зи + 6) 
- 4exp(-{ox/e) - 5.бехр({8(х-1)/&) + pix), 
2 


Ip(x)} < Ме“ . 


[3 
Reference: a) Doolan,Miller,Schilders,I[91 . 


Parameters: = 275 k=1(1)9 . 


Constants and functions 


from (1.3)—(1.4) = Y^ = 5, L = 3/2, $ = 20 


| gGOSG( S хз s 6 


| Condition for n: п >5. 
| Ехатрје 7. 
1 
| Equation: Jeu" + (а – ог + dA -ш) =й, 06454251 
| д 
| Solution: unknown . 
| 
| References: a) Воһ1,С51 . 
1 
Parameters; Е = 1/k, k-10,20,30,300,1000,100 000 - 


С 
Pnstants and functions 


tr 2 
SO оО) р 


ү = 1/(ажа), L= 85, ах) =1/ O*d^, 


2 
в‹х›=1, s = ЗС 


Condition for п: 
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o» 


We denote by En the maximum of Lus o0 = ах), 


ХЕ т, i.e. 


Also, we define in the usual way the order of 


for two succsesive values of n with respective errors Ей and Е 


Е 
п 


Ога = 


= max Clu, Qc) = ибх) 


950,1, 2,. (no 


(log (E) = log(E,,))/1092 ^ 


convergence Ord 


We expect that Ord - 4 for small е. Tables 1-5. present the re- 


sults for 
examples 1,2 and 6 respectivelly. 


numerical 


solution 


In 


obtained 


by 
table 4 


values of “4 апа СА as а functions of п and 2. 


Table i. 


7.92956(-2) 

6 

7.92966(-2) 
2.000 

12 

7.92966(-2) 
0.000 

25 

1.04553(-1) 

-В. 396 


| 45 


1.17451 (-1) 
-0.171 


| 89 


1.24171(-1) 
-0.080 


Example 1. 


1.44092(-1) 


3.82619 (-3) 


5,235 


3. 32807 (-4) 
5.525 


5.01196(-4) 
0.144 

57 

5.01196(-4) 
02. 200 

114 

3. @1196(-4) 
0. 000 


1.35568(-1) 
6 
4.49275(-5) 
4,915 
14 
5.48598(-4) 
3.688 
50 
2.12125(-5) 
4.059 
62 
1,.51060(-6) 
4.017 
126 
8.21892(-8) 
5.995 


4.49559 (73) 
4.912 

14 

3.48711 (-4) 
5.688 

50 

2.12160(-5) 
4.039 

62 

1.31247 (-6) 
4.015 

126 


| 8.21892(-8) 


5.997 
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Table 2: Example 2.  a-1. 


d 
2n' 
| 3 
4 | 1.35336(-1) | 5.73585(-1) | 3.67902(-1) | 3.67879(-1) | 3.67879(-1) 
г | 7 6 А 6 6 
| в | 5.02011 (-2) 4.98055(-2) | 4.97871(-2) | 4.97871(-2) 
| 2.164 | 2.885 2.885 2.885 
15 14 14 14 
16 | 7.42751(-2) | 1.41048(-3) | 1.66095(-3) | 1.66191(-5) | 1.66191 (-3) 
-1.298 5.273 4.905 4.905 4.905 
E | 25 30 
_ |52| 1.05052(-1) .27091(-4) .28421(-4) | 1.28449(-4) | 1.28450(-4) 
| | -0.472 5.695 5.694 5.694 
ЕЛ | 49 62 
ко [6 | 1.18787(-1) 7.80951(-5) | 7.80984(-6) | 7.81030(-6) 
ү -0.205 4.059 4.040 4.040 
| 97 126 126 
| | | 1-26968(-1) | 2.19585(-5) | 4.82891(-7) | 4.84288(-7) | 4.84521(—7) 
= -0. 096 9.000 4.015 4.011 4.011 
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Table 3. Example 6. a=2. | 
Saat ; f 
IN. a4 79 7 16 7 52 кз 
[7 asser. ШЕН 9 
2 2 2 2 
6.7863(-2) | 1.51891(-1) | 1.64808(-1) | 1.64858(-1) | 1.64861(-1) | 
= = —- = = w 
у 6 6 6 
Ё 5.65400(-5) | 9.82175(-3) | 1.04836(-2) | 1.04861(-2) | 1.04861 (-2) 
3.584 5.951 5.975 3.975 3.975 
б {2 15 14 14 14 
16| 8.85085(-5) | 5.44772(-4) | 6.23719(-4) | 6.25875(-4) | 6.25876(-4) 
-0. 647 4.172 4.071 4.071 4.071 j 
23 29 30 za za 
52| 9.06107(—3) | 4.73624(-5) | 3.86313(-5) | 3.86424(-5) | 5.86587(-5) 
-0.054 3.523 4.015 4.015 4.015 
^ 45 57 62. 62 62 
9.12677(-3) | 4.54336(-5) | 2.41213(-6) | 2.42237(-6) | 2.415856) 
-0.104 0.068 4.001 3.996 3.999 | 
| 87 114 126 126 126 | 
$ 9.18783(-3) | 4.57680(-5) | 1.61119(-7) | 1.44355(-7) | 1.592567) 


-2. 096 -0.011 


3.904 4.059 3.923 


а = 2. 


for 


. 5556624327 
„4905512164 
. 5576656082 
. 59713328041 
. 081664020 
. 6165852010 
. 6207916805 
. 5454915028 


„2584749527 
» 3751457164 
. 4404781082 
. 4741453041 
- 4909789020 
-4993957010 
. 5036041005 
„4448261115 


+ 2506929505 
. 3653617339 
„4526961258 
4663533217 
.4831969196 
4916137186 
.4958221181 


- 4961241484 


. 2306624327 
„5655312164 
- 4326656082 
. 4663328041 
- 4831664020 
. 4915852010 
. 4957916005 
„4999847417 
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REZIME 


а NUMERIEKOM RESAVANJU SINGULARNO PERTURBOVANIH 
KONTURNIH PROBLEMA ІІ 


Posmatra se numeritko rešavanje nelinearnog 510901508 | 
perturbovanog konturnog problema pomocu kombinaci je rod 
odgovarajućeg redukovanog problema i numer itkog ie | 
polaznog problema па опот delu intervala koji sadrži ага 
Si sloj. Pri tom se za aproksimaciju diferencijalne jednati | 
koriste  Hermitove diferencne formule na speci jai | | 
neekvidistantnoj mreži. Numerički primeri ilustruju ef i kane? | 


predloZenog postupka i potvrdjuju teoretske rezultate. 
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Т THE SPECTRUM ОҒ A NORMAL DIGRAPH 


Толдаћем Aleksandar 


Institute of Mathematics, Faculty of Setence, 


Studentski trg 16а, 11000 Beograd, Yugoslavia 


| ABSTRACT 


In this paper we consider the spectra of finite di- 
graphs whose 0-1 adjacency matrix is normal but not a symmet- 
ric one. Some general properties of such diagraphs are proved, 
all the normal digraphs whose order is at most 5 are found, 
and the spectra of such digraphs calculated. 


4 1. INTRODUCTION 


In this paper we shall consider (connected and dis- 
connected) digraphs G = (V,E) without multiple edges and with- 
| Out loops. v = v(G) is the set of vertices of G and Е = E(G) 
18 the set of its oriented edges, i.e. a set of ordered pairs 
| (ху) оғ its vertices (x # у). By this definition, all edges 
9f б are obviously simple. 


| 
| 
| If x,y € V(G), then x is adjacent to y means 


16 (х,у) € E(G). By this definition, for each ordered pair 
x 


'Y) of vertices from С (x # у) there is at most one arc 
leading from x to y, and for any pair of distinct vertices 


x 
'Ү there are at most two arcs joining x апа у. 


АМ Е - 3 
5 Mathematics Subject Classification (1980): 05620 


Ке 
У words and phrases: Normal digraph, spectra. 
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If x is adjacent to У, and y is nonadjacent to 


x, we write х э y. IEX is adjacent to y and conversely, 
“о мо wrübe хе y. If xy or if у > х, roughly speak- 
ing we say that "edge" xy of G (in fact the corresponding 

e of a digraph obtained from G by deleting the orientation 
If хе у, we call the "edge" xy 

G is either simple or double, 


едд 
of its arcs) is simple. 
double. Hence, any "edge" xy of 


For a digraph G, let A = A(G) = Га у] be the 0-1 


adjacency matrix of G, where а, Еа 15 adjacent to 
у, and а = 0 otherwise. С is called normal if its adjacency 
x = 


matrix А = A(G) is normal, i.e. if АА! = A'A. G is called 
symmetric if all its edges are double. Such a digraph is 
obviously normal because its ađjacency matrix A(G) is a sym- 
metric one. This case is not interesting for us, because we 
only want to generalize the spectral theory of symmetric 
graphs. Hence, we shall search only for non-symmetric (brief- 
ly - proper) normal digraphs, which we denote by PND for short. 


Let бо be the simple graph obtained from С by delet- 
ing the orientations of arcs in G, then by joining its double 
edges in simple ones. We call it the basic graph of G, and 
notice that this graph is obviously unique. We also call G the 
over-digraph of Go: The order of С is the order of its basic 


graph бо, and is denoted usually by |С|. С is called connect- 
ed if Go is such. 

As the example of the graph G, = K shows, not 
every graph G, has a proper normal over-digraph. Hence, in 
this respect two problems arise: 


(1) Find all the graphs G, having at least one proper 
normal over-digraph; 


(ii) ТЕ this class is 6 and if G c G, find all 
о 
proper normal over-digraphs of G . 
о 


In this paper we shall develop some methods to solve 


these guestions. In particular, we shall prove that some large 


classes of graphs have only symmetric digraphs as their normal 
over-digraphs. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


| 
| 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ПР. 
| 


The spectrum of а norme 17 
р J 5 normal digraph 189 


о = Сы 
ТЕ С is a digraph with п vertices, the spectrum 
c (G) = Прими Ар 9$ [е] (Red, > Кел) іѕ defined to be the 
ctrum of its adjacency matrix А = A(G) (see [2], p.12) 
If G is a proper 
normal digraph, then its spectrum contains at least one non- 
-real eigenvalue. The spectrum of an arbitrary digraph is 
obviously symmetric around the real axis. 


spe 
In a general case the spectrum is not real. 


Because of completeness, in the next theorem we in- 
| dicate some basic properties of spectra of normal digraphs. | 
Some of them are valid for general digraphs (see [2]), while 


for instance (vii) and (ix) are specific for normal ones. 


THEOREM 1. Let o(G) = Dres be the spectrum 
of a normal digraph С (Вел, BA nno Кел) · Then: 


(1) Its spectral radius r(G) = ^i (G) i8 real; 
(ii) ALL the spectrum o (С) lies in the circle |Х|< r(G); 
| (111) r(G))Zs а simple eigenvalue tf and only тј G їв а 


connected digraphs 


(tv) G is bipartite if and only if с (6) is symmetric 
around the zero; 
(v) If С is connected and -r(G) € о (6), then G is bi- 
partite and -r(G) їз a simple eigenvalue of G; 
Pi (vi) The spectral trace of A(G) is zero, t.e. 
n 
| tr(A) = ХЛ. (6) = 0; 
| ј=1 3 
| (vii) The numerical range of A = A(G), i.e. the set W(A)- 


= (<Ах,х> ||x|| = 1) coincides with the convex hull 


| of the spectrum 0 (6); 
| 


(viti) There is at least one eigenvector corresponding to 


| г (С) whose all coordtnates are peal and posttive; 
tors 


Я There is a set of mutually normal etgenvec 
СП, which correspond respectively 
3 


У1,---Ҙ,У ен- 
n 22, which ts then an 
n 


to the eigenvalues А]и---! 
orthonormal basis of the space Н. 
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If б, and б, are two digraphs, we say that 6) is igo. 


a bijecti 
morphic to 6, ai we write G4 = 6, if there is 5 ion 


llowing cases occurs: 
өзу(6)) > V(G4) such that one of the fo g rs: 


5) for апу two vertices х,у 6 V(G,), (х,у) € E(G)) 


implies that (o(y),o(x)) € Е(6,); 


29) for any two vertices х,у 6 у(б,), (х,у) € E(G,) 
implies (o(y), o(x)) € Е(6,). 


Іп the first case we say that б, апа с, һауе the 
same orientation, while in the second case - the opposite опе. 
Two isomorphic digraphs obviously have the same order. 


TERATE А(б,) is the adjacency matrix of the di- 
graph 6, (i = 1,2), then б, = G, if and only if A,=UA,U | 
or А, = одур"! for а unitary matrix 0. Hence, сү is normal 
if and only if Go is such. The spectra of two isomorphic di- 
graphs (including their multiplicities) are obviously same. 
Hence, with respect to the spectrum, it makes a sense only to 


search for nonisomorphic normal digraphs. 


Throughout this paper we shall use the following 
equivalent criterion of normality. Let x and y be any two 
(not necessarily distinct) vertices of a digraph G. A vertex 
2 € V(G) is called a common successor (short - suc) of x 
and y if both x and y are adjacent to z. A vertex 
2 € V(G) is called a common predecessor (short - prc) of х 
and y, if z is adjacent to both X and у. Let suc.(x,y)= 
= suc(X,y) be the number of all common successors of s and 
y, and prec (х,у) = prc(x,y) be the number of all common pre- 
decessors 5, x апа y. In particular, suc(x) = suc(x,x) is 
the number of all the vertices y € У(с) 


adjacent to y, and pre(x) = prc(x,x) 
үе vertices у € V(G) such that У is adjacent to x. We 
also denote by sc(x) the number of all the vertices уЄ v(G) 


such that x э y, and by pc(x) the number of all the verti- 
ces y € V(G) such that Ух. 


such that x is 
is the number of all 


Using the definition of norma 


Rew ERY Proposition is then immediate 
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^_^ 
| PROPOSITION 1. A digraph G {is normal тј and only if 
the following ts true: 


(1) suc(x,y) = ркс(х,у), 
for any two (not necessarily distinct) vertices Х,У 6 м), 


In particular, relation (1) means that 


есе ык NO ee ee 


(2) suc(x) = prc(x), 
| or equivalently | 
(3) вс(х) = рс(х), 

for any vertex x € V(G). 


22 If С is а PND and if х,у 6 V(G) (x # ү), then іп- 
stead of the sentence "by relation (a) related to the pair 
(x,y)" we often say for short "by the pair (x,y)", and іп- 
stead of the sentence “by relation (3) related to the vertex 


" 


x" we often say only "Бу the vertex x". 


In this paper, Kear Ср denote the complete graph, 
path and the cycle on n vertices, respectively, and Ка 


denotes the complete bipartite graph on m+n vertices. 


л 


By the degree of a vertex x € (V(G) we mean the 


degree of x in the basic graph G,. 
2. SOME GENERAL RESULTS ON NORMAL DIGRAPHS 


In this section we shall describe all the proper 
particular 


—————— MÓN 


Normal digraphs having as their basic graphs some 


Classes of graphs (cycles, trees, unicyclic or bipartite | 


| Sraphs). First we have the following. 
| 
| 


с be a disconnected digraph 
U G.. Then G ts 
: i 

ї=1 


PROPOSITION 2. Let 
utth the components Gre rr gr that ts G = 
normal if and only if all б, do. 


m 
In this case the spectrum of G is 0(6) = U (С.). 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


es 


а 
: duction en IG] completes the, ёлки Kangr Collection, Haridwar 


4 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A. Тотсаёет 
CL clc mE 


PROOF. If А = A(G) is the adjacency matrix of G 


and A, = А(6,) 
(i = 1,...,m), then we obviously have 


is the adjacency matrix of the digraph 6, 


————— Я 


and iN = diag (Ai, ... АТ) . 


А = diag(A,,... ‘Ад ) 


iti = i i uivalent t 
Hence, the condition AA’ = А’А is obviously eq о 


- X жоЛу зу). .e.d. 
А.А: А.А, (i , ,”);4 m 


The equality o(G) = U c (6,) is then obvious.o 
20211 


The previous statement shows that the consideration 
of normal digraphs can be reduced only to connected ones. 
Therefore, in the sequel we shall consider only connected di- 


SA 
s 


graphs. 


PROPOSITION 3. 2ле unigue proper normal digraph 
having the graph с. (п > 3) ав its baste graph is, up to the 
tsomorphism,, the directed cycle G (Figure 1). 


PROOF. ‘The cycle Ge is 
obviously a PND. Conversely, let G 
be an arbitrary PND with the basic 
graph Са Starting of any its simple 
edge and applying Proposition 1, we 
easily find that G is isomorphic to ( 
the digraph ean | 


or 


PROPOSITION 4. Fach nor- 


mal connected tree, and each connect- 


ed ипісусїїс digraph with at least one 
vertex of degree 1, 


Figure 1 


18 necessarily а symmetrie digraph. 
Then, obviously, 
be double, and >> 


double. Hence, 


S normal too, and the in- 


Е: 08 зной И 
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rma › 


Since the proof of the second statement is based on 


the previous one, we omit it.o 
As an immediate consequence of this proposition we 


һауе the following. 


COROLLARY 1. The unique normal digraph having the 


graph Kin (n 2 1) as its baste graph is the symmetrie digraph. 


Since the proof of the following lemma is similar 


to the previous ones, we also omit it. 


LEMMA 1. Let G be a digraph having a vertez а 
doubly adjacent to all the other vertices of G. Then G ts | 
normal if and only if the induced subdigraph G-a is such. 


Now we want to describe all the proper normal di- 
graphs with the graph Korn (m,n > 2) as its basic graph. We 
do it only for some small values of the parameter m, in fact 
only for m = 2,3. The similar problem for m 2 4 remains to 
be open. In the sequel, any white circle (and in particular, 
a point) denotes the induced subdigraph of a digraph G con- 
Sisting only of isolated vertices. The number under a circle 

й indicates the number of its elements. If there аге all the 
possible edges between such two circles, and all of them are 


of the same kind, it is indicated by drawing only one such 
First we have 


representing edge between these circles. 


me 


PROPOSITION 5. For any two parameters m,n 
there is at Least one PND with the baste graph бо = Kea 


= > 2) resented in 
PROOF. The graph © = T, , (шуп Е 


7 
the following figure is obviously PND, 


Property, q.e.d.9 


and has the mentioned 


РИК ао акан кекк кинкеккеклекцикккккокиала к кккккккекккан EGE 


| 
| 
| 
| 
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Figure 2 


PROPOSITION 6. The unique PND with the baste graph 
я А < < 2 
се K5 n (n 2 2) di the digraph rx (1 < р < n/2) presented 
in the following figure: 


Figure 3 


PROOF. The above digraph Qr ds obviously PND. 
Conversely, assume that G is a PND with the basic graph 
© = коо Denote the 2-subset of V(G) with {a,b}. If x 
is any other vertex of С, then a> x 
implies b эх, and x ea implies 
set of V(G) 


implies хәЬ, хэа 
x ө b. Hence, the n-sub- 
can be divided into three mutually disjoint sub- 


sets 
ВЕ Пале) ов = {x € v(G)l x + а), 
С = {x € V(6)I x e a}, 
By the vertex a we obiviously have that [А] = 181 = 


= г, where к > i i 
А 2 1 since б is by assumption non-symmetric. 


peace О =л- 2x > 0 whence к < n/2. We observe that the 


| ос. С сап be empty, while the subsets A and B do not. This 
completes the proof.a 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


| 
| 
| 


>” Пк 


Digitized by Arya Samaj Foundation Chennai and eGangotri 1 


| 

| The л ; 

| гпе Spectrum 3355 7 , 
| Е Бит а ы.) ; 
| а normal атағарл 


х= 


l PROPOSITION 7. The following two graphe Ra ga 
= 
| 72 2/2), S (1.5 из 1/8) ; 


1^ 


Figure 4 


ж 
are the unique proper normal digraphs with the baste graph 


= 2). 
ЕК (п = 2) 


3,n = 
PROOF. The above graphs Ra = апа Sh ү are obvious- 
, U 
iy PND. Conversely, assume that G in PND with the basic graph 
со = K3 » (n 2). Denote its 3-subset by {a,b,c} and its 
1, n 
n-subset by Ma: Then М, сап be divided into the following sub- 


| 
sets: | 
A'-(xeM|xea, хеб, ex, | 
| 
л А" = (хем | xe a, хэс, b » Xi, | 
/ n | 
Вв’ = {хє МЕ) xeb, хэс, а» ХУ) 
в" = (хем | хеь, хза сэ х), | 
Ci = (хе мој а елитне рәх}, | 

1 

| 

с" = {хєм|хөәс,хәЬ,азэ Хх}, | 
3 | 


xea, хә р, хэ с). | 


E 
Ш 
= 
я 
m 
= 


ВУ the vertices а, b and с we obviously get equations 


|B’ | + je" | 25, 18" | + ІСІ, 
23 (4) 1С” | д |А" | = (Gat ar IA'l, 
АТЕВ = ат 1871. 


с А 4 1 d € B" we have 
1905119 two arbitrary vertices х € А and ру 


; ; = р Е equalities: 
that үд’ је 50990-1" publie. Domain, буукимапаћатевн она на“ оеп 
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19 
(5) Nets = ЕЕ |А'|'1С"| = |А"1-1С”] = P 
EI BAIE ІВ"І-ІС”І = 0. 
Using some simple combinatorial arguments in the system (4), 
(5) we conclude that only two cases can arise: 
(2) lA'| = ЈА"| = 181 = |B"| = 0, while 
СЕЧЕ ts 17 
(ii) А = 1B'1 = IC'1 = 0, while | 
РА" = |В"| = |С"| =r z l. | 


In the first case we obtain that С is isomorphic to s 
the digraph КО r’ while in the second case G is isomorphic to 
the digraph = In both cases we have that г > 1, since б 


, 
is а nonsymmetric digraph. 


This completes the proof.u ; 


3. PROPER NORAML DIGRAPHS WITH AT MOST 5 VERTICES 


In this section we shall describe all the proper 
normal digraphs having at most 5 vertices. It is done in the 
most economical way, with a help of computer, using the list 


ET 


of all connected graphs with at most 5 vertices ([2],рр.273- 
-277), Proposition 1, and a program for the isomorphism of | 
digraphs. Clearly, the same result could be get also by hand, 
but this way would spend many more time and space. 


THEOREM 2. The unique PND (up to the isomorphism) 
with at most 5 vertices are the digraphs X, (i = 1,...,14) 

; i 
presented in the following figure: 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ха 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


The spectrum of a 


пота” Ad 
tIOPNMQL. « 


Figure 5 


In the next table we give the characteristic poly- 


i hs 
nominals апа the spectra of all connected normal digrap 


7 2-44 order 
With at most 5 vertices. The number n indicates the 


Or a digraph. 
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AND SPECT 
CHARACTERISTIC POLYNOMINAL Po (A) RUM 


0.21) (074042) 


= i 2 
по пета а -1/2 + iv/3/ 


041) (А-1) (0742) 


ИЯ 


2 2 


,4_3)12-41-3 = (А2+%+1) (А2-А-3) 


A, =1/2+/13/2, àg 37 1/2*®1У372, A471/2-/13/2 


14242-43 = Х(2-2) (242142) 


Ai = 27 А = 0, Хз 4 = Е 
о G2 0 +) 
ізі, А, 3-0,3090+0,95113, A, 52-0,8090+0,58781 


15-2439-412-3243 = (2441) (АЗ-А2-4А+1) 


^,=2,4605, 15470,2391, À 4=-1/2=3/372,^ „=- 1,6996 


32 
15-22-34 = A(X 2-3) (2251) 
= УЗ, X = Аза 7 th, Ag = -У3 


о 
A-4 -6A +4 = (4742242) (13-2)2-2)+2) 


A,=2,4812, Х,=0,6889, И, Х5=-1,1701 
Бо 

A77417-437-51-4 = (+1) (223-4) (A241) 

A, = (01731) /2, А, ЗЕЕ, A,=-1, Еа Сл) 


2 
А -6А -7А –6А = А(А-3) (А+2) (42+х+1) 


А1=3, A,=0, A3 ,4771/2%1%3/2, \ 2 


De 
А -5A*-5A-2 = (А-2) (2442034424341) 
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2 normal digraph 


2» ГГ Taigraph CHARACTERISTIC POLYNOMINAL Р.О.) AN 


о 
со 
“9 
ti 
о 
a 
га 
= 
= 


а: E 
хуз | 7717713112355 = 01) 02-21-5) ү 


Ax =1+/6, А; 3771/2%%73/2, 14751, Ag=1-VE 


2 
\?-ву?-12л^-8х = AOA 2A AO 


х\ү=1+у5, ^2=0, Аа \„=1-/5 


5 


X 19-53?-1037-53-3 = (2-3) (1343323412321 1) 
5 


A73, hy 3770,191020,58781, № ,52-1,3090+0,9511 


REMARK. In a subsequent paper the author describes 


all proper normal digraphs whose degrees of all vertices do 


not exceed 3. A student of the author also describes all pro- 
per normal digraphs with exactly 6 vertices. 
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ne opSte osobine ovakvih digrafova, nalazimo sve | 


grafove sa najviše 5 čvorova i izračunavamo njiho- 


jemo izves 
normalne di 
ve spektre. 
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ABSTRACT 


"a 


A connection between L-valued (L is a lattice) con- 
gruences ([4]) and L-valued normal subgroups of a group is gi- 
ven. It is proved that the corresponding lattices of all such 
mappings are isomorphic. It is also proved that L is (up to 
the isomorphism) a sublattice of the lattice of all L-valued 
| normal subgroups of a group, and that the latter is modular 
(as well as the lattice of all L-valued congruences) if L is 
infinitely distributive. 


1. 


Let а) be a group (denoted by б) and 
(b,5,v,0,1) a complete lattice (in the following denoted by L). 


М 


L-valued congruence relations оп G is a mapping 
ПАС. such that (ЇНЇ): 


(22) p(x,x) = 1, for every x € 6; 
КӘ) р(х,у) = p(y,x), for all х,у € 6; 
CE) р(х,у) > p(x,z) ^ P(z,y), for all х,у,2 е G; 
(sub) р(х,у) л plu,v) < Plxtu,ytv), and 
р(х,у) < p(x 7,721): for all х„ууц,у Е с. 
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G. Vojvodić and В. Šešelja 
L-vatued subgroup of 6 (121) is a mapping н.с L, 
such that: 
(1) (х • y) 2 E(x) л Я(у), for all х,у 6 ©; 
(2) Boc) 2 H(x), for every х € 6. 
(3) Н(е) = 1. 


The conditions (1), (2) and (3) are equivalent with (3) and 


(4), where 


(4) f(x + у-1) > HG0 a Н(у), for all х,у € б (see [2]). 


It is also clear that (1) and (2) imply H(x) = H(x-1) (вее[2]). 
Let H be an L-valued subgroup of G, and let a € G. 
Define the mappings aH and Ha from G to L in the following 
way: 
alix) 46 ian x), and На(х) 424 B(x . a-1), 
for every x € б. 
An L-valued subgroup Н of G is normak, if aH = Ha, 
for every a Є 6 (this fact will be denoted by Н 4 С). 3 


Lemma 1. For every p € L, a р-еић Н of an L-valu- 


ed normal subgroup H ој б is a normal (ordinary) subgroup of 
б. 


Proof. As it is known (see for example [1]), H, © 
с б, and x € Hy iff H(x) 2 p. Н is a subgroup of С (see 121): 
It is normal, since x € aH, iff aH(x) > p iff На(х) > p iff 


x € Ha. В 
СССРА 


À _ lemma 2. aH = Ha 28 equivalent with 
H(x) < Н(а-1.х-а), x € б. 


Proof. If aH = Ha, then Н(а-1-х-а) = аЙ(х-а) = 
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= Н(х.а.а-1) = A(x), 

ТЕ H(x) < Н(а-1-х-а), then aH(x) = H(a-1.x) < 

2 зз '-х.:а—1) = Н(х-а-1) = Ha(x), and Ha(x) = Н(х-а-1) < 
< f(a х a~tea) = Н(а-1-х) = аН(х). 


Let Н а С, апа let Pn : G2 + L, such that P (x,y) 
des Н(х-у71). Then, we have the following proposition: 
Proposition 3. OF ts an L-valued congruence оп 6. 
Proof. 
(с): рдоох) = Н(х-х 1) = (e) = 1; 
(8): рд(ху) = Н(х-у-1) = HC (xey71)-1) = Н(у-х-1) = 
= ply sx); 
C): бд(х,2) ^ ррбаљу) = НСк- 1) л H(z+y-1) < 
< H(xez-i-z«y71) = HOx-y7?2 = (У); 
(sub): рдсхеш,у ју) = Hi(xeue(yev)-1) = Ву у(х) = 
= у-уй(х.ш) = RO O71 xeu) = 


Н(у-1 у“! xeu) = vH(y-1 *x*u) 


F 
u 


у 


= Hv(y7! xeu) = Нбу“' она) 


Н(у-1.х) л Н(чзу 1) = 2622) ^ og Cu, 2» 


IV 


Н(у-1.х) = yx) = Ву(х) = Aey i). 


For the unary operation we have 


Н(х«у 1) = HC (xe y71 77) = BGy-7107107 


u 


оңу) 


ее веса 


ә — - 2 
ОССО) ов ee 


i on G 
Let now р be an L-valued congruence relation > 
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ur e e | 
and let H- G + L, be such that His (x) = р(е,х), x,e Е С. 2 
p 


Then, we have the following results. 
Lemma 4. Hs 4 6. 
Proof. 
H5 (x yt) = б(ге,ху-1) > plex) ^ р(е,у-') > 


| 
қ | 
fi- is an L-valued subgroup of 6, since 
р 
> р(е,х) ^ р(е,у) = Н-(х) ^ Hs, 


and 
Ho) = р(е,е) = 1. A 
H; is normal, since 
Н-(а-7-хға) = б(а-1-х-а,е) 2 D(x*a,a) A р(ат1,а-7) = 
= р(хза,а) > р(х,е) = H5(x). 
The proof now follows from Lemma 2. 9 


Lemma 5. If p ts an L-valued congruence оп а grow? | 
С, апа Н 4 6, then 
(6%) РА = pes b) H- =й. 


Proof. Obvious. 8 


If "S" is the usual inclusion relation on L-valued 
sets (i.e. Аз B iff A(x) < B(x) for every x € S, where A» B 
: 5 + L), then it is clear that (8.6). (G),<) and (ССС) ,<) are 
lattices, where 5 466) is а set of zum L-valued normal subgro" 


ups, and C(G) a set of all L-valued congruences on б. | 


ee 


Proposition 6. (54606) ,5) = (C(G),=). 


асе) is а 
Proof. The mapping р > H- from C(G) to 54 (6) + 
СС-0. In Public Domain. Gurukul Капо Collection, Haridwar 
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jection by Lemma 5, 


т апа all we have to Prove is that for 
Ка G 


| Hs Kiss ре M 
| K 


Tf Hos К, then 26252) = Н(хеу-%) < К(х-у-1) 


| 
| = 

If ра 5 рр. then H(x) = Pa (e,x) < бұ(е,х) = К(х).0 

The following result shows "how far" from L the 
lattice ($4(6),=) сап go. (In fact, this is a general ргорег- 
ty of all L-valued algebras). 

Proposition 7. L 28 (up to the isomorphism) a sub- 

lattice of (C(G),<). 


Proof. Let p € L, and 5, : G2 > L, such that 
D (xy) = | 


It is clear that D, є C(G), and that | 


= (Dl p Е Ds) < (С(б),<).О 


TR | 
The properties of ($4(6),=) thus depend on the cor- | 
responding properties of L. Having this in mind, we shall now 

| 


investigate the modularity of the former. | 
Let H,K в S(G)1), and let HK: бә L be such that | 


= de ? = = 
H*K(x) có v (Н(у) a K(z) | у›2 € G, у.*2 = x). | 
Lemma 8. If H,K 4 G,then H:K 9 6. 
| 
| 


Proof. 


222222022 LM 
ficx) ^ KG?) = НСО ^ К(у), 
Sey i sCG-0ale Риф Demain. Сишацикавонасбпва ВН Haridwar” Р 
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апа Н.К is an L-valued subgroup of б. It is a normal опе: 
H«KGO = v (НС) ^ K(z) | yez = х) 5 | 


5 у (Н(а“'•уса) ^ Ka ezea) | y:z = x) = 


= HeK(a-1+xea). 


| 
= v Н(а-1.уза) ^ (Қ(ат1%2%а) | a71 у:2:у = а-1.х.а) = 
The proof now follows by Lemma 2.9 


z 2 


Lemma 9. In the lattice (54825), Я.К = Hv К. 


Proof. We shall show first that for 
H,K < Н.К. It follows from the definition of H- 


ке 909, 


Н 
К, and since 


H(x) = H(x) л Kle), K(x) = Н(е) л K(x). 


Now, if H,K s Ме 5(6), then Н.Қ < М: 


AeK(x) = У (Aly) А KG) | yez 


I^ 


x) 


S v (Ky) A Mz) | y:z = x) 


S v (Ky:z) | уза = x) = Мх). о 


Proposition 10. Let С be а group, and L a complete 
distributive (if G is infinite, then infinitely distributive) 
Lattzce. Then (S(G),S) is a modular lattice. 


Proof. We have to prove that from H,K,M € 5460» 
апа Н 5 M, it follows that Mn (К.Н) s (Мп К).Н 


Мп (КЙ) (х) = M(x) a (У(К(у) a Az) | yez = 


и 
u" 


У (M(x) ^ Kly) л HCz) | yez 
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| — 
= у (М(х) ^ М(®-1) л К(у) л ACz) | угла = x) < 
(since H(z) = MCZ) = М(2-1)) 
| = = 
| 5 v (М(х«2-1) АКСУ) АНУ ШУ ИС 
| = v (Му) a Kly) ^ H(z) | yez = х) = 
| 
= v ((M A К)(у) ^ H(z) | yez = x) = (Ma XO-HGO. о 
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PODGRUPE 


Data je veza izmedju L-vrednosnih kongruencija (L je 


Mreza) | L-vrednosnih normalnih podgru 
Je da su odgovarajuće mreže tih presli 


Б uvek родтгега svake od njih, р 
ine, 


malni h 
tributi 


( 
% 
| 
| 
pa date grupe. Pokazano | 
kavanja izomorfne, da je | 
а tako odredjuje i nji hove 9899 | 
U vezi s tim, dokazano je da je mreža o. 

Podgrupa date grupe modularna, ako je L bes 


| REZIME 

L-VREDNOSNE KONGRUENCIJE 1 L-VREDNOSNE NORMALNE | 
| [ 
| vna mreZa. 

> 
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ON THE LATTICE OF £-VALUED SUBALGEBRAS OF 
AN ALGEBRA | 


G. Vojvodić and B. Šešelja 


Institute of Mathematics University of Novi Sad, 


Dr Ilije Djuričića 4, 21000 Novi Sad, Yugoslavia 


ABSTRACT 


The notion of an £-valued (i.e. fuzzy) algebraic 
closure system over a set is defined, where £ is a complete 
lattice. If £ is algebraic, then an £-valued algebraic closu- 
re system determines an algebraic lattice. Брат. 

For a given algebra А = (A,F), the set 5р(А) of its 
{-valued subalgebras is an £-valued algebraic closure system 
over A (and thus (5г(А),с), is an algebraic lattice), if £ is 
complete, and consists of compact elements only. 


1. Let A + 0, and let £ = (1,Л,У,0,1) be a complete lattice. | 

Let А С PCA), i.e. А = (А, : А, : Аз 1, i Є I} is a family of | 
i x i 

{-valued sets on A (i.e. fuzzy sets on А). Then À is an £-va- 


lued closure system over А, if A is closed under the arbitrary 


1 


intersections (note that the intersection and the union of f- 
“valued sets are defined by means of the lattice operations: 


If (А, | j e J} с А, then 


кте тг 


n А, ІП Да 8 AA = dis 
JEJ jeJ 
and 
a 5 17 E72 
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367 367 JEJ JEJ 
for every a € A). As usual, we set A € A (A is here identi- 
fied with its characteristic function: for every а € А, A(a) - 


22675)» 
If X: А > L is an arbitrary f£-Valued set оп A, then 


[X] 325 n (B|B € А, ana X є В). 


We say that X : А > L is generated by X in А. 
It is obvious that: 


(a) [X] exists for every X : A + L; 

(b) (X) € à; 

(с) [Х] is the smallest (in the sense of <) in А, conta- 
ining Х; 

(а) If X < Y, then [X] с [Y]; 


(e) bh st ШКЕ 


Lemma 1.1. If А ts an £-valued closure system over 


A, then (A,S) is a complete lattice. 


Proof. А contains the greatest element (A), and it 
is closed under the arbitrary intersections. о 


The algebraic £-valued closure system over A (6-АС5 


over A) is a family A = {A,| А, РА > L, i € I} е PCA), such 
that: 


(I) А is an £-valued closure system over A, and 


(TI) If Ø + В © А, and В is a directed family in the 567 
g^ № 


nd in 


se of = (that is, for every twoelement (and thu 
every finite) subset of В there is an upper bou 
B), then 
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B, €B 


In the following, А is an £-ACS over А 
The proofs of the following two lemmas an 
forward (they are similar to the proofs of the corr 


(D 

a 

ct 

ty 

m 
Se 
з oq 
= 
rt 

1 


esponding 
propositions in Ш. 


Lemma 1.2. Let ХЕ: A> т. Phen 
[X]. = uCLY с папа танке А|Ұ(а) > 0} £s fintte).o 
Lemma 1.3. In the Lattice se), 

v(A,[|i ЕТ) = (А іе 1)].9 


Lemma 1.4. Let А be an £-ACS over А, where £ їз 
an algebraic lattice. Then В Є А £s compact in (А,=) iff 
Be [X], for some X : A» L, such that (ај (а) > 0} és finite. 
Proof. Let В = [X], X : А > L, and (а|Х(а) > 0) 
is finite. If B c v(A,|i € I), then by Lemma 1.3., 


ТЕТ i€I 
Let now for j € {4,...,n}5 Ха => 02 manda оне Venna € AN 
ба 3 € (2,...,n)), let X(a) = 0. Then, 


Го А; (а) У (а бәс q € i onis 
TAS E 

and by Lemma 2. Шеге но Я, c U А;, such that 

{alg ier ; 5 

38 ба) > 0) is finite, and [H,1(a,) > 0. Since f is alee: 


brai д z 
Pale, and by virtue of the inequality 


Я. (а) < v А, (а), 


icr 
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eee M 


it follows that 


mj 
H_ Ca) < у A (а). 
дені 


Since there is only а finite number of азу € A such that 


| 
| 
Н, Саз) > 0, it follows that 
Pr 
Hs CU А; › where Mj = пат + mia. 
1=1 
Let М = U M.. Then 
3 J 
M | 
HCA Ai; 2 
1=1 | 
апа hence 
Ж ss MN м _ М 
В = (Хе ІІ u A.J] = [ЦА] = v A. 
Яза - ЗЕ 


Let now ВЕ А be a compact element in (A,¢ ). Then 
by Lemma 1.2.,and Lemma 1.3., 


Yi € B, and Кају (а) > 0) is finite) 


| 
| 


на 
ІП 


В, ала {al¥,(a) > 0} is finite), 


ж 


since В is compact. Let У = ү Yi. Obviously, Y © B, and 
5 ігі 
fa|Y(a) > 0) is finite. Hence, by Lemma 1.3., 


ijj 2 [Sy Wooo гў] = (Уа ак 0 Ye [Y]. о 


Proposition 1.5. If Ж £s an £-ACS on A, and £ $$ an 
algebraic Lattice, then (\,<) $e an algebraic lattice аз well 3 


Proof. By virtue of Lemma 1.2., for every X 
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dcdit m |. 


~ 
u 


ОУУ 


ІП 


X, and (a|Y(y) > 0) is finite) 


By Lemma 173 


үшү 


In 


Хала {a|Y(a) > 0} is finite), 


о 


| 
| 
| 
Now, by Lemma 1.4., every [Y] is compact. a 
2. Let А = (A,F) be an algebra, апа К с A a set of its cons- 
| tants (if К = 0, we accept the empty set to be a subalgebra 
p of А). An £-va£ued (i.e. fuzzy) subalgebra of A ([2], [3]), 


where £ is a complete lattice, is any mapping B : A > L, such 


function), and 
(b) BG (oco ср) > Вох) АА B(x), for all 


[ 

that 

(a) К <В (К is identified with its characteristics 
| Хау XQ SN, 365 pa =, ШОСЕНЕ 
| 


АР We shall denote the set of all £-valued subalgebras 
~ of A by 564). 


Proposition 2.1 Let A = (A,F) be an algebra, and 


let £ be a complete Lattice in which every element is compact. 


Then, Ew) ts an £-ACS over A. 


Piro. ЛО is obviously an £-valued closure sys- 
tem over A. To 15-2 that it is algebraic, consider an arbit- 
= 502) then 
rary directed family 8 = (Bi [ее ADR Тї ха єл; 


the family {B. КӨЗЕ е 1} 15 аа іп 6. Since f о бы 
an te and ай керил, and every element in £ is compact, it fol- 
^ а. lows (see [1]) that every directed family (in £ 


Supremum. Thus, 


) contains its 


Bi(a) € (B Са) |i € I}. 


би в уба = У 
ier = icr 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri i 


214 G. Vojvodić and B. Šešelja 
It is clear now that for ал,...,а € A, there ane 
Каза ВА Е B, such that for j = 1,...,n, 
Тасада) = © Jas уса. 
J ier J 
B is directed, and thus there is B € В, such that 
for j = 1, эп, 
В(а.) = И (аз: 
хет 3 


Hence, since В is an £-valued subalgebra of A, 


n = 
(Ш Bow) Cae) 
451 AG 


n 
">з 
toI 
~ 
w 
> 
I^ 
ол 
~ 
Hh 
~ 
m 
с. 
p 
з 

= 
w 
А 


< (Cu Ва уСЕ(ал,.. га )), 


proving that U В, belongs to S((À). о 
icr : 
Corollary 2.2. Let £ be a complete lattice consis- 


ting of compact elements only. Then, for an arbitrary algebra 
A, the Lattice (SEC, €) ts algebraic. 


Proof. By Proposition 2.1., and Proposition 1.5. 8 
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REZIME 


O MREŽI £-VREDNOSNIH PODALGEBRI DATE ALGEBRE 


U radu se definiše pojam L-vrednosnog algebarskog 
sistema zatvaranja na skupu, gde je £ kompletna mreža. Poka- 
zuje se da £-vrednosni sistem Zatvaranja odredjuje algebarsku 
mrezu) ako је £ algebarska, Razmatra se i mreža £-vrednosnih 
podalgebri proizvoljne algebre i pokazuje se da je ona alge- 
barska, ako je Г takva, da je njen svaki elemenat kompaktan. 
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ABSTRACT 


It is proved that each non-empty set of positive 
integers is the frequency set of a 3-partite tournament and 
such a tournament with minimal possible number of vertices 
is determined. 


The number of vertices of a digraph D having a par- 
ticular outdegre d (indegree d) is the frequency of the out- 
degree (indegree). The set of distinct frequencies of outde- 
grees appearing in D is the (ледиспсу set 04 outdegnees - ғ“: 
The frequency set of indegrees, F`, is defined similarly. If 
в Р, this set is called the frequency set of D. 

А К-ралХ4%о tournament TOG Xa, «X is a digraph | 
whose vertex set V(T) is the union of k disjoint non-empty | 
Sets, partition sets, Ха.Ха,...»Хұ and whose arc set contains 
exactly one of the arcs 2 апа Xj for each x, € Xi each 
х; Є X; and each {i,j} c (1,2,...,k). A э B denotes that eve- 


ТУ vertex of A dominates every vertex of B, where A and B are 


РА г 


————— 


any two disjoint subsets of V(T). 
049 disjoint subsets of WD- шшш 


AMS Mathematics Subjeet Classification (1989): 05629. 


K о 1 7 патепё 
еу words and phrases: Digraph, k-partite tour > 
Set 


$ 


freguen- 


Le Ас SN алы 
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EN a —————À | 
Ба (0 < fi < fa <... < fj) bea 

non-empty set of positive integers, then Ма ва... ЈЕ) 54 ; 


defined as the smallest possible number such that there ey. 
ists a k-partite tournament on М. vertices whose frequency 
set is F = {f1,fa,...,f,}. As it was noted in [1] and [3], 


n 
Ne fa... f.) > o 


clearly holds. 
The questions concerning № and №2 have been trea- 
ted in [1] and [3]. We shall present the corresponding result 
for №. | 
The particular case п = 1 is covered by the follo- 7 
wing lemma. 


Lemma. Let f be a positive integer. Then there 
extets a 3-partite tournament whose frequency set ts {f} and 


Na(f) = 3f unless either 


= О(лод 3), tn which case Na(f) = f, 


в 
м 
Fh 
и 


ог 


(b) f # O(mod 3) and f = О(тод +) in which case 
Na(C£f) АО. 


Proof. Since the 3-partite tournament T4 (Ха ‚Ха ‚Хз) 
given by |Х1| = |xals |Хз| = ғ and Ха > (ха U Xa), Xa * Хз 
(all the others arcs are directed from Х; to Х. for each i > J) 
has {f} as its frequency set then : 


№ (Е) < 3f. 


(This notation will be used throught the paper.) 
If f = 3k then the tournament T1(X1,X2,Xa) defined as: [xa] = 
|Xa] = |Xa| = k апа X4 > Ха, Ха > Ха establishes (а). 3 
Suppose f £ 0(пой 3) and Na(f) = f. Let Ta OG „Ха » 29) 
be а 3-partite tournament оп Ғ vertices whose frequency set i$ 


{f}. This means that all vertices of T have tne same out deg 
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рее, зау а, and the same indegree, 


bz Іх. | + [Хз | = а: = |Ха | + (et ae 
= |Х4| + |х| - a 
obviously holds and implies |x.| = fx 


= Е = 0(mod 3), which contradicts the assumption. Therefore, 


Na(f) = 2f for f # 0(поа 3). 


If f = Uk, then the 3-partite tournament T4(X4,X2,Xa3), 
given by 
X4 = А. U Az 
X2 = ^a U Ay 
X3 = As 
ІЗ = К (i = 152,35 4) [As | = ЧК, АА АА DE CM EST 
as its frequency set. Since |V(T)| = 8k = 2f, assertion (b) is 
proved. 


So assume that f 2 O(mod 3), f # O(mod à) and that 
there exists a 3-partite tournament Т(Х,Ү,2) on 2f vertices 
whose frequency set is {f}. We shall show that it leads to а 
contradiction. 

Let a and b (a > b) be two distinct outdegrees occur- 
ving in T with frequencies f and X4, X2 vertices of X having 


o d + n. == 7, 
9utdegrees а and b, respectively. The subsets ул, Үг and 24, 


42 of Y and Z are defined similarly. Let |Х| = x, |Y| = y and 
lz] = 2. Then 
(1) x xy чае ЕУ Е 
ie Shail consider the following particular cases. 
Case 1. None of the sets Х4.Ха.Үл:Үа,21.2а їз emp- 


СС-0. In Public Domain. Gurukul Капап Collection, Haridwar 


ТЛ... 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


220 Г. Petrović 


VAGUE JER Or 200000? | 
ae 
Then the indegrees occuring in T are 


dip=ay +2 - a да = у + 2 - р 
ads = 2 + х - а ай = 25 х- Db 
dB = x фу = a de x*yc-b. 


Since there are only two distinct values among dis (75-470 

- — 5 f’ 9 , 
3,4,5,6), and since di # d: +1 (i = 1,2,3,4,5), we may assume 
W.l.g. that di = ds, da = da апа x = y. Now we have 


: qj = da = x *2-a да = да = х + = - b 


ds = 2x - а Је = 2x = 5 


Applying the same reason, we get di 
= de, which gives x = У = 2, contradicting by (1) the assump- 
tion f # O(mod 3) or di = аз = аз and 42 = 44 = ds, which in- 
plies a s b, contradicting the fact а > b. 


Case 2. Exactly опе of the sets Xi, Xa, Ys, Үг, 71, 
Za ts empty. 
We may assume, by Symmetry, that it is Ха. In that case we ha- 


аз = ds and da = dive 
ve 


di = ужаса 
их A ds =z+x-b 
ds =x+y-a de = х + у - Б 
Following the aforementioned reason, we get 
Са ат = 95, It follows that x = y and 
Я = а= хаа аа =x+2z-b 
ds = 2x -а de = 2x - Б. E 


This gives d4 = аз = ds, which implies x = YS 2 Sie da = da = 
de and da = ds, which implies а = b; in both cases, а contra” 
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(b) аз = ds . Similar to (а), 


Ке) ds = ds . Then y = 2 and 


da = ds = х ту -а dq ас = ху 


предан = ds = ds, then x = у аа contradiction. So 44 = да 
= ав. This gives у = x + a - b and 


да = ds = 2x-a d4 = da = de = 2х КОО 
If E(T) is the are set of T, then the equality 
(2) Е(а+ђ) = Е((2х-а) + (2xta-2b)) = [E(T)] 


cleanly holds, and we get x = by у 22-4. 


From an obvious equality 


(3) ECT) = ху и 


" 


and the fact f = (x + у + 20/0 (2a + b)/2, it follows that 


a + 2ab 


" 


(2atb)(atb)/2 
and а = b, a contradiction. Case 2 is settled. 


Case 3. Exactly two of the sets X1, Ха, Үл; ҮЗ; 24; 
2 
“з ore empty. 


(Note that they cannot be X, and Ха and similarly LEID 
nt subcases. 


Yo and 


2 - сс 
" 22.) There are two essentialy differe 


Зибсазе 3.1. Xa = У2 = й. 
Then 
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ов хитну = а de = X ty - b. 


Now we have 


ЕЖА: = 48. ТЕ follows that x = y and 41 = a= 
= de = 2x - b (because 41 = 43 = ds leads to x = У = 2), the 
(x + y ж УС 


и 


gives x = у = (a + b)/2, 2 = (За = b)/ and Е 
= (5a + b)/4. Now, using (2) and (3) we get 


(Ба Боба + 52/4 = (а + b) /4 + 2(a + b)(3a UDIO 


which gives а = b. 
Siubcaise 3.2. Х2 = 2. = Ø. 


Then 


u 
u" 


+ a - b and we have 3.1.(a). 


u 
5 
< 
и 
x 
+ 


d4 = ytz-a 
d3 = z * x -а да = 2 + х - Б 
de =х+у-Ь 
(а) el, = d3 = dẹ. It implies that x = у, 2 =x? 
(b) d, = d, = 46. It implies that y 

+ a - b, and it is again 3.1.(a). 

(c) а; = d, and 45 = dg. Then y= x чка Баш 2 
С 2а = 2. 50, 


N 
Ш 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


о | NEN ou LL 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


| Degree frequences in 3- . 
| Deg CIA псев tn 8-partite tournaments 


"ИЕ -- — ee eee 223 
ах = dg = oe NO NES 


da. - Об с 42 dy a = Dis 
Using (2), we get x = (та + 35/2, S Ep 
Med = зба + БЛ, Substituting in (3), we obtain 
. 3(a + b)(a + Ь)/ = (-a + 3b)(a + b)/u + 
yo 
i + Са + b)(3a - Б)/4 + (За - b)(-a + 3b)/h 
= 
| and a = b. 
in s Case 4. Exactly three of the sets Х1,Ха,Ү1.Ү2,71,22 
| are empty. (Note that the case Xi = Yi z Zi - 0 is impossible). 
Assume that X2 = Y2 = Z4 = 0. Now we have 
Өл әу 42-24 
аз 2-2 *X-a 
de =x *y - b. 
It is clear that 
“ f = ху ска | 
(а) ат = аз. Шеп УБ | 
I 
Gy = Од ы Md des Ox = ee | 
| 
| 
f By (2), it follows that 5x = 2(a +b), and clearly | 
Х = 2k. But thus implies f = 2x = uk which contradicts the as- | 
; Sumption f # 0 (mod 4). | 
| 


= = = 2a-b and 
(b) а. = а: Теп 2 уа eee 


d = 2у - b dic doe c 


It follows, by (ОУ, that у = 4b/3 and и = (За + b)/3. Now 
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it gives 


ВА руба = (a = D)Ub/8 + lib(3a + b)/3 + 
+ (За + b)(a - b)/3 


ог b(7b - За) = 0. Since b # 0 (because у = 4b/3 and y ж 0) 
then За = 7b. It implies f = 8b/3, and, therefore, f = 
This contradiction completes the proof of the lemma. 

Now, we shall prove the main theorem. 


Theorem. Let Е = {f1,f2,...,f,}, (п > 1), ОЗ 
СЕР < fv be any nonempty set of positive integers. Then 
there exists a 3-parttte tournament whose frequency set is 
and 


Ш 


п 
No(f1,f2,...,£,) ee 


unless 


n = 2.and fı = 1, fa = 2 in which case Мз(1,2) = 4. 


Proof. 


Case 1. n= 2k + 1 (k 21). A 3-partite tournament 
Т, = T(X,,X2,X3), which establishes (1), can be constructed as 
follows. The partition sets are 


X4 = Ai U А; U... U fca U Be 


Xa = Ap U Apg О... ОА 
ле 


1 


where ЈА, | вета (Gh - а ож, А, ПА. = @ (i # ј) and 
the are set is given by 1 


ко 


Ха + Ха 
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| лен с 
я obviously» 
| 2k+1 
ST 
mdi 
у all vertices belonging to a 2 бс ыс 5 
ала а 5 Particular subset А; have the 


| 4), 


{ 
| same outdegree (indegree) in T . Denote the outdegree (inde- 
+ 2 

gree) by d; (dj) and denote by S, and S2 the sums 

| 


к „ре 7 Sein 
S4 = fi + f2 tores t ТИ a 
< 52 = f, + Руа te + Бок-1 = [Х2| 
еп 
4 From the definition of Т+, we obtain 
[ 
| + 
а; = Бок-1-1 for i = 1,2,...,k-1, 
gi 5 = - 
ds 54 + 1,1 f k-1-j fop 2 = КОКА ОКЕ 
T 
E f 
Ча а 
+ 
о doy 0 
+ 
ау 51 
nt | апа 
as , 
T ы A ME jdm edn ce pei: 
аў = Sa t foge ОЕ 
а. = f ў for j = k,k+1,...,2k-2, 
J ИЯ 
excu d 
Gone = Ba ова 
“ені = Sas 


+ - m 
all dis (di) (а = 


Эапсе 0 < 5, < 62 “осоо % Рок? 
that the frequency 


: i Аа) are distinct. This implies 
Set of 11 15 (tl po EE 


Case 2. n = 2k#2 (К 2 Е 
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Consider the 3-partite tournament Та = Т(Х1,Х2,Хз) defineg 


by 


where |А; | =f, (i = 10020 -52KT2), A. n As = @ (i # 3) 


A ера 01525: Jc 


up v Oed 
X2 > Хз. 


Using the former notation and putting 


So e Sq $ BA Y ooo Toi S = [Ха | 
Sis e ЕЕ € ооо +, = [Х2|, 
we get 
Е fon - 1,2,...,k 
ai = Sa faq) - ілі. for = к+1‚,к+2‚...,2К 
аа 0 
d2k+2 = Ss 
and 
di = S. + foc) 4,1), for і = 1,2,--->k 
а; Б Ека ~) Жон = Кї1,К+2,...,2К 
drat = Se + forgo 
Чук = Sa- 


As in the Case 1, we conclude that the frequency 
set of Т2 is {f1,f2,.--,f5) 5} and 
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2k+2 
МСЕК 
1=1 
во, the theorem is proved for n > 3. 


iv 


Case 3; павиом 
Let F = (Ба, Ба), where {f,,f2} * (1,2). If fi + 2Е,, the 3- 
partite tournament Тз = T(X4,X2,X3) given by ГЕ [а f 
|Хз|= Ба - іл + f1, Ха > Xa > Xa, satisfies (1). 
If fa = 2f4, we distinct two subcases: 

Subcase 1. Ба = 0 (> 


Then we construct the tournament Ty = T(X,,X2,X3) according to 


X4 = А; U Az 
Ха = Аз U Ag 


Хз = А5. 


ЈА | = К (i = 1,2,3,8), |Аз| = 2k, А; ПА, = 0 (141). 

Ay > Аз, Az > Аң, X1 > Хз, Ха > Хз. It is easy to see that 
distinct outdegrees (indegrees) occurring in Та аге 0 and 3k 
(4k and k) with frequencies f4 and f2, respectively, апа that 


[VCT4) | = 6k = ва + f2. 
Subcase 2. ЖР в Vd (X 21). 


Let Ts(= Т(Х1,Х2,Ха) be the 3-partite tournament whose partite 
Sets are 


X4 


п 


{u{,U2;,-- (55k 41) 
X2 = (улузу) 
Хз 


u 


{w4,W25--- Wor +17? 


a 5 
"d whose arc set is given by 


5 ТМ 
QV for тош ауД dan s 
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for j = 1,2,...,2k+1. All vertices of X4 have outdegree 1 an 
indegree 4k+1, while all vertices of Х2 and Хз have outdegree 
3k+1 and indegree k*1. Thus |V(Ts)| = 6k+3 = f1 + f2 and the 
frequency set of Ts is (f4,f2). 

For F = {1,2}, there is no 3-partite tournament оп 
vertices whose frequency set is F. Indeed, such a tournament 
on 3 vertices has a frequency set {1} or {3}. Thus, М№з(1,2) > 


2 ц. The 3-partite tournament Т? = T(X1,X2,X3) defined by 


[Xa] = [Xa] = 1, |Хз| = 2, X1 + (Ха U Xa) А 
y 
has the frequency set {1,2}. This implies that Na(1,2) = Ч. 
The theorem is prcved. 
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REZIME 


FREKVENCIJE STEPENA ČVOROVA U TRIPARTITNIM 
TURNIRIMA 


U ovom radu pokazano je da je svaki neprazan I o 
prirodnih brojeva skup frekvencija izlaznih i ulaznih ерк ка ; 
čvorova nekog tripartitnog turnira i pritom зи odredjen! tu | 
ri sa minimalnim mogućim brojem čvorova. 
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ON UNAVOIDABLE SUBDIGRAPHS ОҒ TOURNAMENTS 
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ABSTRACT 


A digraph D is n-unavoidable if each tournament on п 
vertices contains a subdiagraph isomorphic to D. It is proved a 
that the diagraph H(n,i) defined as a simple n-path ул > v2 > 
., >v, with an aditional are viv. (3 5 i € n), is n-unavoi- 
dable für each n(n > 4) and i = 4.'So аге Н(п,3) and Н(п,п-1) 
for n > 4, excluding two particular cases. 


ж 


The terminology used іп the paper is that of [3], 

“xcept as noted. A digraph D is said to be n-unavoidable if 
each tournament on n vertices contains a subdigraph isomorphic 
to D. Let H(n,i) be a simple n-path у, + Va >... + Ур with an 
additional arc ууу, (3 < i < n). The following two results аге 
Well known. ) 
(А) (Rédei, [4]) the Hamiltonian path is n-unavoidable | 
for each n(n > 255 5 


(B) (Grünbaum, [1, p. 2111) H(n,n) - Hamiltonian bypass 


Я 
i tournaments | 
15 N-unavoidable for each п (п > 3), except for two t | 
ІЗ апа TB (Pig. 1). р 
отан сое на НВ 

Б Mathematics Subject Classification (1980): 05620. 
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Fig. 1. 


At the Sixth Yugoslav Seminar on Graph Theory, Zag- 
/ геЬ 1986,,V. 565 proposed the 


Conjecture. H(n,i) їз n-unavotdable for each п 
(n > 5) and each і (4 5 i S n-1). 


We shall prove the conjecture for i = 4, and show 
that H(n,3) and H(n,n-1) are also n-unavoidable for n 2 4, 
| except for two particular cases. 


Theorem 1, H(n,4) 78 n-unavotdable for each n 
(n 24). 


Proof. By induction on n. For п = 4, the theorem 
follows by (В). If п = 5, let Ts be an arbitrary 5-tournament 
with vertex set {v1,v2,V3,V4,Vs}. First assume that Ts is not 
strong. Then there is а unique decomposition of Ts into strong 
components у м. + 745). where i < 5, and each ver- 

1) dominantes each vertex of 765) ЕЕ 4 ajo dir 
[v(ts )| < 4, the assertion follows by (A). if |v(T3)| = 4 
then, Dy 9:9 т.” has а sensisset bypass, which composed 
with Ts (obviously К = 2 and Ts is a single vertex) gives 


tex of TÉ 


H(5,4). Now assume that Ts is strong. Let vi > Va >... 7 "n 
be its Hamiltonian cycle. Then Уз+з T Yi for each i € (19259582 
(all sums are modulo 5). Otherwise, v. > Vi+1 ? Vi+2 > saa" 
> Уі, is Н(5,%) in Ts. But, now, v4 > уз > vs > Va * V^ ae 


5} 


H(5,4). Therefore, the theorem holds for п = 5. 


Suppose that H(n,4) is n-unavoidable for some n 
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р p 
pns of tournaments 


һә 
[69 


(п > 5), and prove that is H(n+1,4) also, Assume that there 


| 
за tournament Таа on п+1 vertices without H(n+1,4) and 
show that it leads to a contradiction. 


Tet OU SA *› VV) be the vertex set of v By 
“па” CY 


the induction hypothesis, T 7 v has H(n,4). We can assume 
chat it is > + \ i 
и 1.8. that i V4 VO E СӨЛ "n* This clearly forces 


(1) У: 


Also 


л 


such t Ал > V. 
uc hat VN v and v Vis 416 


we get H(n+1,4) 


Inserting v into the path 


MUEVE = Vs. "x ru > 


< 


т\? 


V4 > V2 > Уз > Vy +... > У: + У + V: 


(2) Vi peer 0 
Indeed, if У (4 s i < n-1), denote by i, the smallest i 
Next we shall consider two cases. 


Case 1. у + v,. Then 
| 
> (3) Wo чу Wo 
because of H(n#1,4) - v> V4 > Vo > се. > Vg: Similarly, | 
(4) Vi + Ул? | 
| 
| 
because of у ~ Vas ув Goa) = V у + № > V3 (by (2)). | 
51 Further, | 
| 
1 (5) = 
4 М; > п? 


cause of y > V4 + Vy > Vs > + у > va > Уз. Reasoning in 
z 222 
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E 
the same way as for (2), we conclude that 
(6) У2 + (у4У5»..-эУ,-1)- 
Subcase 1.1. У + уг. Then H(n+1,4) = vi > уз + om 


+ (by (6)) implies 
(7) Уз -+ Ул. 


Бе роосчсевеН(п45 4) = у > уа > уз + ул > ма + уз x 


Revera а contradiction. 


Subcase 1.2. v2 + v. H(nt1,4) - va > у > v4 + ya + 
P Va ж... э у. forces (7) and it gives, by (3), уз > v4 + va» 
У, contradicting the assumption. 
Case 2. v4 > v. Then (2) and vi > уг + уз > v > vu + 
Ос imply 
(8) У + уз. 
Subcase 2.1. у + vg. Then 
(9) Уз > V435 
because of v4 + V + V5 + Va +... > Vat Using (9), we get from 
На Ом уз > уд + У > Va >... + Ур > Y2 
(10) V2 > Vat 
Further (10) forces 
(11) Ма (УАУ Va Sai 
ғ 
я 


Otherwise, v2 сап be inserted in the path V, + Vs + °° 


producing H(n*1,8) - v3 > у, > V> v, >...» Мр + --- 
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put by (7) and (11), we have H(n#1,4) - y , Vig. %У1 Gow V 
тыз 2 > Vy + 


у > Уп” 


$иБсазе_ 22 ЙА 5% 50- Again (9) holds рум. 


ED 


„у = Уз У Va > +++ + VQ. But, now, it gives Н(п+1,4) - у 


+ уз + Va >” У + Vy >... + Vu, completing the proof. 


2 > 


The following lemma is important for discussing 


H(n, 3). 


Lemma. Let Ha 4 54 + 


лу. ono = 
п пед у2 V1 be а На 


miltonian path of a tournament Th (n 2 4) in which ares v.v., 2 
е 
(i = 1,2,...,n-2) are present. Then there exists a Hamiltonian 


path of Th starting at Уа. 


Proof. By induction on n. First we check for small 


(a) п = à, Then we have На : V4 + уз * v2 > va. 


(b) п = 5. If уҙ > vs, then Hs : Ул = Уз * Va * Vs > Ма 


and if vs > ма, then Hs : V4 * Va * Vs * Ма > Ма. 
(c) n= 6. He : V4 + Va + Va + Va > Ve * Vs is present 
in Te. 


Now suppose that the lemma is true for all positive 
integers not greater than n, and prove that it holds for n*1 
too 


Goss il. ү ш (e > 2). Тһеп п+1 = (3(к-1) + 4) 4937 


By the induction hypothesis and (a), 
Pus containing vertices V4»V2»:-:»Y3(k-1)01 


there exists a path Рі: 


+ У 
3(k-1)41 
an + y E - 
e u Жы a 


Соп 5 ti t vi. 
necting P, and Р,, we get НЕ а starting at v1 
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| 
| 
Сазе 2 en = SKEL Ck 2 2). Now, nti = C3 (k-1)+1) 4 | 
x 4 
and РА connected with Pa : У; (к-1)+1 7 Y3(k-1)+3 7 ... > 


e DNUS 


30k-1)«h (using (b)) produces again H,,4 starting at v 


Case 3. п = ЗК+2 (к = 2). Using (c) and connecting 


EN M SQ I Va(kc1)42 ~ "** 7 Ya(k-1)4u> не gen 


Hed with the starting vertex vi. 


Theorem 2. Н(п,3) is n-unavotdable for each п (n > 4) 
, 


unless Th ts of the type Ta + ПАРЕ where 7% is that in Fig, 1 


Proof. First consider the case when Th is strong. 
Let 


Vil mitt Сш Э 4 
п 


Бе its Hamiltonian cycle. If МА Ус? for some i €(1,2,...,n) 
(all sums are modulo n), then, obviously, there is H(n,3) in 
т So 


(12) у. > V. 


for each i 6(1,2,...,п). Let Та be the tournament оп vertices 
V15V2,;Va,Vu-. Its Hamiltonian path is, by (12), 


+ 
Hà : V4 + уз + VE > V2 
on 


BYR? о 
МУ 3 > Va 


according to v3 + Ул OF уа => Мо 


On the other hand, the subtournament т N T, has, 
(12), a Hamiltonian path v 


by 
where Vi " 


+... > Ув > Уа» 
there 


2 п-1 п-2 nm 

> У),2 for each i € {4,5,...,n-3}. According to the lemma, cin 

is a Hamiltonian path Но of T - Т, starting at Va- сол с, 
= n 


а т » . opta! > 
ing На or на“ and Lm (it is possible since у, > Va)» V | 


H(n, 3). 
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H Now, assume that T. is not Strong. Let ТО?) + q(2) , 
x H . a “Тү п ^ 

be its decomposition into Strong components. ТЕ ист" 5| 5 

ve 2 у gi» 

< 3, the assertion follows immediately by (A). ТЕ | vert | 1 


2v 


ing ЕЗІ then Kul is Н(п4,3) in no (Tí is strong) 
t which, with any Hamiltonian path of Th - 1%, forms H(n,3) in 
T 
124) Theorem 3. H(n,n-1) їз n-unavotdable for each п 
=. 5 (п > 3), unless п = 4 and Ty = ТА + v and n = 6 and Te = ТЕ + 
+ v, where Тз and Т5 are those in Fig. 1. 
у 
Proof. If n s оапа TS is none of the forbidden 
types, it is easy to verify the theorem. 
Suppose that for n 2 6 there exists a tournament TV 
yn) оп n vertices, without H(n,n-1). We shall show that it produ- 
n ces a contradiction. 
Let ([v4,V25--. JELI be the vertex set of the tour- 
nament Th" According to the conditions of theorem and (B), the- 
re is H(n-1,n-1) - a Hamiltonian bypass in Ta + v. We can as- 
sume it is 
eS 
j уау V а ze ТЕА 

where 

(13) Ул + Ут. 

Треп, obviously, 
by 
| Уі 3 (15) у > У ИЕ 
there 

у 

et in базе 1. мо» уз. Since vV pe Mica ЕЗД TM M 
aptai 5 Would be H(n,n-1) if у > Уң-2? it follows that 

(15) v + V. 
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Two subcases are characteristic. 


Subcase 1.1. VAST dominates none of the Vis i Є (2 
, 

3555. еупсеј. Then; Th is of the type Теа 2E (by (13) ang 
(14)) and a Hamiltonian bypass - H(n-1,n-1) of Ti-4 Joined to 


у forms Н(п,п-1) іп ТА: 


n-1 


Subcase 1.2. NEC dominates at least one of the у. 
1? 


іе (2,3,...,n-2). In that case, У,-д сап Бе inserted іп the 


рашп Ул > уа 5... > Vn-2* By (15), it produces H(n,n-1) - 
VAY Sva ай У беен > Vn-2 нае МД + Е So 
(16) М > Vie 
Залаа аузу; Н(п,п-1) - у У v4 * ... + euer > Эу МЕЊА 
implies 
(0475) мене. 
Now, from (14), (15), (16) and (17), it follows that 
Я ШАУ em ЧА ЧА сола Vn-3 TOV c OVE 


H(n,n-1) in m 
базе 2. Vi > у. Then, 


(18) Е, 


is H(n,n-1) іп Т: 


since Wey > ул => у, + у я» у 
2 n-1 


Ву (18), v сап be inserted іп the path v4 > Va > 
+ Vn-2 and H(n,n-1) implies 


(19) V 
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+her hand, H(n,n-1) - 
on the othe ' > у 3 ) у + Я > V2 > уз +. Я 4-2, 5 
SE which follows from (14) and (19), forces 
V 
(20) abu ee 


Now we shall consider two possibilities. 


Subcase 2.1. va vs ,... М а) * Va 


of the type TE кс and it is the subcase 1.1. 


-1' Then Th is 


Subcase 2.2. У dominates at least one of vertices 


п-1 
ур, 1€{3,4,...,n-1}.Then,v,_, сап be inserted in the path va + 
MEOS > Vaio (by (16)), and Н(п,п-1) - v + уг +... > Vn-1 
сов Аи + ма induces 
n-2 
(21) V2 = у. 


But now we get, by (14), (16) and (21), H(n,n-1) 


proving the theorem. 
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| REZIME 


0 NEIZBEZNIM PODDIGRAFOVIMA TURNIRA 


U radu se pokazuje da se digrafovi H(n,3), Н(п,5) | 
H(n,n-1) pojavljuju, sem и nekoliko izuzetaka, и svakom turni- 
ги. Time se delimično potvrdjuje hipoteza У. Sósa. 
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ABSTRACT 


An upper bound for the search number of the Cartesi- 
an product G4 + ба is determined, where the search numbers of 
the graphs G4 and Go аге s(G4) and s(G2), respectively. Using 
this, some estimates for the search numbers of n-cubes are obta- 
ined, for n natural. 


Let 6 be a finite connected graph witnout loops or 
Multiple edges. We may assume that G is embedded in R? so that 
are represented by distinct points, 


2 э 
osed line segments in К 


Which intersect oniy at the vertices of G. Regarded as a sub- 
Set of рз, б is a topological space with the relative topology. 


+ 5 etri ce in which 
Then G is а compact locaily connected metric spa i 


every connected sec is arcwise connected. 


115 vertices va,v2,...,.V 


and its edges are represented by cl 


———— 
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Er of a graph, n-cube. 
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Definition 1. A search plan for G ts а family р - 
= (li < і < k} of continuous functions f; : [0,9) > б, such 


The following definitions are from Parsons ([ > Uy, 


that for every continuous function g : [0, +) - С there existe 
to Е [0,9) and an i є {1,2,...,k} such that g(to) = f, i tone 


We think of g(t) and fi (t) as the positions at time 


t of a lost man and the ith M тоер in the cave represented by 


graph G, in which the searchers and the Jost man move conti- 
naously.The searchers must proceed according to a predetermi- 
ned plan which will capture the lost man even if he were an 
arbitrarily fast, invisible evader who, clairvoyant, knows 


the searchers” every move. Then a search plan must catch «c 


possible evader in a finite time. 


Definition 2. The search number s(G) оў С is the 


minimum cardinality of ali search plans for 6. 


ig , Our problem is to give an upper bound for the search 
| number of the Cartesian product of given graphs for which the 
d search numbers are known. 

| Let G4 = (V4,E4) and G2 = (V2,E2) be two finite con- 
nected graphs. We denote by G4 + G2 the Cartesian product 3 of 
the graphs G; and S2 (somewhere called the sum), i.e. 


6 =64+ G2 = (V,E), 
where 
V = у; x V2 
and 


ім = {(%41591)(x2,y2) | (xaxa Е Eq and yi = ya) 


ог (хі = ха and улуг € E2)}. 


Theorem 1. If G4 = (V,,E,) and С, = (V2,E2) 4? 


two finite connected graphs, the 
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— кде u 


s(G, + 6) < тёп{ | У: |5 ( 62), Е. E 


Proof. Let V4 = {x vu E 
( ха 56 V2 = (у1,у2,...,у,), 


s(G1) = m, 5662) = n. Suppose that РП < qm and that we have at 


our disposal pn + 1 searchers. Denote these pn + 1 searchers by 


6502704 ев р 4 2 
оз 15415+++ 504; 25 2›*-.›62;...; Са» Сп" +20. 
Let the vertices У ЗУ УЯ (not necessarily 


different) make a starting position for a search Plan in 6. 
(Of course, if s(G) = n, for a graph G, then any set of at 
most n points of G, considered as a subset of R3, can serve а 
starting position for a search plan, but the theorem also holds 
for digraphs). First, we place all searchers с; ео. 
соу а= {1,2,...,n}) on the starting vertices in such a way 
that the searcher с; occupies the vertex (ху ay. Now, all 
the vertices of the copies Gyy Sy, sare буу, of the graph Gi 
are occupied. (бух is the copy of 64 induced by the vertices 
Су), (хау). оосо CK о) of the graph G = G4-* ба. Simi- 
larly, om is the copy of Ga induced by the vertices Og > Уз), 
Cx »y2), ZA ) of the graph б = G4 + G2). Then the search- 
e Co traverses ali the edges of these copies. If the lost man 
is on some of these edges, he will be found. If not, we begin 
by Simultaneous realizations of p search plans in the copies 


een i з 
„Gx of ба; the searchers C1,C2,---»C, search in the 


РТ ЈЕ С У 


сору Gx:. Each time the searchers ci (i € (1,2, 
299010) оссиру all the vertices of some copies бу, буф. 2" Py 
(not necessarily different) of ба, they make a pause during 


И the searcher Co traverses all the edges of these copies. Ы 


11 а + 
The Search continues in this way. So, the lost man Wi- 1 ве гони E 


either in a сору Gx; of G2 by the searchers сеж. or in ks 


a 
Сору Бу of 6: by the searcher Со. U 
Theorem 1 сап be generalized in the following way 


поса ор Let С; = CHES б> = (Ма E2)9 2-55 ба = 


СС-0. In Public Domain. Gurukul Капап Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri == 


242 Re 10806 | 
^} 
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Then 2 


Ул» Ёл) be finite connected graphs. 


E Жу 
S(G4 + Go +... + en) 5 A (5(6.) TI lv; |) * 1. 
<1<т 5 
1<)<т 


j*i 


Proof. Similar as for Theorem 1. 0 


From Theorem 2, we obtain an upper bound for the 


search number of the n-dimensional cube 9, · 


Corollary 1. 


5(0,) <2 Tus. 


Fo» n = 1 and n = 2, the strict inequality holds. 
Namely, s(Qa) and s(Q2) = 2. 
For n = 3, the equality holds, i.e. 5603) = 5, but 


от Saison > 


Ш 
[2 


a а. 


a rigorous proof requires some care. 


Similarly, for the search number of the Cartesian 


product of paths we obtain: 


Corollary 2. 


Mj mA soo m 
s(P + P 3c HP rs virtu UN C REP aE i Фо 


m max(n4,na,.- ny 
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Search number of the Cartesian PPodue 


REZ IME 


ISTRAZNI BROJ KARTEZIJEVOG PROIZVODA GRAFOVA 


U radu je odredjena jedna gornja granica za s-broi 
Dekartovog proizvoda G4 + 62, za poznate s-brojeve s(G,) 25 
s(G2). Kao posledica dobijena |е procena za broj s(Gn), n je 


prirodan broj, gde je 0, n-dimenzionalna kocka. 
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ABSTRACT 


In this paper a formula is given for the number of mono- 


tone functions of Be DE trie? E Е), where E, = (02 а 
m-1), for any natural п. 


1. DEFINITIONS AND NOTATION 


Let X denote a finite and nonempty set of symbols, i.e. 
ап alphabet. By x! we shall denote the set of all strings 
of the length n over the alphabet X, i.e. 
E (ах. TENESTE: /...,Xn € х}, the only element of X? be- 
ing the empty string (the string of length 0). The set of all 


A = i 
the finite strings over the alphabet X is Х* = ds . 
iz 


We shall also use some special notations: 
А = (0,1); 


ВО 23 
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tey vords and phrases: Symmetric monotone functions, three- 
irea logie algebra. 
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неке ле тс орсо RG 


т. (а) = the number of j's in the string a є a» 


г for 


1, (b) - the number of j’s in the string b Е ВА "7 
еВ 
ТЕ S is а set, then |5| is the cardinality оғ S, 
We shall denote by P? з the set of functions mapping 
U 
the set E? “КО K-1)2" into the set к) = {0,1,2}, А 
2 ba Ree 
PK 3 an Ех > Ej). 
A function f € Pe 3 is said to be monotone if 
, 
x < у implies f(x) < f(y); where x = C TESTERE) < 
5 (Y1 Yare Ур) = у ШЕ хі хур, Ху 5у,,...,х, ху, and 
и. т Е 1 іт En’ for any natural m. \ 
Let М denote the set of all monotone functions of 
n 
P3: 
2. RESULT 


The number of all symmetric monotone functions of 
n variables over the three-valued logic algebra, i.e. the 
number of functions of the set P3 qe (£f: ЕЗ - Е.) is deter- 
mined in [2]. In [1] it is also proved that this number is 


2n*2 
( e уе by establishing the bijection between the set of all ; 


i symmetric monotone functions of P3 3 and the set of all sym- 
un г 


metric monotone functions of р2 : 
п+1,3 


Now, our aim is to determine the number of all 
monotone functions of P? 3: In Figure 1, the set Е? is repre- 
г 
sented as the lattice of all the points (p,q), 0 S p, < К". 


„гч ТУ ГОРА 


; Ne pronn also consider the lattice of all points 
(p - 5, Ч-5), 0 5 ра к. 


A decreasing path from (- 5, к + 5) to (К + 2,- 2 
is а set of edges of this lattice, which at each point either 
increases in р or decreases in q. Label each edge of 500 
a path by 0 if it increases in p ага by 1 if it decrease? 


in а. So, there is a bijection between the set of all deum 
: 1 1 кіт! 
pneasing pa ths. 599 ARRAS а (орап: ба фонт аа же) а с 2 
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Ё 1) and the set of all Strings of ack 


E consisting of k 


1g and К Os. In Figure 1, two Such paths s, апа 


к = 7, аге drawn and corresponding strings are 10110 
and 00101100101011, respectively. 


527 for 


010110010 


THEOREM. 


„2 Gi 
[МАП Ру 3! prr EE SN 


M u i . 2 4 
PROOF. Any function Е: E, > Е. is completely де- 


termined by three sets 
T. = {(р,9) | (p,q) Е Е2 ЕЯ ; 
р,4) | (р,а) € Бү, f(p,q) = 1}, Тос + = 0/12 


However, the sets Tor Ti and Tor corresponding to a monotone 
: 2 5 
function f: Ex m Ез are separated by two decreasing paths 
T б 1 1 4 

s, and $2 beginning at(- 5, К+5) and ending at (k+5, = 5, 
1: On the 
other hand, such two paths always determine a monotone func- 
А 2 

tion Е: Ex > Ezr 
т.. 


and such that none of the points of s, are below s 


by specifying corresponding sets Tort, and 


So, there is a bijection between the set of all 
> E and the set of all pairs of 


3 
2k 
2k СА >, such that 


monotone functions f: 


Strings а.а,...а 
l 


1 хам 


2 
Ex 

ГА , 
250 8120 


- , 
£5 (3485-23) 10 182:::22 к) = lo (а! 182: -а) 


| 


11 (а! 142--+82К ) =k; ў 
апа t 


21 (ааз. гај) < 1, (аја;- · а): 


for еаса г = ов KS 
However, the number of such pairs of strings is 


2k 
“qual to the number of strings b)b,---Bo, ЕВ such that 


5: = Б) 
ka Orisa) = EE 


(2) 


Ене Оро) 
lo (b b,.--bo,) 23 ( 120 ок 
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ол ы ыыы IL I EE 
a 

(2,68) (4,68) (11,63) (54,68) (61,6) 


=-=- 


ІШЕ (2,6) (66) 
(-3,53) 
E С 1 
\ 
F- p^ 
A 3 
Em 3 
| (та) 
у (42,3 


Figure 1 
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4 1048 


8 of P 


2 MG = 
(3) 1.0192 r? = L5 (bib,...b,), for each r=1,2 


teri. 


› ine 3 2k 
The corresponding bijection can be established by tak 


< : ing 
b, = га, an аз (2 = ОК) 


Denote by B(k) the set of strings belonging to p?k 
and satisfying (1), (2) and (3). Let 


B, (k) = (БІР € В(к), ЖОМ “Аула а ы 


Тһеп, 
) 2 Ky (k+l 
hence, 
2 k 
IM п Py 3! = |В(К)| = > IB, (К) | = 
i=0 
= 2k, ,2k 
Ex Ор "vem ld ULIS 
= er) ho CD TM 
i=0 
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O BROJU MONOTONIH FUNKCIJA U Р? 3 


U radu je data formula za broj monotonih funkcija y 


20 2 қ = 
skupu Py з = (ЕЕ; € E,}, gde је E, = (0,1,...,m-1), za pro- 
izvoljan prirodan broj m. 
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ABSTRACT 


This paper presents an efficient algorithm for find- 


ing the diameter of a point set on mesh-connected parallel 
computers. The running time of the algorithm is 0(n**(1/2)* 
log(n)). 


1. INTRODUCTION 


А mesh-connected parallel computer of size п isa 
Set of n synchronized processing elements (PEs) arranged in 
an n**(1/2) x п%%(1/2) grid. Each PE is connected via bi-di- 
Tectional unit-time communication links to its four neighbours, 
if they exist (see Fig.l). 

Each processor has a fixed number of registers and i 
©ап perform standard arithmetic and comparisons in a constant 
time. ЕЕ can also send the contents of a register to a neigh- 


Primary 68005 
Secondary 68910. 


Xey UVords: Parallel computation, mesh-connected computer, com- 
PMtational geometry, diameter of а point set. 
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E eee 
bour and receive a value froma neighbour ina designated Ic 
gister in O(1) time units. Each PE in the leftmost column hag л 
ап I/O port. Thus, we сап ‘load’ S in O(n**(1/2)) time units 
such that each processor contains exactly one arbitrary Point 

of S. 

Each PE contains a unique identification register 

(ID), the contents of which correspond to that PE’s snage-like 
index (see Fig.2). 


columns 
0 1 @ 3 
0 \ 
1 
© 
о 
м 
2 
3 
MCC of size 16 snake-like order of 
an MCC of size 16 
Fig.l Fig.2 | 


For the algorithm presented in this paper, че shall 
assume that there initially exists п ох fewer planar points; 
distributed one point per PE on a MCC (mesh-connected computer) 
of size n. Each planar point p is represented by its cartes 
ian coordinates p.x and p.y. Any figure is represented py the 
Cartesian coordinates of O(n) planar points, distributed 00) 


that 
points per processor on a MCC. For some of the problems ate 
150 


allow more than one figure as input, each point will a orn 
; е 
an associated label to indicate which figure it is а memb 


e shalt 


To simplify the exposition of our algorithm 2 e 
s hà 


assume that n-4**k for some integer К апа all point 


distinct Xccang Public 69:916956? Kangri Collection, Haridwar 
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1 Sev On aa 251 
RA 
We shall use the standara MCC data movement operat 
AGED rotating data within a row (column) sorting, sonar А 
2 Ой 55 n 
R) and Random Access Write 
(RAW). We shortly describe them (see [2,3,4] 


of data, Random Access Read (RA 


for details). 


1) Rotating data within a row (column) 


For each row (column), every PE can transmit a fixed 
number of pieces of information to ali other PEs in its row 


(column) in O(n**(1/2)) time. 
2) Sorting 


Thompson and Kung [7] have shown that п elements, 
distributed one element per PE on an MCC of size n, can be 
sorted in O(n**1/2)) time. In particular, the elements can be 
sorted into a snake-like ordering is illustrated in EEGA 


3) Compression 


Suppose that in an MCC of size n,m of the PEs 
each contain a fixed amount of information that needs to be 
exchanged іп an efficient manner. Іп О(п**1/2)) time, the O(m) 
relevant pieces of information from these m PEs can be 
Placed into a subsquare of size m where communication time 


will now be O(m**(1/2)). 


Two other common data movement operations for the 
MCC are the random access read (RAR) and random access write 
(RAW). These operations involve two sets of PEs, the SOURCES 3 
and the DESTINATIONS. Source PEs send a fixed number of re- 
cords, each consisting of a key and one or more даса parts (а | 
гесога May also be null). Destination PEs receive a fixed num- | 
ber of records sent by the source PEs. We allow the possibili- 


ty that a РЕ is both a source and a destination. 
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| 4) Random access read (RAR) | 

In an RAR, we require that no two records Sent by 

source PEs have the same key. Each destination PE Specifies 

the keys of the records it wishes to receive, or it Specifies 

a null key, in which case it receives nothing. Several desti- 

nation PEs can request the same key. A destination PE may 

specify a key for which there is no source record, in which 

case it receives a null message. The RAR is accomplished 

through a fixed number of sort steps and rotations in 

O(n**(1/2)) time. 


5) Random access write (RAW) ) 
In ап RAW the destination PEs do not specify the 


keys they want to receive. They merely indicate their willing- 
ness to receive. At the end of the RAW, the number of records 


received by a destination PE is between zero and a fixed num- 
ber reguested. Each key is received by exactly one destination 
PE. If two or more source PEs send records with the same кеу, 
then a destination PE will receive the minimum such records. 

u (In other circumstances, one could replace the minimum with 

| any other commutative, associative, binary operation.) The ВАЙ © 
is accomplished through a fixed number of sort steps in 
O(n**(1/2)) time. 


Í Sorting [7] and the component labelling algorithm 
[4] are basic algorithms which provide an efficient solution 
to some geometric problems given in [2,3]. 


О(п**(1/2)) is a lower bound of each algorithm on 
MCC since it cannot be faster than the time it takes to com- 
bine information starting at opposite corners of the mesh. 


The diameter of а set S of n points in the plane 
is the distance between two points form S that are farthest 
apart. We shall give an O(n**(1/2)*log(n)) time MCC algorithm 
for finding the diameter of 5. a sequential one described 2n 


5] works in optimal O(n* ; 
= сес. In Public Megs Reiley) Karn Édllection, Haridwar 
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2. COMPRESSION OF DATA AND BINARY SEARCH 


Let a function Е be defined on а set S containing 


о(п) elements (points, line segments,...). the function £f 15 
ynimodular on S if there is an order of elements from 5 such 

that there are two elements A and В and + is nonincreasing 
from A to B and nondecreasing from B to A. For a given funct- 
jon f£ the elements with the minimum (or maximum) value of f 
can be determined by a binary search in log(n) steps by com- 

paring the value of Е for the middle element and two neigh- 
bouring elements, discarding half of elements from considera- 
tion and compressing of the remaining data. The running time 

of the algorithm is expressed by T(n)=T(n/2)+c*n**(1/2) whose 


solution is O(n**(1/2)). 


Let us consider the problem of determining the el- 
ements with the minimum (or maximum) values for O(n) different 
unimodular functions in parallel. Binary search in this case 
differs from the one described above in that multiple binary 
searches are occurring simultaneousiy. In each step for each 
function, half of the elements can be discarded but there is 
no straightforward way how to avoid bottleneck during compres- 
Sing the remaining data. If the algorithm continued its work 
Without compressing the data then the communication time would 
not be cut in half during each iteration of the algorithm and 
because of log(n) steps the total running time would be 
0(n**(1/2)*10g(n)). With a correct compression technique, the 
algorithm will be completed in O(n**(1/2)) time. 


So, in each particular case we have either to find a 


Way of compressing the data to avoid bottleneck or use an ad- 
ditional log(n) factor in the running time of the given а140- 
rithm. 

the diameter for а point set 5, 
of the H(S) (the convex hull of 


e containing S), one needs to 
Namely, 


In order to determine 
e 
ach PE containing an edge e 
S T 
' Т.е. the smallest convex figur 


know One or two additional extreme points of the H(S). 


N, the last extreme point(s) of 5 encountered as a line paral- 
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lel to е, starting colinear to e, passes through the H(s) 

These points are extreme values of some unimodular functions 
defined on extreme points H(S) and can be found by multiple 

binary searches simultaneously for each edge е. 


3. DIAMETER ON A MESH 


The diameter of a set is equal to the diameter оғ 
its convex hull [1] and the diameter of a convex figure 15 the 
greatest distance between parallel lines of support [8]. 

A pair of points that does admit parallel supporting lines 
will be called antipodal. All antipodal points of an extreme 
point P(i) form an interval [P(i)',P(i)"] of consecutive ex- 
treme points on convex hull CH(S) [5](we call it the P(i)-in- 
terval). 

First we shall find the convex hull of S by algo- 
rithm described in [2] in O(n**(1/2)) time. The number of ex- 
treme points of the convex hull is m«-n. Let P(1),...,P(m) be 
the points of the convex hull ОЁ S ordered in counterclockwise 
order. We assign a PE to each convex hull edge Р(1-1)Р(1) 
(1<-і<-п, P(0)=P(m)). In the parallel we find for each edge 
the extreme point which is farthest from it. There are one or 
two such points. If there is one point P(j) then the point is 
the right endpoint of the P(i-1)-interval and the left end- 
point of the P(i)-interval (i.e. j=(i-1)"=i’). If there are 
two such points P(j-1) and Р(3) (in this case edges P(i-1)P(i) 
and Р(3-1)Р(3) are parallel) then the point P(j-1) is the 

right endpoint of P(i-1)-interval and the point P(j) is the 
left endpoint of the P(i)-interval (any time two polygon edges 
are parallel, only the diagonals of the trapezoid they deter- 
mine need be considered). 


This can be done in log (m) steps using the binary 
search technique (the distance from an edge is an unimodular 
function) and O(m**(1/2)*10g (m)) time, because the compression 
of data remains as a problem in the process. 


At the end of the process each extreme point р (i) 
has its P(1)-intexYaljcshenlesed kingkogeding НікюаепароіпЕ8- 
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тһеге are exactly т antipodal pairs (сё. [5]) that remain to 
- main t 


pe examined. Each antipodal paie P(i)P(j) is contained in both 
the p(i)-interval and P(j)-interval. 


2m members in all. However, 


Thus intervals contain 
one interval can contain O(m) mem- 
bers and thus we cannot find the greatest distance among anti- 


podal pairs by storing one interval (one extreme point) per a 
pE because bottleneck can appear. We are going to devise a 
procedure for storing all antipodal pairs without bottleneck. 
We shall use a mesh of size O(m)(i.e. O(n)). 


We shall send each antipodal pair P(i)P(j) into PE 
with ordinal number і+ј in snage-like ordering of PEs. We shall 


show that each PE can receive at most two antipodal pairs. 


Consider the natural order of antipodal pairs: P(1)- 
-interval, P(2)-interval,..., P(m)-interval (we keep in each 
interval the order from the left endpoint to the right end- 
point as they are constructed). In fact, each antipodal pair 


appears twice in the order. А11 the time, the sum of the in- 


dexes itj of the antipodal pairs increase by 1 or 2 (the lat- 
ter appear twice per each pair of parallel edges; so at most 
m times). The only exception is when Р(1) appears as a member 
of an interval of antipodal pairs. But, it happens exactly 


Once. Therefore a sum К can appear at most twice. 


If [P(u),P(v)] is P(i)-interval then we first send 
P(i) to PEs itu and itv (in snake-like ordering) in parallel 
for each і (1«-i«-m). This сап be done in O(n**(1/2)) time by 


Performing an RAR (the key of a PE is the same as the ordinal 
extreme 


itv both 


number in the snake-like ordering and each PE with 
Point P(i) broadcast two records with keys itu and 
With data i,u,v). Now all PEs between PEs itu and 


Ceive the index i іп O(n**(1/2)) in parallel for each i by [ 
then it is RE 


itv can ге- 


the following: if itu and itv are in the same row 


obvious; otherwise first they inform PEs in the rows contain- 


ing ізі and 1+7 having the ordinal number between i 
{and the PEs in the leftmost column of the rows) about 
there are some rows between two containing itu and itv then 


+u and i+v 5 
+ те E 


first PEs in the leftmost column of these rows are informed 
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--————————— 


about i and afterward broadcast the information to the re 


| 


maining PEs in these rows. 


Now each PE containing one or more antipodal Pairs 
computes the distances in O(1) time. By an RAW one РЕ can know 
the greatest of these distances in additional О (n** (1/2) ) time 


lh, CONCLUSION 


Describing an optimal time MCC-algorithm for finding 
the diameter of a point set remains an open problem. Our 
method could be improved only by solving the compression prob- 
lem during a simultaneous binary search. However it seems that 
implementing such a technique in order to avoid bottleneck 
(recall a PE has a fixed number of registers) is a rather dif- 
ficult task. For instance, a point P from H(S) can be encoun- 
tered as point N for O(n) different edges of H(S). Such points 
P and their neighbour points must be stored in O(n) compressed 


squares (or a square in each step of the iteration has a size 
] O(n)). 
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REZIME 


NALAZENJE NAJVECEG RASTOJANJA IZMEDJU TACAKA 
` NA MREŽNO POVEZANOM PARALELNOM RAČUNARU 


nje najvećeg rastojanja izmeđju tačaka za mrežno povezane pa- 
ralelne računare. Vreme izvršavanja algoritma je 0(п%%(1/2)% 
log(n)). 


U radu je predstavljen efikasan algoritam za nalaže- 
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ABSTRACT 


The paper presents an algorithm for finding the mea- 


sure of the union of intervals. The algorithm is based on a di- 


vide-and-conquer approach. When implemented on a sequential 
computer it runs in optimal O(n*log(n)) time. The algorithm is 
modified for several parallel models of computations. The run- 
ning time of the algorithm on mesh-connected parallel computers 
iS optimal 0(n**(1/2)), while the running times on a concur- 
rent read exclusive write PRAM and concurrent read concurrent 
Write PRAM are 0(1og**2(n)) and O(log(n)) respectively, which 
ІЗ Very efficient. 


1. INTRODUCTION 


One of problems that has raised considerable interest 
and can ђе traced as the origin of many problems in rectilinear 


о ооо eee 


р === = рашнави Geos | 
E Mathematics Subject Classification (1980) Е 68910. 


“д Yorks and phrases: Measure of unton of e poA, г 
у mesh-connected computer, CREW PRAM, С 3 | 


geometry. | 
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ум 
geometry is the following: | 
Given а set of n intervals [a(1),b(1)], ; 
[a(n), b(n)] in the real line, it is desired to find the measu- 
re of their union, i.e. the measure of the part of the line 
covered by at least one interval. 
Klee [4] has given an O(n*log(n)) sequential solut- 
ion to the problem which has been proved to be optimal 
(cf. [11]). Parallelizing the algorithm is a rather difficult 
task. 
We shall present a divide-and-conquer solution to 
the same problem. This algorithm has the same sequential run- 
ning time O(n*log(n)). 


different parallel models of computations. We shall consider 
two theoretical and one practical model of parallel computers. 


The first model we shall consider is the computati- 
onal model with a shared memory providing constant communica- 
tion time between any two processors, in which concurrent 
reads are allowed, but no two processors should attempt to si- 
multaneously write in the same memory location. We shall hence- 
forth refer to this model as the CREW PRAM (concurrent read 
exclusive write parallel random access machine) . 


The second model we shall consider is the CRCW PRAM 
(concurrent read concurrent write PRAM) in which several pro- 
cessors can simultaneously attempt to write in the same memory 
location, and only the maximum of values to be written is 
stored. 

We shall also consider a practical model of computa” 
tion - mesh-connected parallel computer. 


A mesh-connected parallel computer of size N is 8 
set of n synchronized processing elements (PEs) arranged in 
an n**(1/2) x n**(1/2) grid. Each PE is connected via pi-direc 
tional unit-time communication links to its four neighbours’ 
if they exist. 


Our algorithm can be easily implemented on several 


А а 
Each processor has a fixed number of registers 80 


ENS 5 р : А R nt 
can perform =батбатьазеатезки або 2вівзёолі На/івагіп const? 
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time. It can also send the contents of a register to a neigh- 
pour and receive a value from a neighbour in a designated re- 
gister in O(1) time units. Each PE in the leftmost column has 
an 1/0 port. Thus, we can "load" S in 0(n**(1/2)) time units 
such that each processor contains exactly one arbitrary point 
of S. Each PE contains a unique identification register (ID), 


the contents of which correspond to that PE's snake-like index. 


We shall use standard MCC data movement operations: 
rotating data within a row (column), Sorting, compression of 
data, Random Access Read (RAR) and Random Access Write (RAW) 
(see [8,9,10]). 


For the algorithm presented in this paper, we shall 
assume that there exists initially n ог fewer intervals, dis- 
tributed one interval (two endpoints) per processor on a paral- 


lel computer of size n. 


To simplify the exposition of our algorithms we shall 
assume that n=4**k for some integer К and all points have 


distinct coordinates. 


Sorting algorithms [2,5,13] are basic algorithms 
Which provide an efficient (parallel) solution to some geomet- 
ric problems. Sequential solutions to computational geometry 
Problems are surveyed in [11] while parallel solutions for 
Some of these problems on different models of computations are 


Зіуеп in [1,3,6,7,8,9] and some other papers. 


Our algorithm for finding the measure of the union 
9f intervals is optimal on mesh-connected computers and effic- 


lent on CREW PRAM and CRCW PRAM. 


2. ALGORITHM FOR FINDING THE MEASURE 


OF THE UNION OF INTERVALS 


The algorithm works in the following Way: 


Preprocessing step: Sort the endpoints a(1) Б, sear 


a 
(n) , b (п) of intervals. 
PYotedurt Measure-of-union-of-intervals (S,n) 
of the given 2n 


Ki Stepwdo. ини бате код Čollection, Haridwar 
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Step 2. Find all intervals [a(i),b(i)] Containing 
the median point m. Let 1 be the smallest left endpoint a(i) 
among intervals containing m. Similarly we compute r аз the 
greatest right endpoint of these intervals. The number of 
these "middle" intervals we denote by p. 


Step 3. Let L be the set of intervals that are com- 
pletely on the left of m and R be the corresponding set of 
intervals that are on the right of m. Both L and R contain 
(п-р)/2 intervals. We "cut" the intervals from L and R by modi- 
fying the right endpoint b(i) of each interval [а (4) Б) с 
L so that b(i):=min(b(i),1) and by modifying the left endpoint 
a(i) of each inverval [a(i),b(i)] from В so that a(i):- 
-max(a(i),r). We discard T(1) intervals from L for which 
а(1)>=1 is satisfied (similarly for "covered" T(r) intervals 
from R for which b(i)«-r) is valid). Let k(1) and k(r) be the 
indexes of the points 1 and с in the sorted list of interval's 
endpoints respectively. Then all endpoints b(i) of inter- 
vals from L with Ь(і)>=1 receive new rank in the sorted list 
of S, which is between k(1) and (n-p)/2-T(1)(We can store the 
latter two numbers instead of the exact rank.) We can do the 
same for the set R. Note that the median point m of the set 
L cannot be one with the rank between k(1) and (n-p)/2-T(1) 


(i.e. one of the modified endpoints) because we have discarded 
"covered" intervals. 


Step 4. Recursively find the measures 1’ and r' of 


modified intervals for each of sets L and R separately (in ра” 
rallel). 


Step 5. The measure of the union of intervals is 
1'+r'+r-1. 

All operations in the given algorithm are easily E 
plemented on the parallel models of computation we are conside 
ing. The only nontrivial operation is computing the number Р 
оп mesh-connected computers. 


А ol- 
One can compute the number p on a mesh in the f 


and 
lowing way: intervals containing m store 1 ina register 


е 

1 an b 

the remaining ones store 0. Now the sum of all elements © 
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calculated first by computing the sum of the 


6 value of regis- 
ters in PEs in each row 


and storing it in the leftmost РЕ of 
each row. Next, the sum of values of registers 1 


4 п PEs in the 
leftmost column is calculated, 


The proof of the correctness of the algorithm is 
straightforward. 


The running time T(n) of the above algorithm can be 


expressed as: 


1) on a sequential computer 
Т(п)-2Т(п/2)-О(п), i.e. Т(п)-О(п%1о4(п)); 

2) on а mesh-connected computer 
Т(п)-Т(п/2)%0,1.е. T(n) = O(n**(1/2)) 

3) on a CREW PRAM 

T(n)=T(n/2)+0(log(n)), i.e. T(n)=0(log**2(n)); 
4) on a CRCW PRAM 

Т(п)=Т(п/2)+0 (1), i.e. Т(п)-О(1о4(п)). 


3. CONCLUSION 


The given algorithm can also solve the following prob- 
lem: Given n intervals in the real line, determine if there 
are two which intersect. Obviously, there is no intersection 
of intervals iff the measure of the union of intervals is 


equal to the union of measures of the intervals (cf. [11]). 


Our problem is a dimensional specification of the 
Problems of finding the measure of area, perimeter and contour 
of п isothetic rectangles, i.e. rectangles with sides paral- 
lel to the coordinate axes. 

There are two solutions to the problem of computing 
the total area covered by isothetic rectangles [9,6], both for 
Wesh-connecteg computers. Owing to our specification, we have 
Siven а Simpler solution of our problem using a different idea. 


Solving the mentioned rectangle problems on various 


"dels of parallel computation is now a problem for further in- gd 
NEestigation. 
+ 
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REZIME 


PARALELNI ALGORITMI ZA NALAŽENJE MERE UNIJE 
INTERVALA 


U кайи je prikazan jedan algoritam za nalaženje mere 
unije intervala. Algoritam je zasnovan na principu podele i 
spajanja rešenja. Naasekvencijalnom kompjuteru dati algoritam 
se izvršava u optimalnom O(n*log(n)) broju operacija. Vreme 
rađa algoritma na mrežno-povezanom paralelnom kompjuteru je 
optimalno O(n*log(n)), a na paralelnim modelima CREW PRAM i 
CRCW PRAM je efikasno (0(104%%2(п)), odnosno O(log(n))). 
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А CONSTRUCTION оғ ALL THe ООН Я 
NON-SIMPLE MATROIDS ON 9 ELEMENTS 


Dragan M. Acketa 
Prtrodno-matemattéki fakultet, Institut 
za matemattku, 21000 Novi Sad, Dr Ilije 


Djuričića 4 


ABSTRACT 


All the 6705 non-isomorphic non-simple matroids on 


9 elements are constructed (without computer assistance). The 


construction is based on the catalogue [4] of all the non-iso- 
morphic matroids on at most 8 elements. The paper is a sequel 
to [5]; similar methods are used, but the denotations are 

Somewhat shortened. The paper includes a catalogue of all the 


1981 loopless matroids in the considered class. 
1. PRELIMINARIES 


Sets are mostly denoted without brackets and commas. 
Throughout the paper, let "k" and "r" denote the number of 
atoms and the rank (of matroids) respectively. 

We shall give only a few less standard definitions; 


the 9thers can be found in [7]. 


A Semisimple matroid is a loopless non-simple mat- 


roid. Ру 
Aus о олан - E 5855. ~ TRA 
Key Mathematics Subject Classi fication (TAN TTE Е Е 

ords and Phrases: Matrotds, non-stmple ma Я 
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An essential flat of а matroid is а flat F which | 

satisfies the following three additional conditions: д 


а) Е is cyclic (i.e. a union of circuits). 

Ы) F is different from the ground-set. 

c) The existence of F cannot be "predicted" by USing 
(in other words, F is not a "minimal consequence» 
of) the family of all flats of lower ranks. 


The essential flats, together with their ranks, are 
sufficient to describe a matroid and seem to make (at random) 


P" : a very concise matroid representation. 


All the non-isomorphic matroids with loops on 9 
elements can be very easily obtained by introducing one new у 
loop in each of the 1724 non-isomorphic general matroids on 
8 elements. The latter matroids can be found in the catalogue 
[4], which is an extension of the catalogues contained in 
papers [6] and [1]. In order to finish our construction, it 
therefore suffices to construct all the non-isomorphic semi- 


simple matroids on 9 elements. 


j 2. DENOTATIONS AND ABBREVIATIONS IN THE 
] CATALOGUE OF SEMISIMPLE MATROIDS 


In general, we shall abbreviate the matroid denota- 
tions introduced in [4]. These denotations have the form 
"n=S:T", where 


- "S" denotes a simple matroid on k elements 


(zatoms), 8 > k > 4, 


ic 
- "T" denotes a collection of all the non-isomorph 
semisimple matroids M, on 9 elements which have 
the property that the geometric lattices of M 


and М, are isomorphic, 


ж] 
B 
31 


Es 


"n" denotes the ordinal number of the simple 


matroid M within the class of non-isomorphic 
where 


simple matroids with the fixed pair (k;X)' 


г = rank(M). 
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2a Denotations of simple matroids 


The ground-set of simple matroids Оп К elements 


іс always denoted by the first к letters of the 
"abcdefgh" . 


word 


The letter "S" replaces the family of essential 
flats of the simple matroid M, accompanied by their ranks. If 
the rank (F) of an essential flat F is either of the values 
rank (М)-1 (when |F| > rank (M)) or |F| - 1 (when |F| «rank (M) ) 
then we omit the denotation of rank (F), otherwise the км 
tion "F" is replaced Бу "F(rank (Е))". Equivalently, rank (F) 
is given the brackets after an essential flat F iff 


rank(F) < min{rank(M),|F|} - 2. 


In order to shorten the lists of essential flats, 
we shall divide the denotation of a simple matroid into 
"blocks". In a great majority of cases, a block is one of the 


following: 


(i) an essential flat 
(ii) an ordinal number of a simple matroid 
(iii) a letter from the set (A,B,C,D,E). 


Blocks are separated by commas. 


Block "n" is a replacement for the whole list of 
blocks Corresponding to the simple matroid (with the same 
(k,r)), numerated by п. 

Blocks "A","B","C","D","E" replace the first one, 
two, three, four, five blocks respectively, from the list of 
blocks Corresponding to the preceding simple matroid in the 
Catalogue. 

More rarely, we shall use blocks like "һв","пС",..., 
which refer just to the first two, three,..., blocks from the 


list of blocks denoted by "n". E 
and n=322. Using the E 


319-307, bcfh,cdgh; | 


Е EXAMPLE. Let (k,x)=(8,4) 
Shain" 322=p,efgh; 321-319В,с449; 
"72, abfg; 306=a,afgh; 305-abcde - we obtain that 


32 от угу Kangregellection, Haridwar 
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Since the ranks are not explicitly given in the 
brackets, we can easily derive that all the five constructeg 
essential flats have rank 3. 


Very rarely, we shall also allow the blocks оғ the 
form "n-E, +E," or "n-E, -Ej*E4*E, . They refer to the list of 
blocks denoted by "n". The essential flats preceded by DEDI. 
deleted from that list and replaced by the essential flats 


preceded by "+". 


Simple uniform matroids (with no essential flats; 
there exists only one uniform matroid for each (k,r)) are de- 
noted simply by "U". 


2b. Denotations of semisimple matroids 


Given a simple matroid M on К atoms, the non-iso- 
morphic semisimple matroids in the corresponding collection 
"T" are denoted by some unordered words (-combinations with 
repetitions) of length 9-k, over the set of atoms of M. These 
words are separated by commas. 


A j-fold appearance of the letter "x" in the word 
adjoined to a semisimple matroid M, means that the atom x in 
M is replaced in М by a "bundle" of 5+1 mutually parallel 
elements (the same replacement is also performed within all 
$5 the flats containing x; recall that all the flats of a mat- 

roid are unions of atoms!). This looks like an "addition" of 
j "new" parallel elements to the atom x. There must be no 


intersections between the new parallel elements added to dif- 
ferent atoms of M. 


EXAMPLE. Let (k,r)-(6,3) and M-abc,ade,cef. Denote 
the three new parallel elements by "g","h","i", respectively: 
Then the essential flats of the corresponding semisimple no 
roid M, denoted by the word "bba", are: 


ai, bgh(1), abcghi, adei, cef. 


1 emi- 
Let "y(M)" denote the number of non-isomorphic d 
simple matroids on 9 elements corresponding to a simple ra 


ten 
roid M on 8 elements. If y(M) € {6,7}, then we can shor 
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the denotation "T" as in the following examples: 
"(bc)" replaces "a,b,d,e,£,g,h" 


while 
` "(ае) (gh)" replaces "a,b,c,d, 2,9"; 


(briefly, each of the brackets and each of the missing ele- 


ments corresponds to a special semisimple matroid). 


If y(M)=8, then the denotation "T" is simply re- 
placed by 185. 


The denotation "n.r" in the place of "Т" with a 
simple matroid оп К < 7 atoms means that the denotation "Т", 
which was met with the n-th rank г simple matroid on К 
elements, should be repeated. 


It is easy to see that there is a bijection between 
non-isomorphic semisimple matroids.corresponding to a uniform 
matroid оп К atoms and different partitions of the natural 
number 9-k into at most k natural summands. Since the 
only simple matroids on k atoms, which have their ranks r 
in the set {2,k} - are uniform, we shall omit the correspond- 
ing semisimple matroids from the catalogue and list the semi- 
simple matroids just for the pairs (k,r) satisfying 8 2 k 2 4, 
Шек ек = 1. 


Finally, there exists only one semisimple matroid 


ОЁ rank 1 on 9 elements. 


The simple and their corresponding semisimple mat- 
roids are listed in the catalogue separately for each pair 
(kyr). The ordinal numbers of simple matroids are directly 
Copied from [6]. The denotations of semisimple matroids are 
lexicographically ordered for k=8, while the primary criter- 
ion in Ordering semisimple matroids for smaller values of k 


vas the Partition of the numbers of different letters in the p 
3djoineq words (e.g. the partition corresponding to the word 


Чадађ“ is 34141). 
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3. A CATALOGUE OF ALL THE NON-ISOMORPHIC 
SEMISIMPLE MATROIDS ON 9 ELEMENTS 


(К,х) = (8,3) 


1=0:а  2-abc:a,d 3=abcd:a,e 4=abcde:a,f 5=2,ade:a,b,f 
6=2,def:a,g 7=5,bdf:a,c,g 8=5,afg:a,b,h 9=5,dfg:a,b,e,h 
l0-5,fgh:a,b,f 11=3,aef:a,b,e,g 12=3,efg:a,e,h 13-11,agh; 
:a,b,e 14=A,deg:a,b,e,f,h 15=A,egh:a,b,e,f,g 16-А,Баһ:а,с,е 
17=3,aefg:a,b,h 18=3,efgh:a 19=5,bfg,dfh:a,c 20=2,cde,aef, 
agh:a,b,c,d,g 21=B,afg,bfh:a,c,d,f,g 22=5,bef,cdf:a,g 23=5, 
afg,ceg:a,b,c,h 24=6,adg,cfg:a,b,g,h 25=11,beg,ceh:a,d,e,f 
26=B,cfh:a,b,d,e,g 27=3,aeg,afh,bef:a,b,c,e,g 28=3,aeh ‚dgh, 
efg:a,b,e,f,h 29=11,beg,cfg:a,d,e,h 30=4,afg:a,b,f,h 31=4, 
fgh:a,f 32=2,cde,efg,afh,bgh:a,c,d,h 33=B,aef,bdf,agh:a,b, 
d,g 34-A,efg,cgh,aeh:a,b,c,d,h 35zC,bfh:a,b,c,f,q  36-7.dghy 
efg: (ab) (ef) 3722,cde,aef,beg,cfg:a,c,d,h 38=C,adg,bfg:a,b,h 
39=3,defg,agh:a,b,d,h 40=2,aef,cde,cfg,beg,adg:a,b,h 41=5, 
bdf,cef,cdg,fgh: (be) (са) 42-2,cde,efg,aeh,bfh,dgh:a,b,d,e,g 
43=35,aeh:a,b,c,d,h 44=8,bfh,ceh,dgh:a,b  45-A,bdf,beh,cef: 
:а,с,9 46=30,efh:a,b,f£,g 47=3,agh,bef,ceg,dfg: (cd) (ef) 48= 
=3,aeh,afg,def,dgh:a,b,e 49-11,agh,beg,cfh:a,b,d,e 50-25, 
fgh:a,d,e,f 51=26,dgh:a,e 52=11,agh,bfh,cfg: (bc) (gh) 5374, 
afgh:a,b,f 54=abcdef:a,g 55=17,cfh,dgh:a,b,c,h 56=54,agh: 
:a,b,g S7=abcdefg:a,h 58=30,cfh,egh:a,b,f 59=17,beh,céh, 
dgh:a,b,h 60=11,agh,beg,bfh,cfg:a,c,d,e,f 61=3,agh,bef,ceg: 
dfg,deh:a,c,d,e,f 62=8,bdg,ceg,cdf,bef:a,h 63=р,ђећ:а,р,Е 
64=40C,adh,bgh,cfh,dfg:a,b,e,h 65=62B,beh,cef,cgh:a,d,e 66% 
=3,aeh,afg,bfh,cef,cgh,deg:a,b,e 67=3,aef,agh,beh,bfg,ceg: 
cfh:a,d,e 68-2,adf,agh,bde,bfh,cdg,ceh,efg:a 


(k,r) = (8,4) 


1-3,cdg:a,h 2=abcdef(2):a,g 3-7,cef:a,c,h 4213,cfgia бе. 
5-16,afg:a,b,f,h 6-A,fgh:a,f 7-23,beg:a,c,d,h 8-A,ceg:aP' 


9-25,agh:a,b,f,g 10=70,efgh(2):a 11-A,aefg(2) :a, b,h 12-31! 
15=А, рар“: 


egh:a,b,e,f,g 13-A,beg:a,c,e,f,h 14=A,agh:a,b,e 


:а,с,е  l6-abcde(2): - = = :a,f,h 
S ОЧ а арла ак Кн ырыбы, 89829 = 
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j9-abc,cde,efg,agh:a,b 20-D,bdfh:a,b 


21-61,fgh:a,b,c,f 
22246 ,bdh:a,b,c,f,h 23-A,bdf:a,b,c,h 797C,2,g 


24=6 база 
=A,cef:arJ 26=B,afgh:a,b,g ьа Д ВЕ 
29=25,abcgh:a,d,g  30-A,296:a,g,h 31270 ,aef:a,b,e,g E. 
begh:(cd) (gh) 33-B,cfgh:a,b,dye,g! ATA 
35-A,aefgh:a,b,e,g 36=A,296:a,b,e,g,h 37=70,efg:a,e,h 38= 
-B,296:a,e,h 39=A,abcdeh:a,e,f,h 40-A,aefgh:a,b,e,h 41- 
2108,fgh:a,b,f 42=B,bdfgh:a,b,c,f 43-B,cefgh:a,b,£ 44-41, 
297:a,b,f,g 45=A,abcfgh:a,b,d,f 46-108,afg:a,b,h 47=B Баға: 
:a,b,c,h 48=B,begh: (de) (fg) 49-A,cegh:a,b,h 50=48,cdgh:a, 
b,c,h 51-B,cefh:a,b,h 52-46 ,abcdeh:a,b,f,h 53-A,296:a,b,h 
54-abc,adg,def:a,b,g,h 55=C,begh:a,b,c,g,h 56-B,cfgh:a,b, 
g,h 57-54,abceh:(bc) 58=A,bfgh:8 59-A,296:a,b,g,h 60=A, 
abcdgh: (bc) (e£) 61-108,Б4Ғ:а,с,4 62-B,afgh:a,b,c,f,g 63=A, 
cegh:a,b,c,f,g 64=62,begh:a,c,d,e,g 65=A,cegh:a,b,c,£,g 


i 66=64,cdgh:a,c,g 67=61,abcgh:a,c,d,e,g 68=B,efgh:a,c,d,e,g 
1 69=61,296:a,c,g,h 70-арса(2):а,е 7l-A,aefgh:a,b,e 72=A, 
aefg:a,b,e,h 73=A,efgh:a,e 74=72,befh:a,C,e,g 75=B,cegh:a, 
4,е,Ғ 76=B,dfgh:a,e 77-70,297:а,е,4 78-В,аеаһ:а,Б,е,Е,4 
79-A,efgh:a,e,g 80=78,befh: (ab) (са) 81=77,abcdgh:a,e 82= 
=B,efgh:a,e 83-70,296:а,е,һ 84-abc,def:a,g 85=B,adgh:a,b,g 
86-B,begh:a,c,g 87-B,cfgh:a,g 88=84,abcgh:a,d,g 89=B,defgh: 
8,4 90=A,adefg:a,b,d,g,h 91-95,д4еҒаһ:а,4,Ғ,д4 92=84,abcdg: 
‘a,d,e,g,h 93=B,aegh:(bc) 94=B,bfgh:(ab) (ef) 95=92,abceh: 
'a,d,f,g 96-B,afgh:a,b,d,f,g 97=92,adefh:a,b,g 98=B,begh: 
ја,б,с,д 99=B,cfgh:a,b,g 100=84,297:a,g 101-B,adgh:a,b,g 
102-B,begh:a,c,g 103=B,cfgh:a,g 104-100,abcgh:a,d,g 105-В, 
defgh:a,g 106=84,abcdgh:a,d,e,g 107=A,296:a,g,h 108=abe, 
3de:a,b,f 109=B,afgh:a,b,£ 110=A,bfgh:a,b,c,d,f 111=A,bdfg: 
?/b,e,f,h 112=B,befh:(de) (gh) 113-A,cefh:a,b,f,g 114-112, 
dgh:a,b,c,£,h 115=A,cdfh,cefg:a,b,£,9 116=114,cefg:a,b,f£,h 
117=111,cefg:a,b,£,h 118-109,bdfg:a,b,c,f,h 119-111,cfgh: 
1212112,cfgh:(de)(gh) 122-113, 
124=117,begh,afgh, 


: (69) 120=118 рен: (de) (gh) 
“tghta,b,£,g 123=112,cdfh,afgh: (bd) (ce) 
Sdfhia,b,£,h 125=C,cdgh:a,b,£,9 126-117,afgh:a,b,f,h 127-7 | 
"Ает: (be) (са) 128-111,cegh,befh,afgh:a,b,c,f,g 129-108, ? 
Sbofg:a,b,4,£,h 130-B,bdfh:8 131=A,4fgh: (be) (fg) 132-130, 
“eghia,b,d,£,h 133=A,cefh: (bc) (de) 134=129,befh,bdgh: (de) (£g) 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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135=130,cdgh: (be) (£g) 136=131,begh:8 137 = B,cefh: о 
=135,begh:8 139=B,cefh:a, Ба уп 140=129,adefh:a,b, т, 
l4l-B,bdgh:a,b,c,f,g 142-B,cegh:a,b,f,g 143-108 P". :а,Ь, 
c,f 144-B,cefg:a,b,c,f,h 145-108,297:a,b,f,g  146-B,afgh;a, 
b,f,g 147-A,bfgh:(de)(gh) 148-A,bdgh:a,b,C,f,g  149-B,afgp. 
:a,b,c,f,g 1502147,cdgh:(gh) 151-148,cegh:a,b,f,g 152=в, 
afgh:a,b,f,g 153=145,abcegh:a,b,d,f,g 154-В, degh:a, 
b,d,f,g 155-108,abcfgh:a,b,d,f  156-A,296:a,b,f,h 157=арс: 
:a,d 158=A,efgh:a,d,e 159-A,adef:a,b,d,g 160=B,efgh:a,b,d, 
e,g 161=A,adgh:a,b,d,e 162-A,bdeg:a,c,d,f,h  163-A,bdgh:a, 
c,d,e 164=efgh,16l:a,b,a,e 165=А,162: (ар) (fg) 166=А,163:а, 
c,d,e 167=161,bdeg: (eg) (£h) 168=A,befg:(ef)  169-162,cdfg: 
:a,d,e,h 170=A,cdeh:a,d,f 171=A,cdfh:a,b,d,e,g 172=A,cfgh: 


j 


:a,c,d,f,h 173=efgh,167:(eg) (fh) 174=A,169:a,d,e,h 175=A, 
170:a,d,e,f 176-А,171:а,Ь,4,е,4 177=167,bdfh:a,c,d,e 
178=168,bdeh:a,c,d,£,g 179=167,cdfh:a,b,d,e 180- 
=A,cdfg: (bc) (ef) 181-168,cegh:a,b,d,e,f 182=167,cefg:8 
183=168,cdeh:8 184=A,cefh:a,b,d,e,g 185=efgh,177:a,c,d,e 
186=A,179:a,b,d,e 187=A,180:(bc) (её) 188=177,cdfg:a,c,d,erf 
189=184,bdeh:8 190=178,cdeg:a,c,d,f,g 191=161,bdeh,bfgh, 
cefg:a,c,d,e,f 192-168,bdfh,cdeg:8 193=177,cefg: (ab) (fg) 
194-188,efgh:a,c,d,e,f 195=A,cdeh:a,d,e, 196=A,cefh: (ab) 
(eh) 197=163,aegh,cdfg,befg,cdeh:a,d,f 198=159,aegh, bdfg, } 
bdeh,cdeg,cfgh:a,c,d,f,g 199-177,cdeh,cdfg,efgh:a,d,e 200° 
-abc,abcde:a,d,f  201-B,afgh:a,b,d,f 202=A,dfgh:a,d,erf 
203=219,aefh:a,b,d,f,g 204=A,bdfh: (ab) (gh) 205=A,befh:a/° 
f,g 206-A,befg:a,c,d,f,h 207=A,bfgh: (fg) 208-A,efgh: (be) 


2= 
(fg) 209-202,bdfh:8 210=A,bdgh:8 211=A,bfgh:(de) (gh) 21 
215=А, 


d, 


-204,cdgh:a,d,e,f 213=A,cegh: (ab) (gh) 214-A,cefg:8 
cfgh: (ab) (gh) 216-cfgh,206:a,c,d,f,h 217=А,205:а,с,4,#и9 
218=204,efgh: (ар) (gh) 219=200,adfg: (bc) (fg) 220=befg 1209 :*' 
c,d,f,g 221-A,210:a,c,d,f,h 222-209,сеҒа:а,Ь,4,Ғ,9 22854 
cegh:8 224-203,begh,cdgh:a;b,d,£,g 225-cfgn,209:8 22677! 
210:8 227=209,cdgh:8 228-212,efgh:a,d,e,f 229% обави НИЧЕ 
c,d,f,g 230-A,221:a,c,d,f,h 231=220,cdgh: (ab) (gh) 2325 
ее ое сессеа alt 231720009 es 
Pen s B aroha, bd, E, h 236=A,adfh: (bc). 237=8,0090: u 
СО сз orn PUE poeni) еи келер Collection, Найме p 2407/98 
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244-238, cfgh: (ab) (de) 245-д „сааћ:8 246- =Cfgh, 239:а,с,а 
247-А,237: (ab) (Ға) 248- 242 радь:а, с 1d,f,h 249-24 SD 

Zrake , 0,bdgh,cefh: 
:3,b,d,f,h 250=B,cfgh:8 251-р rbefh:a,c,d, f,h 252=abe 5 

= e ;adefg: 
;a,b,d,h  253-B,bdeh:(de)(fg) 254- B,bfgh:a,b,c КО авва 
cfgh:a,b,d,h 56=A,cdfh: (bc) (ef) 257=в rbfgh: (d£) ( (eg) EC 
а 259-abc, defgh:a,d 260-200 r:abcfg:a,d,h 261- 
-B,adfh:a,b,d,e,h  262-B,aegh:a, b,d,h 263-а, bdgh: (ab) (£g) 
264-A,begh:a,c,d,h 265-262 rbdgh: (dg) (e£) 266=263,cefh: ino d 
e,h 267-265,befh:a,c,d,h 268= =A,cefh:a,b, d,h 269= 260 ,defa: 
a,d,h 270-B,adfh:a,b,d,e,h 271- =B,aegh:a,b,d,h 272-А Вась: 
(ab) (fg) 273=A,begh:a,c,d,h 274=271 ,bdgh: (dg) (еб) 275-272, 
cefh:a,b,d,e,h  276-274,befh:a,c,d,h 277-A,cefh:a,b,d,h 
278-260,defh:a,d,f,g,h  279-B,adgh: (bc) 280-B,begh: (ab) (de) 
281-200,2dfgh:a,b,d,e,f 282-B,befg:(fg) 283-B,cefh: (bc) (gh) 
284-200,defgh:a,d,f  285-B,abcfg:a,d,h 286-abc,abcdef:a,d,g 
287-B,adgh:a,b,d,e,g 288-B,begh:a,c,d,f,g 289-A,efgh:a,b,d, 
е,4 290=288,cfgh:a,d,g 291=286 ,degh:a,d,f,g 292-A,abcgh:a, 
d,g 293=B,degh:a,d,f,g 294-abc,adefgh:a,b,d 295=A,296:a,d,h 
296=abcdefg:a,h 297-abcdef:a,g 296-A,abgh:a,c,g  299-B,cdgh: 
:а,е,9 300-B,efgh:a,g 301=305,abfgh:a,c 302=B,cdfg:a,c,e 
303=B,cefh:a,c,d 304=B,degh:a,c 305=abcde:a,f 306=A,afgh: 
,.b,f 307-A,abfg:a,c,f,h 308-В,сҒаһ:а,с,4,Ғ,һ 309=A,acfh: 
ʻa,b,d,f,g 310=B,dfgh: (be) (gh) 3112307,cdfh:a,e,f,g 312=B, 
efgh:a,e,f,g 313=307,cdfg:a,e,f,h 314=B,efgh:a,e,f,h 315- 
739,adgh:a,b,e,f 316=B,efgh:a,b,e,£ 317-309,bcgh:a,d,f 
38-B,efgh:a,d,e,f 319-307,bcfh,cdgh:a,b,e,f,g 320-C,efgh: 
"ub,e,f,g 321-319B,cdfg:(ad)(bc) 322=B,efgh: (ad) (bc) 323- 
73095,degh;a,b,a,f,g 324-A,defg:(de) 325-321,adgh:a,e,f,h 
32658, efoh:a,e, f,h 327-321,adfh:a,e,f,g 328-B,efgh:a,e,f,g 
329- ани. 330=C,efgh: (be) (fh) 331=319,defg: 
‘а,Ь,с = 2 ac - f,g 334=329B, 
cc ME е з Ru a Eod ZA 
3375 Je h 335=319B,bdgh,de i Se Eu 
m à = и c пс. defh,begh: (се) 
е = 8 340-332,bdgh:a,b,c,f,g 341=319, = NG 

42=333,begh:8 343=313,acfh, bdfh,adgh,begh:a,e, 
Еее: 345- 313,bcfh,defh,aegh,bdgh:a,b,c,f,g 346-307, | 
= befh,cd£h,begh,degh: (ce) (fg) 347-305, ju 5 
гаедћ, bdgh :ас-8. Еф Publid Bataia. сдала ЕЯ ганенот PA dE 9:808, 
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351=A,efgh:a 352=350,abgh:a,c 353=A,aceg:a,b,d,h 354=А, 
cdef:a,g 355=A,cdgh:a,e 356=353,adfg:a,b,h 357=352,асед:а, 
b,c,d 358-A,cdef:a,c,g 359=353,bceh:a,d 3605А Бега га, а је | 
361=A,bdfh:a,c,g 362-355,еҒаһ:а 363=357,acfh:a,b,d,e 364= 
=356,bceh:a,b,d,h 365=A,bcfg:a,b,d,h 366=357,bceh:a,c,d,g 
367-A,bdfh:a,c 368=A,cdef:(ce) (df) 369=358,cdgh:a,e 370- 
=361,cdef:a,g, 371=A,cdgh:a,e 372-363,adeh:a,b,d 373=А, 
bceh:a,b,d,e,f 374-A,bdeg:(eg)(fh) 375=A,efgh:a,b,d,e 376- 
-365,bdeg:a,c,h 377=364,bdfh:a,c,g 378-366,с4еҒ:а,а 379- 
357,bcfg,cdef: (ab) (ef) 380=367,cdef:a,c,g 381=368,cdgh:a,b,¢ 
382=369,efgh:a 383=371,efgh:a 384=372,adfg:a,b  385-A,bceh: 
:a,b,d 386=A,bcfg:a,b,d,e,f 387=373,bcfg:a,d,e 388-A,bdeg: 
ta,c,d,g 389-A,efgh:a,b,d,e,f 390-374,bdfh:a,c,e 391=А, 
cdef:(bc)(fg) 392-A,efgh:(eg)(fh) 393=376,cdef:a,h 394-377, 
cdgh:a,e 395=380,cdgh:a,e 396=381,efgh:a,b 397=366,cdgh, 
efgh:a,c,d 398=adfg,bceh,bcfg, bdeg,bdfh,cdef,cdgh,efgh:a,b,d 
399=398-bceh+adeh:a,b,d,e,f 400=398-bdeg+adeh: (eg) (fh) 401- 
=398-efgh+adeh:a,b,d,e 402=400-adfg-bcfg+abght+tacfh:a,c,h 
403=402-bceh-bdfh+bcfg+bdeg:a,c,g 404=405-bcehtbcfg:a,d 
405=400-befg-cdef+acfhtbdeg: (ab) (ef) 406=405-bdfhtbcfg:a,c,9 
407-405-cdghtbcfg:a,b,f 408=407-efgh+aceg:a  409-408-aceg- 
~bdfhtabgh+cdef:a 410=401,efgh:a,b,d,e 411-403,bdfh:a;b;d;h 
412=402,bdeg:a,b,d,h 413-404,cdef:a,c,d,g 414=406,cdef:a,¢ 
415=407,cdgh: (се) (df) 416=408,efgh:a,e 417=406,ар9һ:а,9 
418-409,efgh:a,e 419=411,bceh:a,b,h 420=413,bceh:a,b,crd 
421=416,cdgh:a,c,g 422=411,adfg:a,d 423=412,adfg:a,d,e,h 
424-417,cdef:a,c,g 425=409,aceg,bdfh:a 426-421,сдеҒ:а,с 
427=419,adfg:a,b,d,h 428-421,abgh:a,g 429-2425,efgh:a;e€ 430=В, 
cdgh:a,c,g 431=425,abef,cdgh:a 432=C,efgh:a,e 433=В,арс:% 
434=349,aefg:a,b,h 435=B,befh:a,c,e,g 436=434,ареһ,Бс#9:2, 
c,d,f 437-435,cdgh:a,c 438-B,bdeg,aceh:a,c,e,f 439-С/5сі9: 
:a,b,c,d 440=B,aceh,adfh:a 441-435,cegh:a,d,e,f 44228929" 
:a,e 443=A,adfh:8 444-B,bdfg:a,c,d,f 445=A,bdgh:8 44679! 
bcfg:8 447=A,bdeg:8 448-445,cdfg:a,d,e,f 449=447,bof9:2/?! 


c,e 450-445,bcfg:8 451=A,cdef:8 452=450,cdef:8 NM 
acgh:(ef) 454=B,bdgh:a,c,e,g 455-A,cdef:a,b,d,e 4567? 
454:а,'°! 


457=A,adeh,bceg:8 458=455,bdgh:a,e 459=adeh,bceg, 2 
2,9 460-В,45%ха увис отапа зк Kei Catan, Найбет 4 56 , cd fh +2. 


E 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


construction of 


463=A,adfh:8 464-B,bcfg:8 465-B,cdeh:a 
:а,с,4,е,4 467=B,bdeg:a,c,e,£ 
2434 ,abeh,bcfg,acfh,bdef:a,c,d 


4667435 „асећ ,be£g; 
g 468=466,adfh:a,b,d,e 469= 
470=abgh ,434:a,b,c,h 471=А, 
abcd,cegh:a,c,d,f 472-470, cdef :a,b,c,n 473=A, adeh:a,b,c,h 
474=471B,adeh ,befh:a,b,c,d,g 475=471 ,adehia,b,c,£ 476=473, 
acfh:a,b,h 477-474 ,acfh:a,b,c,g 178-473, bdeg:a,b,c,h 4792 
Eigs,bdeg:a,c,f 4805473 овога са 481=475 ,befg:a,b,c, 
4,Ғ 482=476,cdef:a,b,c,h 483=477,cdef:a,b,c,g 484-475,acfh, 
cdef:a,b,c,d,f 485=480,cdef:a,b,c,h 486=482,bcfg:a,b,c,h 
487=483,bcfg:a,b,d,g 488-486 ,bdeg:a,b,h 489-abgh,435:a,c,e,g 
490-A,abcd,cegh,aefg:8 491=C,dfgh:a,c,e,g 492-489 ,cdef:a,c, 
е,4 493=490,cdef:a,b,e,f 494=489 , adeh:8 495-490 , adeh: (bd) 
(eg) 496-abcd,befh,abgh,adeh,cegh:8 497-D,dfgh: (bd) (eg) 
498-494,acfh:(cd)(ef)  499-496,acfh: (be) (£g) 5007494 ,bdeg: 

: (ab) (gh) 501=495,bdeg: (bd) (eg) 302-bcfg,494:a,c,e,g 503z 
А,495:8 504=А, 496:8 505-A,491,adeh:a,c,e,g 5062cdef,498; 

: (са) (ef) 507=A,495,acfth:8 508=А, 499:8 509=508~befh+dfgh: 
: (cd) (ef) 510=cdef ,502:a,c,e,g 511=A,503:a,b,e,f 512=acfh, 
510:8 513-A,511:a,b,e,f 514-A,497,bcfg,cdef:a,b,e,f 515- 
7506,bcfg,bdeg:a,c,e,g 516=436,acfh:8 517=B,bdeg:a,c,d,f£ 
518=489,cdgh:a,c 519=490,bdfh:a,b,c,d 520=491,abef:a,c 
521-сйе4,518:а,с 522=A,519:a,b 523=adeh,518:a,b,c,d 524=A, 
519:a,b,c, 525-496,adfg:a,b,c,d 526=497,aceg:a,b,c 527- 
“асЕһ,523:а,Ь,с 528=A,525:a,b,d 529-bdeg,523:a,c,d 530=A, 
524:а,Ь,с 531-bcfg,523:a,c 5326A,524:a,b,c,d 533=A,525:a, 
b,c,d 534-A,520,adeh:a,c 535=cdef,527:a,b,c 536=A,acfh, 
524:a,b,c,a 537=B,525:a,b,c,d 538=cdef,520,acfh,adeh:a,b,c 
539-А,531:а,с 540=A,532:a,b 541-ЬьсҒа,535:а,Б,с,4 542=А,536: 
‘a,b 543-A,526,cdef,acfh:a,b, 544-bdeg,541:a,c 545-А,518, 
aceh:a c e ғ 546=545-abghtcdef:a,c,e,f 547=545,cdef:a,c,e,f 
548-А befg:a,b,c,d 549-bcfg,546:a,b,c,d 550=A,547:a,b,c,d 
*91=550-cdef+adth:a,c 552=548,adfg,cdef:a 553=491,befh: (cd) 
(e£) 554-489 ,dfgh: (ab) (gh) 555=553,cdef:(cd) (ef) 556-А, 
adeh : (ba) (eg) 557=d£gh,495:8 558-А,494:(Һа) (ед) 559=acfh, 
rādeh:a,b,e,h 560=А,557: (са) (ef) 561-bdeg,556: (Ба) (eg) 
Bua сег 563-bcfg,556:8 564=A,558:8 565=559,cdef: 
98) (ef) 566=565-dfghtaefg: (са) (ef) 567-cdef,558,acfh:8 
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568=А, 563: (ба) (eg) 569-bcfg,565: (bd) (eg) 570=560 „Бега слале 
: (ас) (fh) 571=569,bdeg:a,b,e,h 572=553,aefg:a,c,e,g 573=в, 
cdef:a,e 574-А,адеһ: (Ьа) (eg) 575=B,acfh:a,b,e,h 576=574, 
bdeg:a,c,e,f 577=A,bcfg:a,c,e,g 578=cdef ,575: (са) (e£) 579- 
=A,577:a,e 580=578,bcfg:a,b,e,f 581=B,bdeg:a,e 582=441, 
adfh,abgh:8 583=B,cdef:8 584=B,abgh:8 585=bdfg,582:a,c,a,¢ 
586-A,583:a,c,d,f 587=B,abgh:a,c,d,f  588-bcfg,582:8 589-д, 
583:8 590=B,abgh:8  591-2bdeg,582:8 592=A,583:8 593=B,abgh; 
:8 594=588,bdeg:8 595=B,cdef:a,b,c,e 596=453,адећ:8 597- 
-A,bcfg:8 598=B,adeh:8 599=596,bdgh:8 600-B,bcfg:a,c,e,g 
601=596,cdef:8  602-B,bcfg:a,b,d,e 603=bdeg,596:8 604=A, 597; 
:8 605=B,adeh:8 606=bdgh,60l:a,b,e,f 607=A,602:a,e 608= 
=603,cdfh:a,b,c,e 609=B,bcfg:a,c 610=435,aceh,bcfg,abgh:a, 
c,d,e,g 611=C,cdef:a,c,d,e,g 612=B,abgh:a,c,d,e,g  613-610B, 
bdeg,abgh:a,c,e,f,g 614=B,cdef:a,c,e,f,g 615=B,abgh:a,c,e, 
Е,д 616=610,adfh:8 617=B,cdef:a,b,d,e 


(k,r) = (8,5) 


l-U:a  2-abcde:a,f 3=A,abcfg:a,d,h 4=2,abfgh:a,c 5=3,abdfh: 
:a,c,e 6=3,adefg:a,b,h 7=3,cdefh:a,c,f,g 8=3,defgh:a,d,h 
9=5,abegh:a,c 10=2,abefg,acefh,cdefg:a,b,e,h 11=4,acdfg, 
acefh:a,b,c,d 12-3,adefh,bdfgh:a,c 13=5,cdfgh:a,c,e,f,g 14% 
=5,defgh:a,c,d,e,h 15=9,adefg:a,b,c,d 16=5,acegh,adefg:a,byh 
17=5,acdgh,acefh,adefg:a,b,c 18-5,acegh,defgh:a,b,d,h 19-9, 
defgh:a,c,d,h 20-12,adefg:a,b,c,d,e 21=14,acdgh: (be) (fg) 22° 
=6,bdefh,cdfgh:a,b,d,e,h 23=5,aefgh,bdefg,cdfgh: (ад) (се) 247 
=3,abdgh,bdefh,cdfgh,aefgh:a,b,c,f,g 25=D,adefh:a,b,¢,d1é 
26-3,abefh,bdfgh,adegh,cdefg:a,c 27=C,acdfh,adefg:a,bre 
| -3,cdefg,acdfh,acegh,bcdgh,bcefh:a,c 29-B, abegh , acdgh ,acefhy 
| bcdfh:a,b,c,d 30-3,abefh,acegh,adfgh,bcdfh,bdefg:a,b;C/Ó 
| 31=3,abdgh,acdfh,aefgh,bdefh,cdefg:a,b,c 32-29B,acefh , 24490! 


n: 
bcdgh,bdefh:a  33-abcdef:a,g 34=2,abcfgh:a,d,f 35-3, adef9 | 
38=C, aber” 


28= 


:a,b,d,h 36=4,cdefgh:a,c 37=3,abdfh,cdefgh:a,C,e 
:а,с 39=65,abcdgh:a,e 40=B,aefgh:a,b,e 41=82,abgh:ar° 


ge 
-abcdefg:a,h 43=abcd:a,e 44=A,abefg:a,c,e,h 45-A,aefgh Е 
deta" 


H 
| 
| 
1 
| 
| 

\ 


b,e 46=44,acefh:a,b,d,e,g 47=A,cefgh:a,c,d,e,h 48=A,¢ 
51=44 „ас 


:a,e,h 49=A,cdefh:a,e,g 50=46,adegh:a,b,e,£ 
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defgh:a;b,d;e;f 52=48,acefh:a "Б,е,д,Һ 53-46 ;bcegh:a,d,e, 
h:a,d, 


542-49,acegh:a,b,e,f,g 55-46,bcfgh, defgh:a,d,e,f 56= ex, iden 
cdefg:a,e,f,h 57=53,cdefg: (ab) (£g) 58-46, bdefh,cdefg:a,e,q 
59250,befgh: (bc) (gh) 60=54,bdfgh:a,e 61=43,acefh,bcfgh, 
adfgh,bdefg,cdegh:a,c,e,f,g 62-50, bdefh,cdefg:a,b,e,£,g 63= 
-СурсҒаһ:а,е,4 64=A,bcegh:a,e,f 65=43,33:а,е,9 66=A,abefgh: 
:a,c,e 67=65,abegh:a,c,e,£f,g 68=A,aefgh:a,b,e,g 69=44, 
cdefgh:a,c,e,h 70-65,acegh,bcfgh:a,c,d,e,q 71-67,cdegh:a,e, 
f,g 72=A,cefgh: (ab) (gh) 73-A,cdfgh:a,e,g 74-65 ,abfgh,acegh, 
bdegh:a,c,e,f,g 75=67,acfgh,defgh:a,b,d,e,g 76-B,bdfgn, 
cdegh:a,e,g  77-abefgh,82:a,c,e,g 78-cdefgh,A,103:a,e 79=А, 
abcd, cdeh,abefg:a,c,e,f,h 80=106,efgh:a,e,g 81-abcd,42:a,e,h 
82=43,abef:a,c,g 83=B,acegh:a,b,c,d,g 84=A,cdegh:a,c,f,g 
85-83,adfgh:a,b,c,g  86-A,bcfgh:a,c,d,e,g 87-A,bdfgh:a,c,g 
88-84,acfgh: (gh) 89=82,acfgh,adegh,bcegh:a,b,c,d,g 90-83, 
bdegh,cdfgh:a,c,e,f,g  91-85,bcfgh,bdegh:a,c,g 92=106,cdefgh: 
:а,с,9 93=82,42:a,c,g,h 94=43,aefg:a,b,h 95=B,bcefh:a,b,d,h 
96=B,bdegh:a,b,c,h 97=B,cdfgh:a,b,h 98-94,арсдеһ:а,Б,е,Ғ,һ 
99-B,bcfgh: (bc) (Ға) 100=94,abeh:a,b,c,h 101=B,cdfgh:a,b,c,h 
102=94,42:a,b,h  103-43,efgh:a 104-В,33:а,е,4 105=82,efgh: 
за,с 106-A,cdef:a,g 107=B,acegh:a,b,g 108=B,adfgh:a,b,c,g 
109=A,bdfgh:a,g 110=108,bcfgh:a,b,g 111=B,bdegh:a,g 112- 
=106,42:a,g,h 113=82,cegh:a,c,d,g 114=B,adfgh:a,b,c,d,g 
115=106,cegh:a,c,d,g 116=82,aceg:a,b,d,h 117=A,cdeg:a,e,£,h 
118=115,dfgh:a,c 119-116,айҒа:а,Б,һ 120-A,bcfg:a,d,e,h 
121-82,bdfg,cefg:a,b,c,h 122-106,bceg,bdfg:a,b,c,h 123-120, 
defg:a,d,h 124=80,abgh,cdgh:a 125=122,adeg:a,b,h 126=119, 
befg,bdeg,cdef:a,h  127-abcde(3):a,f 128-A,abfgh:a,c,f 129- 
^B,cdfgh:a,e,f 130=127,42:a,f,h 131=43,aefgh(3):a;b,e 132- 
"A,abefg(3):a,c,e,h  133-82,cdefg(3):a,c,g;h 134-abcdef (3) : 
18,4 135-а һс:а,4 136-A,adefg:a,b,d,h 137-A,defgh:a,d 138= 
=136 +befgh:a,c,d,e 139-135,33:а,4,4 140=136,abcdeh:a,b,d,£,h 
141=139,4еғдһ:а,а,9 142-136,abcdgh,bdefh:a,c,d,e,g 143-138, 5 
Cdegh:a,d,£ 144=139,adegh,bdfgh,cefgh:a/d,g 145=139,abedgh: ; 


de 146-B,aefgh:a,b,d,e. 147-A, defgü:a dre о = 
ah l49-A,defg:a,d,h 150-А,абеҒ:а,Б,4,4 151-149; оде 98-325: E 
Üh 152-А,аһсдев:а/4,Ғ,Һ 158=150 bdegh (de) 60 E Е 


fgh:a,d,e 
"еза dein 155-A,abcdgh:a,b,d;e,9 156-145,efg ‚а, 
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157=150,adefgh:a,b,d,g 158=155,befgh: (ef) (gh) 159-42,150:4, | 
b,d,g,h 160-А,149:а,4,һ 161=150,bdeg:a,c,d,f,h 162=A „аду, i 
:a,c,d,e 163=B,cefgh:a,c,d,e 164=150,adgh:a,b,d,e 165-149, 
adeh:a,b,d,f£,h 166=164,efgh:a,b,d,e 167=161,cdfg:a,d,e,h 
168=135,127:a,d,f 169-A,defgh(3):a,d 170=168,defgh:a,d,¢ 
171=A,adfgh:a,b,d,e,f 172=B,befgh:a,c,d,f 173-168, abcfgh;a, 
а,Е 174-B,defgh:a,d,f 175-168,42:a,d,f,h 176=135,adefg(3), | 
:a,b,d,h 177=168,dfgh:a,d,e,f 178-150,abcgh(3):a,b,d,g 179. 
-A,abcdg(3):a,b,d,e,g;h 180=168,defg:a,d,f,h  181-A,adfg, 
befg:a,c,d,f,h 1822180,abcfg(3):a,d,h 183-135,134:а,4,4 
184-A,ade:a,b,f 185=B,bdfgh:a,b,c,£ 186=B,cefgh:a,b,f 187= 
-abc,def:a,g 188-184,adefgh:a,b,d,f  189-187,abcdgh:a,d,e;g 
190=184,bdfg:a,b,c,f,h 191=187,42:a,g,h 192=A,adgh:a,b,g j 
193=184,bfgh:a,b,c,d,£ 194=A,afgh:a,b,f  195-A,bdfg:a,b,c,f,h 
196-B,cefg:a,b,f,h 197=187,defgh:a,d,g  198-abcfg(3),184:a,b, 
d,f,h 199=A,168:a,d,h 200=187,abcdg(3):a,d,e,g,h  201-A,adg 
a,b,g,h 202-134,184:a,b,f,g, 203-А,187:а,д  204-184,fgh:a, 
b,f 205-A,afg:a,b,h 206=A,bdf:a,c,g 207=B,cef:a,g 208- 
-abcd(2):a,e 209-A,aefgh:a,b,e 210=A,42:a,e,h 211=A,aefg: 
:a,b,e,h 212=A,efgh:a,e 213-А,134:а,е,4 214=abc,defg:a,d,h 
215-A,adef:a,b,d,g  216-abcde(2):a,f 217=abc,adefgh:a,b,d 


(к,с)-(8,6) 


1=0:а 2=abcdefg:a,h 3=abcdef:a,g 4=A,abcdgh:a,e 5-B, abefgl: 
22 6055612 7=abede:a,f 8-A,2:a,f,h 9-А,арсеап:а и 
l0-B,adefgh:a,b,f 11-7,abcfg:a,d,h 12=A,abfgh:a,c 1348! 
cdefgh:a,c 14-11,adefg:a,b,h 15=abcdef (4) :а,9 16=арсӣ:а;ё 
17=A,abef:a,c,g 18=A,aefg:a,b,h 19=A,efgh:a 20717 ,cdef ia 
21=16,abefg:a,c,e,h 22=A,aefgh:a,b,e 23=21,cdefg:a,erh 248 
=16,15:a,e,g 25=A,abefgh:a,c,e 26-В,сдеҒаһ:а,е 27=16,2:2/ 
28-abcde(3):a,f 29=abc:a,d 30=A,28:a,d,f ВАА 
“-А,2:а,4,Һ 33=A,adefgh:a,b,d 34=29,def:a,g А, азо 
36-A,defg:a,d,h 37-A,adef:a,b,d,g 38-A,defgh:a,d 3977 
:a,b,d,h 40=abcd(2):a,e 
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1=арс:а,Я  2-abcd:a,e 3=abcde:a,f 4=abcdef:a,g 5=арсдеғ 
га, = ae 
:a,h 6=U :а “я 


(к,г) = (7,3) 


]Jeabcdef:aa,gg,ab,ag 2=3,ceg:aa,ab 3=18, bdg,bef,cdf:aa,cc, 
ab,ce,ac 4-9,afg:aa,bb,ff,ab,af,bc,fg,b£f 5719,afg,beg,cef: 
:aa,dd,ee,ab,ef,ad,de,ag,ae 6-18,bdf,beg:aa,cc,dd,ab,de, dg, 
ac,cd,ad  7-19,aefg:aa,bb,ab,bc,be 8=16 ,beg,dfg:aa,ee,ad,ae, 
ab,af 9=abcde:aa,f£f,ab,fg,af 10=14,dfg:aa,bb,ee,ff,ad,bc, 
eg,ab,ae,af,ef,ag,be,bf 11-21,bef,cdf:aa,gg,ab,af,ag 12-16, 
dfg:aa,bb,ee,ad,ac,af,ab,bg,ag,ae,be 13=18,cef:aa,bb,cc,ab, 
ac,ce,bd,be,bc 14=19,aef:aa,bb,ee,gg,bc,ef,ab,ae,ag,bg,eg,be 
15=A,efg:aa,ee,ab,ef,ae 16=21,cef:aa,bb,gg,ac,bd,ag,bg,af,ab 
17-A,dfg:aa,bb,ee,ad,bc,bf,ae,be,ab,af 18-A,afg:aa,bb,ab,bc 
bd 19-abcd:aa,ee,ab,ef,ae 20-22,def:aa,gg,ab,ag,ad 21=А, 
ade:aa,bb,ff,bc,bd,af,bf,ab,fg 22-abc:aa,dd,ab,de,ad  23-U: 
:aa,ab 


(kır) = (7,4) 


І=арсде (2) :9.3  2-18,bef,cdf:11.3 3-10,aef:14.3 4-A,efg:15.3 
5-18,cef:16.3 6-А,4Ға:17.3 7=A,afg:18.3 8=10,aefg:aa,bb,ee, 
be,ef,ab,ae,be 9=A,33:aa,ee,gg,ab,ef,ag,eg,ae 10=арсӣ(2): 

:19.3 11-13,33:20.3  122A,adefg:aa,bb,dd,gg,bc,de,ag,ab,ad, 
Ба, ад ba 13=31,def:20.3  14-218,33:aa,bb,ff,gg,bc,bd,af,ag,fg, 
ab,bf,bg 15-17,bdfg:aa,bb,ff,bc,bd,be,fg,ab,af,bf 16=18, 

abcfg:aa,bb,dd,ff,bc,de,fg,ab,ad,af,bd,bf,df 17-A,cefg:aa,bb, 
*C,ff,bd,ce,fg,bc,be,ab,ac,af,bf,cf 18=31,аде:21.3 19-А,33: 
"a,dd,gg,ab,de,ag,dg,ad  20-24,defg:aa,dd,ad,ab,de,df 21=25, 
Cefg:aa,bb,dd,ff,ac,de,fg,ab,bd,bf,df,af,ad,ae 22=27,саЕд:аа, 
dd, ее 23-31,adefg:aa,bb,dd,bc,de,bd,ab,ad 


rad,de,ag,ae,ab,ef 
24-28 25=A,adfg:aa,bb,dd,ee,ff,be, fg, 


rabcfg:aa,dd,ab,de,df,ad ) 
8b, ad,ae,af,bd,be,bf,de,df,ef 26=A,defg:aa,dd,f£,ab,de, fg,ad, 
ЧЕ, ағ 27-29, bdeg :aa, cc, dd, ££, ab, de, fg, ac, cd, cf ,ad,af,ag,df 

28-31 ad,af,df 29-A,adef:aa,bb,dd,gg, 
ab 


ў 
& 
Г 
E 
s 


rabecde:aa,dd,ff,ab,de,f9g, 
18d,ag,bd,bg,dg,be,de 30=A,defg:aa,dd,ab,de,ad 31=аЬс:22.3 
bb,ac,bd,ab 


32= = b 
34, acfg: aa edo. riens ef budiku 966889928400 
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35=48,abef,cdefg:aa,cc,gg,ab, cd,ce,ac,ag,cg 36-38 ,bceg: ‘aabb; | 
cc,ag,cf,cd,ab,ac,bc 37=A,aceg:aa,gg,ag,ab,ac,ad  38- 745 aber, 
:aa,bb,gg,ac,bd,ag,bg,ab,ad 39=43,defg:aa,dd,ff,ab,de,fg,aq, 
af,df 40=44,adfg:aa,bb,dd,ac,ag,ae,df,ab,bd,ad,af 41=45, 
adeg:aa,dd,af,ad,ab 42=47,abef:aa,gg,ab,ag,ac 43=abcde:9 3 
44=47,befg:aa,bb,cc,ag,cd,ce,ab,bc,ac,ae 45=A, bdfg:aa,bb, da, 
ae,bc,ad,bd,af,ab 46=48,aefg:7.3 47=A,cdef:aa,cc,gg,ab,ae, 
cd,ag,cg,ac 48=abcd:19.3 49=U:23.3 

) 


(k,x) = (7,5) 

1=аЬса(2):19.3 2=9,def:20.3 3=9,ade:21.3  4-9,abcde(3):28.4 
529,adef:29.4 6=9,defg:30.4 7=9,abcdef:19.4 8=9,adefg:23.4 
9=аъс:31.4 10=13,abef:42.4 11=абсде(3):9.3 12=17,aefg:46.4 
13=A,cdef:47.4 14=16,abefg:aa,ee,ab,ac,ef,ae  15-17,abcdef: 
:aa,ee,gg,ab,ef,ag,eg,ae 16-A,cdefg:aa,cc,ee,ab,cd,ef,ac,ae, 
ce 17=аъса:1.5 18=abcdef:33.4 19=20,adefg:aa,bb,ab,bc,bd 

20=21,abcfg:aa,dd,ab,de,df,ad 21-abcde:9.3 22=U:49.4 


(k,r) = (7,6) 


1-abc:22.3 2=abcd:19.3  3-abcde:9.3 4=abcdef:33.4 5=/:23.3 


(к,г) = (6,3) 

l=abcde:aaa,fff,aab,aaf,aff,abc,abf 2=abc,ade,bef,cdf:aaa, 
aab,aaf,abc,acd,abd 3-abcd,aef:aaa,bbb,eee,aab,aae,bba,;e€?' 
bbc,eeb,eef,bbe,abc,bcd,aef,bef,abe,bce д=ађс ,аде се! :ава! 
bbb,aac,bbd,aab,bba,aaf,bbe,ace,bdf,abc,acd,abd,abf Seabed! 
:aaa,eee,aab,eef,aae,aee,abc,abe,aef G-abc,def:aaa,aab;880! 
abc,abd БАНЕ aaa Быр еее, aab,bba, bbc bba aat БРЕ BU 
bcd,abc,abd,bcf,bdf,abf $ во aaa ааа ага ааа, aab ае 
def,abd,ade 9=U:aaa,aab,abc 


(к,г) = (6,4) 


l=abcd(2):5.3 2=abc,def:6.3 3=abc,ade:7.3 adfi 
ddd,££f,aab,dde,aaf,ffa,aad,dda,ddf,ffd,abc,abd, abf: Е 
Res 25111 аар аза bbc, грр, ава аде Бо 


= Ғ: гааа 24 
abc,abd,bcd,bde,a 6=abc:8.3 7=abcd,abef,cde 
def, A 6C-0. I Public BAS Gurukul Kangri Collection, Haridwar 


4=abc, арсде 250" 
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B пе non-isomorphio .. ; 
EP. 285 
4ac,abc,ace 8-abcde:1.3, 9-abed,abef:aaa 


„Ссес,аађ,сса ,ссе 
( aac,cca,abc,acd,cde,ace 10=abed:5.3 ; ES 


11=0:9.3 


(k, x) = (675) 


іғарс:8.3  2-abcd:5.3  3-abcde:1.3 4=/:9 3 


(k,x) = (5,3) 


]=арса:аааа, ееее, aaab, aaae,eeea,aabb Г aaee,aabc,aabe,eeab,abcd, 
арсе 2=abc,ade:aaaa,bbbb,aaab,bbba : bbbc,bbbd, aabb,bbcc,bbdd, 
aabc,aabd,bbac,bbde,bbcd,bbad,abcd,bcde 3=abc:aaaa ,dddd,aaab, 
ddde,aaad,addd,aabc,aade,aabd,ddab,ddae ,abed, abde, aabb,ddee, 


aadd 4=U:aaaa,aaab,aabb,aabc,abcd 


(kır) = (5,4) 


1=арс:3.3 2=abcd:1.3 3=U:4.3 


(k,r) = (4,3) 


lcabc:aaaaa,ddddd,aaaab,aaaad,dddda ,aaabb,aaadd,dddaa,aaabc, 
aaabd,dddab,abbcc,abbdd,daabb,aabcd,abcdd 2=U:aaaaa,aaaab, 
aaabb,aaabc,aabbc,aabcd 


; 4. A LIST OF THE NUMBER OF SEMISIMPLE 
MATROIDS ON 9 ELEMENTS 


Summing up the numbers of semisimple matroids with 


(kır) fixed, we obtain the following list: 


88 50 22 
110. 33 © 3293 


29 


5 
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| 
Thus, there аге 4981 non-isomorphic semisimple Mate ony деле ae so донети сала | 
| roids on 9 elements. In addition, according to the results a 
[5], there are 1724 non-isomorphic matroids with loops on 9 
elements. It follows that the total number of non-isomorphic 
non-simple matroids on 9 elements is 6705. 


5. "POSITIONAL" PARTITIONS 


Non-isomorphic semisimple matroids on 9 elements 
which correspond to a given simple matroid M on k elements 
ba (8 2 К > 4) induce a partition ~ of the set of adjoined un- 
ordered words of length 9-k (the words in the same class of 
~ determine isomorphic matroids). Paper [5] contains a number 
of examples, which illustrate an effective construction of the 
classes of ~, while an effort was made in [2] to reduce ~ to 
some simpler partitions (of course, the considerations in 


these two papers were not restricted to the semisimple matroids 


on 9 elements). 


Generally speaking, classes of ~ seem to correspond 
to the orbits of automorphism groups defined on the sets of 
unordered words, over the alphabet consisting of atoms of 

| simple matroids. The notion "positional partition", used for 
~ in [2], reflects the fact that the classes of ~ depend on 
the relative positions of atoms and their combinations, within 
a simple matroid, with respect to the ranked essential flats. 


6. CONSTRUCTION TECHNIQUES 


-We shall proceed by illustrating some techniques 
r 
(at least we may call them "shortcuts"), which were used du 3 
i 

our construction (=determination of classes of ~). Their ™ 


role was to help our "intuitive" detection. 


ing 


(1) Suitable matroid representations } 
t- 
the 12 
The essential flats are easy to extract е tnei” 
tices of cyclic flats (the representations used in ee odu!“ 
m 


mi 
existence annot be "predicted" from below by using $8 


Sı 
Public Domain. Gurukul Kangri Collection, Haridwar troiå 
here exist some нео of paving ma 


arity. However) "Ен 
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A construction of ali 


th thn : 
лае non-t80morphio 


where essential flats are not easy to dea] 


With. In such 
ases we пзе Some more adjusted representa oE 
, 


Euclidean (rank 3 case), or special graphic ге 
introduced in [3] (rank 4 сазе). 


like the 
presentations, 


Tt is helpful to visualize 
the orbits when possible. 


(2) Frequencies 


Given k=8, the frequency f(x) of an atom 
хе (а,Б,...,Һ) is the number of appearances of x in the 
essential flats of a simple matroid. Tt is also of interest 
to consider the restrictions of £(x) to the essential flats of 
fixed cardinaliity and rank. It is obvious that atoms with dif- 


ferent frequencies cannot be in the same class of ~. 


(3) Gradual "cutting up" of the classes 


It often happens that by using one criterion, we 
obtain classes which should be cut up afterwards, because of 
some other criterion. For example, the frequencies give an 
"initial" partition abcegh-df for the simple matroid 


397-abcd,abef,abgh,aceg,bceh,cdgh,efgh, 


but the final partition is  abgh-ce-df (e.g. note that е ага 
d, as well as c and f, never appear together in an essen- 
tial flat). 


The same "initial" partition can be used for many 
Simple matroids. Thus the initial partition abc-defgh ap- 
Plies to a11 the rank 4 simple matroids on 8 elements numerat- 


ed from 157 to 199. 


Observe that an augmentation (introducing some new 


"Ssential flats) may cut, but also may join some previously 
e matroids 599 and 600 ((к,г)т 


existi 
*isting classes. For example, th a 
спе 


7(8,4)) were obtained by two successive augmentations of 


сод 454. However, the matroids 454 and 600 have the same 


four Classes of ~, while the middle one (599) has eight classes. 
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| (4) Duality and complementarity 


== 


LEMMA. If the dual M* of a simple (not self-dual) 
matroid M is also simple, then the classes of ~ with respect 


to М and M* cotnetde. 


PROOF. Given a simple matroid M, the classes of. 
are shown in [2] to be equal to the orbits of the automorphism 
group Aut(M). On the other hand, it is obvious that Aut (M) = 
=Aut(M*) (if a permutation of the ground-set fixes the family 
of bases of M, then it necessarily fixes the family of their 
complements, i.e., bases of M*).o 


This lemma gives, e.g. a control of the results 
obtained for 159, 65 and 20 pairs of mutually dual pairs for 
the (k,r) equal to (8,4), (8,3)-(8,5) and (7,3)-(7,4), res- 
pectively. However, the matroids in [4] were not constructed 
by using dualization. Thus the orbits corresponding to mutual- 
ly dual matroids in the catalogue need not be identical, but 
must be the same size. 


ZH A similar reasoning can be applied to the matroids 
H numerated from 348 to 433 ((k,r)=(4,8)). They are shown in 
[3] to be subfamilies of the Steiner system S(3,4,8), the 14 
blocks of which are the essential flats of the matroid 433. 
It is possible to use the complementary families (with respect 

to 5(3,4,8)) when searching for the orbits in cases where 


there exist more than 7 essential flats. 
(5) Number of combinations 


er 
The sum of orbit sizes must be equal to the numb 
-ele- 
of combinations with repetitions of length 9-k over 4 k e 
1 
ment set, that is, (99) (this equals 8,28,56,70,56, respec 


trol 
ely, for 8 > k > 4). This number may also serve as а СОР 1 


of the performed partitionings. 
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EXAMPLE. The cardinaliti 
ties of classes Of ^, associ- 


ік E 1 у 
ated with the rank 3 matroid on the 4-element set ab 


~ са апа the 
only essential flat abc are (3,1) uo 


' (6,3,3), (6,3,3), (3,6,3), (3 


~ Y A, ‚3) , 
(3,1) and their sum is 56. Тһе brackets correspond to the words 
he words 


which have the same partitions of the numbers of different 


c 
letters (5+1, 4+2, 3+2, 3-191, 24241, 24149343, respectively) 


The lexicographical ordering of the classes corresponding to 
the same partition is transferred from the lexicographically 
first unordered words in them. 


(6) Strongly related elements 


Given k=8, two atoms x and y are strongly re- 
lated if each essential flat F satisfies: If [Fn(x,y)| = 1, 
then there exists essential flat (Е \ (x,y]) U ((x,y] ХЕ). 
This "strong" relation equals the strong positional partition 
in [2]. It is shown in [2] that two strongly related elements 


must be in the same class of ~ (the converse is not true). 


(7) Coloops 


The coloops of a simple matroid necessarily consti- 


tute a special class of ~. 


(8). Equal partitions 


As it has already been suggested by the denotation 
nur recognizing (in advance) that two matroids have the 
Same classes of ~ (for example, when their families of essen- 
tial flats coincide, but the ranks do not) can save some work. 
However, it might be of particular interest to study the clas- 
555504 equipartitional simple matroids (we suggest the mat- 
Folds with only one class of ~ for the beginning). 


E 


ао UG 


А СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


; | Digitized by Arya Samaj Foundation Chennai and eGangotri = 


| 


290 D.M. Acketa 


LN 


REFERENCES 


(11 Acketa,D.M., On the Construction of ALL Matroids on 7 
ELements at Most, Univ. u Novom Sadu, Zb.Aad, Pri- 
nodno-Mat.Fak, 9(1979), 133 - 152. 
[2] Acketa,D.M., On the Positional Partitions of Atoms Of 
Simple Matnoids, Proc. of 3^4 Algebraic Congerence 
(Belgrade, 1982), Univ. Novi Sad, Novd Sad, 1984,1-6, 
[3] Acketa,D.M., Another Construction of Rank 4 Paving Mat- 
zoids on 8 Elements, I-II, Univ. и Novom Sadu, 1b, 
radova, Prain.-Mat.Fak., 12(1982), 259-276; 277-303. 
[4] Acketa,D.M., The Catalogue of ALL the Non-isomorphic 
Mathoids on at Most 8 Elements, Special issue, 1, 
Institute of Mathematics, Faculty of Sc&ences, Novi 
Sad, 1983, xvikdi + 157. 
[5] Acketa,D.M., A Construction 0% Non-SimpLe Mataoids on at 
Most 8 Elements, J.Combin. Inform. System Sci., 002.9, 
No.2, 1984, 121-132, 
A [6] Blackburn,J.A., Сгаро,Н.Н., Higgs,D.A., A Catalogue of 
sh Combinatorial Geometries, Math.Comput., 27(1973), 
T 155-166. 
44 [7] Welsh,D.J.A., Мажлофа Theory, London Math.Soc.Monographs, 
No.8, Academic Press, 1976. 


REZIME 


JEDNA KONSTRUKCIJA SVIH NEIZOMORFNIH 
NEPROSTIH MATROIDA NA 9 ELEMENATA 


Konstruisano je (bez upotrebe kompjutera) svih 6705 де: 
Konstrukcija 1° 
zasnovana па katalogu [4] svih neizomorfnih matroida па najvi" 
še 8 elemenata. Rad je nastavak rada [5] i korišćena je slične 
metođa, ali su oznake nešto skraćene. Rad sadrži katalog 875" 
4981 matroida bez petlji u posmatranoj klasi. 


izomorfnih neprostih matroida na 9 elemenata. 


Received by the editors September 17, 1986. 
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0 ОДНОМ КЛАССЕ A - 3-КВАЗИГРУПП 


Янез Ушан 


University of Novi Sad, Faculty of бстепсе, 
Instttute of Mathematics, Dr. Т. Djuričića 4 


=) 


21000 Novi Sad, Yugoslavia 


РЕЗЮМЕ 


В [1] введены понятия АЗ- и А -алгебр. в [2] дано 
такое определение А -квазигруппы (А -алгебры), что А;- и Al- 
алгебры оказываются ee частными случаями. В [3] введено поня- 
тие А, -квазигруппы как одно обобщение понятия АП -квазигруппы. 
AT и АП -3-квазигруппы введены в [4]. В tom же Порядке, оны 
Являются обобщениями A - и АТ-квазигрупп. B настоящей работе’ 
рассматриваются 3-квазигруппы (€ x €,B), rge_B( (x1), (yi), (z1)) 
az (А(хі,у1,21),А(ха,у2,22)), а (%,А) и (%,А) являются, в том 
Же порядке, Ane и АП-3-квазигрулпы. 


Определение 1. [4]. З-нвазигруппа (t,A), | | = € € 
SENSN {1,2,3}, является AUT-3-usasurpynnoá тогда и тольно тогда, 


Horga имеет место: 


Al (va в (У € т)А(іа!,ь, 2а“) = b для нандого 


4 
[4 


ГІ (М6 Mathematies Subject Classification (1980): 20105. 


т 

/ ; = groups, А,- 

| aE vords and phrases: All-3—quastgroups, Ay qu УВ a PC 
“а grouns, 
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— d— À 


ЗЕ {1,23}; и 


А2 (va e t)(vb Е ©) (ус Е €)(|(a,b,c)| = 3 = 
|[а,6,с]| = м), где м Е N N {1,2,3} является unon- 
рованным элементом, 

Утверждение 1. [1] Пусть (%А), || = БЕЛА 
\ {1,2,3}, является АҒ-3-ңвазигруппой. Тогда имевт место: 

(а) Наждую 3-нвазигруппу ([a,b,c],A) порождает любая 

тройна попарно различных элементов множества 
ғы {a,b,c]?); 

ПО) 05/07) = 3 A |4a,b,c}| = 3 л [a,b,c] ғ [а,5,6) = ү 
> |fa,b,c] n [a,b,c]| < 2 для любых a,b,c,a,b,c € 
oU qu 

(u) (a) e (6). 

f eot m 

» Теорема 2. Пусть (ФА), || =t EN \ {1,2,3}, an 

ЈЕ -3-нвазигруппа. Пусть, далее, для любых а,ђ,с,а,8,у, € € удо- 

ij влетворяющих условию |(a,b,c)| = |(о,8,ү)| = 3 существует аато- 

И морфизм + АТ-3-ңвазигруппы (%,А) таңой, что имевт место: ) 

(0) fa = а, fb = 8 и fo = у. 

| Тогда (t?,B), где 

У 

у (1) 8( (1), (у1), (402499 (А(хі,уі,21),А(ха,уа,22)) 

| 

| для любых (х1), (у1), (22) Е 62, 3-нвазигруппа удовлетворяющая 
условию А1 таңая, что имеет место: | 

: ео — 


1) нандый а € © является единицей 3-нвазигруппы (€, А). = 
i ЕЛ 
2) T.e., ңандан З-нвазигруппа ([a,b,c],A), |{a,b,c}| zv Shp 5i 

| ется АЂ-3-нвазигруппой. : 3 
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О одном T2 JUNE 
одном классе A,-$-xeaauespyn 
; ‘вазигрупи 2 
И s 23 


о. + 


o ii ae becomes 

1 Sok |ta,b,c}| = |o, 8,Y1| = 3, тогда 
а,а); (D, 8); (C, Y)1,B) явля ШЕ 

(((а,а ) является А173-нвазигруппай; 


20 если |(а,5,с)| = 1(- 3) и |{а,в Ж [Ге асс 
Рә үл = 26% Ty) тағ 


а, ); (5,8); (с, )1,8) 1 => ШИР < 
([( D 4 у ee А т3-нвазигруппой; 
3 если |((а,а):(В,8);(с,Ү)Ң = зи [|{а,В,ү}| = 
5 |{a,b,c}| = 2, тогда (€(4,0)7(b,8); (с Y)1,B8) злс AT 
, , ляв Я А 


-нвазигруппои; 


о > 1 
если 3, Dy = = 3 А > 
4% {а 5,с)| 2( dus | ía, B, y] s Зам 4 
- ? ; , 
тогда ([(a,a):(b,8):(c,Y)1,8) является Ач-3-ңвазигруппой; И 
~ L4 YANO? v 
49 un 2 | oh Рэ аз 
45 если |{a,b,c}| = 2(- 3), |(а,8,у)| = 3(= 2) ит>4 
тогда (Г(а,о);(Б,8);(с,Ү)1,В) не яз ляется А" -3-ugasur p; dh 
ң 12 1 уда 
Доказательство. 
0) Учитывая определение операции В в 2,1) непосредстве- 
но получаем, что (67,8) явл ! З-наазигруппой удовлетворяюще 
условию А1. 
1) Пусть 
{a,b,c}| = |іо,8,ҮҢ = 3. 
Тогда в нонъюннции 
а + Буа + В 
а+ суа + ТҮ 
b sc Вя 
Энвивалентной c конъюннцией 
( ) 
(a,a) + (Ь, В) a (a,a) + (c,Y) ^ (5,8) * (0,7), 
8 E ЕЕ 
Се высназывания а + b, a + c, b + c, + B, € * Y, BEY 
Истинние, 
5 
Ноординаты любого элемента E 
Ё 
а. | 
= (d,6) € {(a,a);(b, B): (с. Ү21 : 
ee сыш 1 
1 a 
у (1). б 
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являются А-произведениями: 
п(а,б,с) и т(а,8,ү). 


Отсюда, учитывая предположение, что существует автоморфизм + 
удовлетворяющий (0) А-3 -нвазигруппы ($, А), находим, что pme- 


ет место: 


а = nla,b,c) и 6 = m(fa,fb,fc) = fm(a,b,c), 
т.е., что имеет место 
6 = Ға; d € €. 
Таким образом, имеет место: 
[(а, о); (b, В); (с,у)] = {(а, ға) |а € T} 


Отсюда, Tak нак + подстановна множества С, а a,b,c € € тройна 
порождающих элементов А-3 - нвазигруппы, находим, что имеет мест 
то: 

а) |[(а,а);(6,8);(с,у)]| = и 

б) если (x,y), (u,v) € o CE и (х,у) 


TO X uH y + v. 


+ (uvh И 


Далее, учитывая 0), находим что имеет место: 
u) ( (а,в); (5,8); (с,ү)],В) является З-нвази 
влетворяющей условию А1. 


Пусть (a,a), (Б,8), (с,у) любые попарно различные 
6), нах 


группой удо“ 


элементы множества [(а,а) (b,8) (с,ү)]. Отсюда, ввиду 


дим, что имеет место: 


[{a,b,c}| = |(о,8,ҮН 
Таким образом 1), имеет место: | 
= 2^ 


cM 


1) 2 любых X,y.Z,U,V,wW € Т удовлетворяющих 


= |{u,v,wbb-oF inbuik' Sarat bak? кабтевбгаг: Harder 


танком, что Fx = u, Fy = v, 


рловию | xr 
3-нвазиГРУ 3 
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—À—— rà 


| О одном классе 


1008,4): (5,8); (6,7) | "om. 
Отсюда, так нак имеет место имплинация 
(а, а), (5, B), (5,7) Е (ага); (5,8); (с, y]] = 
+ [(a,0); (6,6); (6,7)] € ((а,а); (5,8); (с,ү)], 
учитывая а), находим, что 


[ (2,0): (5, 8): (6, 2] = [(а,а@);(Ь,8В);(с,ү)] 


Taer, ввиду ц), что (((а,о);(Б,8);(с,ү)1,8) является A"-3-usa- 
п-3-нва 


зигруппой. 


2) Пусть а,Ь,с, а,8,ү € € лк з элементы удовлетворяющие 


условию: 


Пусть, далее, 


г = 
Ае а Е T является фиксированным элементом. Очевидно, что Фф 
является биенцией множества {(а,х) | x € T} на множество ©. 
Учитывая (1), ввиду Al, находим, что имеет место равенство: 


B((a,x}la,y); (а,2)) = (а,А(х,у,211 


ANA любых х,у, € €. Отсюда, ввиду определения отображения Q, 


на 
Ходим, что справедливо: 


9В((а,х); (ary); (а,2)) == Alla, x); Olay); Ola, 277 


е ал тте: м 
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зали, что ([(a,o); (а, В); (a, Y)], B) является АТ т-Нвазигруппой, 


3) Пусть а + b иа + В a,b,a,B € €t. Тогда 


(а,а), (a,8), (b,a), (5,8) 


является попарно различными элементами множества Ge причем 
%. нандая тройна (попарно различных) удовлетворяет условию из 3°, 


Справедливо: 


(l(a, a): (a, 8): (a, м, B) и (T, A) являются а Мы дона. Е 


i 


B(Cx,u)z (x,v)zCy,u)) = CAGG х,у), АСУ, V,U)) = (у,У) = 


BCCx,v)z (x,u)s (y, 00) = 


B((x, u); (у, U); (х,м)) 


и 


В((х,м): (у,ч) 7 Cx, u)) B(Cy,u)7z (x, v)rGou)) 


В( (у, ШОХ», о) (х, v)) 
для любых x,y € (a,b) и любых u,v Е {а,В}. Отсюда, ввиду yd 


ждения из 0), находим, что ({(а,а) ғ (а, В)? (b, a)},B) является At 


-3-нвазигруппой. 


,b,% 
4.) Пусть ($,А) Аў-3-ңвазигруппа.1) Пусть, далее, 4 | 


By: € T любыв элементы удовлетворяющие условиям: 
a+b и (а,б,у,6) = T. 


Тогда 


бо тучи 


баро ба, в), 66.7), 0.6) =: 
ойна 
ждая ТР 
пата различные элементы множества 12, причем H8 A 
o 
(попарно различных) удовлетворяет условию из 49. 
Справедливо: 


1) Табл. 1 1 15 [4 1. 
cc- 0. In" Public eine Gurukul Kangri Collection, Haridwar 
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4 BCCa, х); (а, y лБ) = 
= (A(a,a,b „А КУУУ] = (b, Alx, у, и) ) D 


| 
| О одном клас ce 
3 


B((a,x)z(b,u ;(а,у)) = B((b,u);(a x 


);(а,у)) = 


B((b,u);la,y);(a,x)) = B(Ca,y)z(b,u); (a,x)) = 
В((а,у); (а, х); (Ь,џ)) 


для любых х,у € {а, В} и любого u є (y,8)2; и 


B((a,x): (b,v)z(b,u)) = BC(b,v)z a,x)? (b,u)) 


u 


Blb м); (Б,а); (а,х)) = B((b;,u); Cb, (арх јј = 


B( (a,x)? (b,u)z (b,v)) = 
= (Аба, БАБ) ACK; uw) = оо вене 
BCCb, u); (a,x); Cb, v) 


Вврядения из 0), находим, что (((а, а): (а, 8): (b, Y): (b,6)},8) 


а 
аляется Аџ-3-нвазигруппон. 


42) Пусть (€,A) Ат -3-нвазигруппа и т > 4. Пусть, далее, 


а, 
DOB, у Е © любые элементи удовлетворяющие условиям: 


a + b и |fo,8,v)] 


ANA нандого x € {а,в} и любых u,v 6 {y,6}. Отсюда, SEE ут“ 


Тогда, например, 
\ RaMaag 225221 является номмутатизной [4]. Е 
( 2) ? 
| E А(а, в, y) 5-85 Аав ет ү, А СШ A(x, x,5) = 6, ... Е 
р 


Нандан А, -З-нвазигруппа является номмутативнси 141 
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Я. Ушан 


| (а,а), (алай; (Б,у) 


нества 12. 
| попарно различные элементы множе 


Ввиду утверндения из 0), непосредственно находим, 


ЧТО 


([(а, а); (а,В); (b, Y21, B) 


является 3-нвазигруппой удовлетворяюще условию A1. 


Справедливо: 


А(а, В,ү) = 6 6 (а, В,у). 
Действительно, если, например, 6 = а, то А(а, В, у) = Ala- BB); 
т.е. ү = В (ввиду закона сокращения). Тан нек равенство у = В 
противоречит условию |{а,В, у} | = 3, утверндение доназано. 
Tak Hak ($,А) не является Аз -3-нвазигруппой, имеет 
место: : 
| По меньшей мере существует тройна элементов х,у,2 6 


Е (о,8,ү,6) удовлетворяющих условию: 


1 А(х,у,2) 6 {a,8,y,6}. 


Пусть, например, 


А(а,8,6) = E € {a,8,y,6}. 


Takum образом, имеет место: 


В((а,а):(а,8):(Б,ү)) (5,6) 


В( (а, а); (а, в); (b,8)) 


Ш 


(0202916 | 


Отсюда находим, что 


(Б.У), (6,6), (b,£) € [(а, а); (а, в); (b, Y) ]: 
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—— M 


т.8., что имеет место1); 


((б,у); (6,5); (b, £)] = (а, о); (8,8); (b у) ] 


Ввиду а + b, имеет место: 


Ово Је (в,6) (bo Е = Г(а,а); (а,8); (b ү)] 
Отовда, учитывая фант, что (Б,у), (5,6) и (b,E) 
попарно различные элементы множества [(а,@); (a Pn i 


ввиду (a) из утверждения 1, нах 7 rus 
2 аходим, что ([(а,а); (а, 8), (6,у)], B) 
He является А(73-нвазигруппой. 


Теорема 2 доназана. 


Подобными рассуждениями доназывается, что имеет noc- 
T9 и следующее утверждение: 


Е Теорема 27. Пусть (f,A), | = ЊЕ NN (15,2: dS 
[21° рулга, а (£.A), РЕЈ еен 122,201, DEM cone 
па. Пусть, далее, для любых a,b,c € Си любых а,В,у Є 6 удовле- 
eee условио |fa,b,c}] = |{a,8,y}| = з существует изомор- 
физи + Ал 3^нвазигруппы (Га Бле ЈА на А"-3 -нвазигруппу 
Y (o,8,v], A) такой, что имеет место: : 
та (oA ЭБЕ ВИ rO E Ye 


Тогда (с x €,B), где 


ВВ (улу, (>й уу 0889 CA CL pz ea И 


Аля люб 
. ых 2 v - 
y 5 (х1), (ył), Cz2) Е T x T, З-нвазигруппа удовлетворяющая % 


сло 
6 АТ таңнан, 


d что имеют MecTo зысназывания 19 - 39, 49 4 49 | 
ёоремы 2. 


Уч 
находим Итывая доназательство теоремы 2, ввиду утверждения 1, |- 
ЧТО имеет место: 


1) 
| (у 6, =} | 555 
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пусть (€,A) Ap-3-wsaswrpynna. Пусть, 


Утверждение 3. 


nanee, 


BUG, (yz), (222) 42” (Alx Y 1“ 21), AG Y 2 22) 


d для любых (х2), (уз), (22) Е T’. Тогда, если m > 4, “to (TA BIN 
является Ат: 737 нвазигруппой. 


/ henna в. [4] Если (€,A) и (€,A) являются А&-3-ңвази- 


группами, TO нандая биенция f множества © на множество © явля- 
, 


ется изоморфизмом (%,А) на (T, A). 


Следствием теоремы 2” и леммы 4 является следующее 


утверждение: 


Утверждение 5. Пусть (ФА), ЕЕ М (1,2,3), 
и (Е.А), || = EE N N {1,2,3}, в том же порядке, Аұ- и А4-3- 


-нвазигруппы. Тогда (€ x t,B), где 


B((x2), (Gy, G3) 49% (AG iyi zio А(жа,У2,22)) 


для любых (х2),(у?), (22) € € x €, А%,-3-нвазигрулпа. 


[vj = те Ме 


Примечание. А"-нвазигруппы (€,A), 
m > 
HO тогда, 


| 
: 
1 
| 
1 


\ (1,2), называются дважды транзитивными тогда и толь 
ногда имеет место: для наждых a,b,a,B € C удовлетворяющих y? 
nosno |{a,b}| = |{a,B}| = 2 существует автоморфизм f такой, 
что fa = а и fb = В [2]. Справедливо: если A т. нвазигруппа 
дважды транзитивная, то (%2,В), где BC (ха), (y2) 42" (A Ga 21^ 
А(х2,у2)) для любых (х1), (у) € 12, является AM, -naa sur py no 


[2]. 
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ABSTRACT 


In previous papers ([4] and [5]) Е. Ozturk pro - 
Телі! results about the existence of rearrangements of Dt 
EUER pata properties. The purpose of this paper is to show 
SE ША rearrangements constructed in two of these theorems 
Е ос: jn the sense that the set of rearrangements having 
eec ге Property forms a set of the first Baire category in 
51555 of all rearrangements. These results are related to an 

ler theorem of this type by Н. Miller [3]. 


We will follow the notation introduced in [3]. In this 

a 
peber the word permutation will be used to denote any function P, 
Th a с 
6 research of the first author was supported by the Foundation for Scien- 


tifi 
ite Work of the Republic of Bosna i Hercegovina. 
AMS ; Б 
Mathematics Subject Classification (1980): 40405, 40С05 


Key | 
22 Words and Pharases: Rearrangements of series, Riemann rearrangement 
2 5 
2 orem, first and second Baire category, conditionally convergent series, 
е 
gular Summnability methods. 


1. PREL'IMINARIES 
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P:NeN, the natural numbers, whose domain and range is N and that 
3 2 + : 
is also опе to one. The set of all permutations will be denoteq 


by the simbol P. 


Definition. For each Р, О їп P, define Q(P,Q) = 1/n if 
P(i)sQ(i) for each Пиј до со Мей! and Р(п) = Q(n). Furthermore, 
define d(P,P) = 0 for each PEP. 


As shown in [3] (P,d) is a metric space that is incom- 
plete; but is of the second Baire category, i.e. P cannot be 


expressed as a countable union of nowhere dense subsets of (Р,д). 


ү 

The following theorem, discovered by Riemann in 1849, 

can be found in most standard text books on Advanced Calculus, 
for example see [1], page 368. 


Theorem К. Suppose ) а is a series of real numbers 


satisfying: lim а =0 апа ) ч ў У = +>, where u =мах (ai, 0) 
noe n=1 n=1 
and MES max(-a,, 0) for each n in N. Suppose further that x and 


y are numbers in the closed interval [-9, *9], with x « y. 


Then there exists P in P such that: 


lim inf: d a 


= X and 11 
um P(i) im sup L a 


z У. 
erm ісі P(i) 


Suppose that the series ) a, Satisfies the hypothe- 


ses of Theorem R. Let P. denote the set of all P in P such that: 


PIS = г. The following theorem appears in [3]. 


Theorem M. The set ULP: к іп (-e, +=)] is of the 


first Batre category in (pr) 


The following theorem appears in [4] 


Theorem 01. Suppose that the series ) a,x, 28 сопӣї- 
tionally convergent and that lim m apq ja = 0 pou РЕР. 
п» n 
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„ es 2 2 +} 
Moreover assume that the seguence (а, ) has іп) Тен many po 
po- 

sitive terms and infinitely many seguir terms. Th for an 
n, J y 


г in В (the reals) there exists а permutation P £n P such that 
f ch th 


Шаруа 
1=1 


Notice that Theorem б, extends Theorem В. 


Consider A = (ак); = 


rix whose entrees are real numbers. 


.. , an infinite mat- 

For each sequence of reals 

(x, ) one can consider the transformed seguence lye ), where у = 
n 


= di а ХК for each п. The matrix is called regular if lim x =r 


Noo 


б. 128 УЕ: where (у,) is the transform of the sequence 


(х) + 


It is well known that A is regular if and only if the 
following three conditions are satisfied (see [2]). 


sup у |а |<, 
п К-1 IUS 


du уа Sis and 
noo kz1 nk 
lim алк = 0, for each fixed k. 


noo 
A is said to be strongly regular if A is regular and 


S 


Let z^ = 2" = Lente where A - (а у) апа 


ў а 1; 
ki1 nk k n 


= (bak? are regular matrices and (x,) is a sequence of real 
numbers. The matrices A and B are said to be absolutely equi- 


valent for a given class of sequences (xy) if 


Li 
с п 
Kor 2 д : - 
each sequence б) in the class; і.е., either 21 < ZA 


= 21 => (0) as n>% 
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both tend to the same limit, or else neither of them tends to 
a limit, but their differences tend to zero (for detailed in- 


formation see [2]). 


Definition. If A = (ay) ts an Бриве matrix and 
PEP, then A, is the infinite matrix defined by AD = ‘ап, руку): 
Definition. A permutation PEP ts said to move infini- 


tely many integers if the set (n€N: P(n)#n) is infinite. 


The following theorem is an immediate corollary of 


Theorem 2.1 in [5]. 


Theorem б.. Suppose A = (a k} is а strongly regular 
matriz. There exists a PEP that moves infinitely many integers 
such that A and A pare absolutely equivalent for the class 14 
of all bounded real sequences. 


The purpose of this paper is to show that the sets of 
permutations satisfying the conditions of Theorems О 
are both sets of the first Baire category inP. 


1 and 0, 


2. RESULTS 


Our first results shows that the set of permutations 
satisfying the conditions in Theorem б, forms а set of the 
first Baire category in P, 


со 


Theorem 1. Suppose that the series ў арх is condi- 
k=1 


tionally convergent and that the Sequence (ay) has infinttely 


eres Basppnoa cerne gand infinitely many negative terms. Then 
ЄР: 7 А 3 
AEST ATTE 28 convergent} is a set of the first Batre 


category. 
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m 
Proof. Let Ta ЕРЕ а 


Í арку, [41 босай п, m в). 


© 


РЕР: А 
с1еаг1у A SEE: іар) 15 convergent}. We will now 


show that each set т, is nowhere dense in Р. 


Take any permutation pi and r>0. There exists an n>n, 
such that P(k) = P4 (k) for every k-1,2,...,ni implies P€K(P, ,r), 


where K(P,, г) is the open ball in (P,d) with center at p, and 


1 


radius r. The fact that DE is a conditionally convergent 


series implies that there exists a subsequence (ту) of the po- 

sitive integers such that a x >0 for all k and l a x m 
Te Pk к=1 Pk "k 

We may assume that m4 > P} (k) for each k=1,2,...,n,. 

There exists a q such that 

n 


+ lated Ол 


А 
ја х 
кеј PUO К ктш mk 


Now, let P5 be any permutation such that: 


Ру(к) = Р, (k) for every к=1,...,п,; 
P5 (ту) = м; for every К=1,...,а and 
ар (k)*k > 0 for ever к, n,«k«m 

2 > y К, пу<К<щ. 


Such a permutation exists since (a,) has infinitely 
many positive and infinitely many negative terms. Clearly Pj6T, 
and P€K(P,,r). Furthermore, if P agrees with Ру, in the first 
Па Places, then РЕК(Р|,г) and PTA Therefore there exists an 
Open ball к, KCK(P,,r) and КПТ_ = Ø. Therefore т. 15 помһеге 
dense in Р. = 1 2 


We will now show that the set of permutations in Theo- 
rem ö : 
Sh O, forms а set of the first Baire category inP. 
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Theorem 2. Suppose that A = (алк) ts a regular matriz. E 
Then $ = (РЕР: А and А аге absolutely equivalent with respec, 


to 1.) is a set of the first Baire category in P. 


Proof. Let x = (0, 1, 0, 1, 0, 1,...) and let S' = 
ELS Оро). Clearly 8/28. Set T, = | 


ne 


Е АН, — (Ax), |<1/5 for all k > n) and T = 


P 


Clearly Т55'5$. We will show that each Th is nowhere dense in 
P 


To see this take any permutation Р! іп Р and апу r>0 
and examine the open ball K(P,,r). There exists an odd integer 


ni such that P(k) = P4 (К) for every k-1,2,...,n 


1 implies 
PEK(P,,r). Since Ap is a regular matrix (this is an easy exer- 
1 


cise), there exists an n5, nj»njsuch that 


lanp (i)! 5 1/10n, for every i=1,2,...,n, and 


КЕЛЕ = TIPS 1/10). 


There exists Пап, such that 


га 
> 8/10 and ў | < 1/10. 
=n 


a 3 
je n» P, (i) [а 
densa Fo isnj+1 82 P, (i) 


In the following arb will be used for the word arbi- 
trary. There exist permutations Pj and P, which both agree 
with P, in the first n, places (i.e. Р1 (i) = P,(i) = Р. (i) for 
i=1,.--,n,) and such that 
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еуеп odd even odd 
ува еуеп ода 
n,+1 п,+2 n,+3 4 
1 1 1 п; +4 ПЕ n,*2n5-1 n,t2n, 
Poli) P,(n,+1) arb P,(n,+2) arb Е Т oooasog Р (па) arb 
в) arb р((п,ғ1) arb P4(n,32) arb) See arb Р (па) 


We will now examine 
(Ар (x)) И (69) 
"ip i Pa. 


The first п, terms of these sums are the same and 


© 


therefore this difference is equal to ў а .х. - 
= n a The fi 120730 "2727 e 
E nj P, (i) ^1 e first sum is equal to 


ӨЗ 


а зас апа 
d=n,+1 nP} (i) 1 


© 


|е |е |а с < 1/0, 
3r ia прва (1) 


and therefore is greater than 7/10. 


The absolute value of the second sum is clearly less 


than and is hence less than 1/10. 


[а с 
i-nje n2) 
Therefore (ps Gone - (БАРА > 6/10. Hence either 


| (A (x) ) 
P ES (A 3/10>1/5 or |(А„ (x)) - (А_ (х)) > 
2 n sie 2 | P3 nj P4 na! 


(x) ) 
P4 n 
>3/10>1/5. 

ж 
Call Р the permutation (either P, or Р;) satisfying 
the above inequality. Now suppose that P is any permutation 


agreeing with P" in the first n,*2n4*n, places. Then PE€K(P,,r) 


and if n, is sufficiently large РЄТ]. Therefore there exists a 
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= ; T is 7 3 
ball К, КС К(Р. Е) such that KOT, 4; hence Т is nowhere 


dense, completing the proof. 
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REZIME 
DVA REZULTATA 0 PREUREDJENJU REDOVA 


U prethodnim radovima (141, [5]) Е. Ozturk је dokazao 
neke rezultate о postojanju preuredjenja redova sa nekim osobi- 
nama. Cilj ovog rada je da se pokaze da je preuredjenje kon- 
struisano u ovim дуета teoremama retko, и smislu da skup preu- 
redjenja koji ima očekivane osobine obrazuje skup prve Berove 
kategorije u skupu svih preuredjenja. Ovi rezultati su povezani 
sa ranijom teoremom ovog tipa od Н. Millera [3]. 
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ABSTRACT 


The notion of a free covering (k+1)-group of an (sk+1)- 
-group was defined in [16] as a generalization of the notion of 
a free covering group (see [32]). In the paper various construc- 
tions of such (k+1)-groups are discussed and their functorial 
Nature is emphasized. These constructions lead to the correspon- 
ding constructions of associated (k+1)-groups (the notion of an 
associated group is due to Post [32]) and in consequence to a 
new functor AsS:Gr k+ -> Gry iy: The main purpose of the second 


Part of the paper is to describe some basic Properties of the 
functor As. 


1. INTRODUCTION 


In investigations of the category of n-groups (abbrevi- 
ated in the sequel to Gr.) and also in investigations of proper- 
ties of n-groups it is convenient to use some functors from the 
Category Gr, to the category бг” Such functors appeared in the 
first Papers on the theory of n-groups [7], [32] (of course im- 
Plicitly Since the notion of a functor was not known then). The- 


Зе were constructions of m-groups derived from n-groups and free 
a ee ЕР eee к кана те ==” 
AMS Mathematics Subject Classification (1980): 215. 


Ке 
У words and phrases: n-group ,functor. 
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In the meantime, various other 


convering groups of n-groups. 
constructions of m-groups from n-groups were found (cf. e.g, 
[2], 1141, [15], [34], 1101, 1121, [13]), however many authors 


did not emphasize the functorial character of these construc- 


tions. The only exceptions are {1], [31] and a series of papers 
by the Macedonian school (e.g. [4]-[6]). The last ones are ае- 
voted to n-semigroups and n-groupoids rather than to п-дгоцрз. 
A systematic investigation of the functorial character of vari- 
ous constructions of n-groups was initiated in [16], [17] апа 
15 continued in [8], (9), [19]-[23], [25], [26], [28], [29]. 


For further bibliographic information see [10]. 


In this paper a new functor As?: ELE. > Gry 14 which 
assigns an associated (k+1)-group to an (sk+1)-group will be 
defined (cf. [31] for k-1). The notion of an associated group 
has already been introduced by Post in [32] and it is closely 
related to the notion of a free covering group. So, here, while 
considering constructions of associated (k+1)-groups, we shall 
say more about various constructions of free covering (К+1)- 
-groups of (n+1)-groups. 


2. PRELIMINARIES 


The terminology and notation used in this paper are 


the same as that of [8], [9], [20], [26] (cf. also [19], [21], 
[23], [25]). 


Та UU UE ee E 


(t) 
The symbol a is well defined for t>0 in each polyadic 
groupoid (G, f). For the purpose of our paper it is convenient 


to extend this definition to the case when t is a negative in- 
teger. But we can do so only under an additional condition im- 
posed upon the polyadic groupoid (G, £):(G, Е) should be a poly- 
adic group. Now, let t be a negative integer. Then 


(t) 


Seo ue Ue de (а(п-2) +t) ш 


(o); a п 225. 


for an arbitrary u such that u(n- 


2)>-t. Similar notation is used | 
when we deal with polyads. 


By a polyad (to be exact, ап m-ad) in ) 
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an n-group (6, Е) we mean any sequence of elements а,,...,а ЕС 

$ 5 : : =. 

(possibly with repetitions). This sequence is denoted by <a 
m. : : у 

Na OF <a,>- It is also convenient to consider an empty polyad. 


a 


pet 


In Section 3 we shall recall, after Post [32], a certa- 


in equivalence relation of polyads which will be denoted here by 


0 (note that in [24], [27], [29] this relation is denoted by 
= or =, respectively. In our investigations we do not distingu- 
rd ЕЕ which are in the relation 0. So in this paper the 
symbol <а1> denotes the m-ad <а1,...,а > up to 0, i.e., the equi- 
valence class of «a? with respect to о. According to this con- 
vention, the empty polyad can be identified with an identity 
n-ad of the (n+1)-group (6,2). 


To avoid numerous repetitions, we shall introduce some 
abbreviations. Henceforth, throughout the paper we shall assume 
that n-s:k. Furthermore, 6 = (С, f), A = (А; в), Ве (BONS 
shall always denote nonempty (n+1)-groups (f is always an (п+1)- 
-group operation). Similarly, G ? = (6/5, £^") shall denote а 
free covering (k*1)-group of an (n*1)-group 6 and (со, £^) shall 


denote an associated (k+1)-group of б (when it is irrelevant how 


those (k+1)-groups have been constructed). In our paper we deal 
with various constructions of these (k+1)-groups, but by £" we 
always mean a (k+1)-group operation in the free covering or in 
the associated (k+1)-group, irrespective of which construction 


we have in hand. However, the (k+1)-groups themselves will be 


denoted by different symbols, depending on their construction. 


Let us recall briefly two important constructions of 

Polyadic groups which will be used in this paper. Given a (k+1)- 
-group (G, а), by y (6, 9) we mean (as in [16], [8], [20], [26]) 
the (n*1) -group (G, S (s)? with 

9 (5) (ко = 8(8(-..4(в D, xi а); Xn a2) - 

5 

The (n+1)-group У (6, g)-(G, Iis)? is said to be an 
-group derived from the (k+1)-group (G, g) (cf. [7], [32], = 
- This leads us to the forgetful functor Yet Gr. i4 - Gro 


(1) 


(1+1) 
[16] ) 
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4 

4 

$ 

| i y see [20] ала [26]). Note that the , 


(for more facts concerning Yg 
derived polyadic groups defined by (1) are a particular сасе of 
the C-derived polyadic groups defined in [16] (where they are 


| called PE-derived ones). The functor Жз is also denoted by pp. 
| 


-der® or рег” (as a particular case of the functor C-der®, a 


5 
[29]). Next, let (G,f) be ап (n*1)-group. By ret, 


que ЕЗБЕ OE) 
we mean (as in [2], [34], [8], [9]) the (k+1)-group (6,9) with 


| k+1 s-1 8-1 
A (2) g(x, ) = f (x47 а, reset Ху: а. , ху) - 


We use a special notation when the (s-1)-ads are chosen 


Sn in some particular ways. Namely, if a, = +++ = as, = a we write 

briefly Ret (6,8) instead of ret аа . Similarly, if 

1 85-2 5-1 

5 
О тор а We > 
- 5- 

Кеб? (6,2) and Ret=(G,£)) is called a (k+1)-ary retract of the 

E (n*1)-group (G,f). The assignment of the (k*1)-ary retract to 


$4 an (n+1)-group is functorial (cf. [81). So we have the functor 
5 
ret Gr +1 > Gr, iq (to be exact, the class of functors, since 


5 
the (k+1)-groups ret_ A (С,Е) depends on the choice of 
085-1 


the (5-1) -аа epa >) and also Ret?:Gr mS. and Ret: 290+ 
>бг,,1- In fact, the procedure of choice is POR essential, sin- 
ce all functors obtained in this way are naturally equivalent 

(cf. [8]). The functor which is the composition of the functors 


Yu! su 
Grati > бгл, and ret Grin+] > бг is denoted briefly = 


аа. = = а апа а = а we write Ret? (G,f) in place of 


D. 5,4, ore kt 1 
у ret :бг nij ory ES (and Ret$/U је respectively). In particu- 
lar, we have г (G,f) = a у (6,2) 
о A. а ,Е). 
The set 2 = Op росьовы ео в 2,3,... together 


with the (ke1)-ary - operation Ы ЕЕЕ 
а cyclic (k+1)-group of Order s ү (821, [16] [18], [26]). 


This (k+1) -grou wil 
ос. ла опалу, БУ 


с, / кел We mean the one-element (k+1)-group ({0}, ф). Post has 
proved that the (k*1)-group C 


order 1 (in the sense of [32]; in the sense of [9] this is an 
element óf order k) if and only if g.c.d. 


s,k+1 has the unique element 1 of 


(k,s)=1. Then, as it 
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is easy to check, lk*1 = es. This fact will be used in the 
2 constructions of some (k+1)-groups in Section 4. 


priate (n+1)-group (even though polyadic groups of some other 
arities, especially (k+1)-groups, are actually under conside- 


ration). 


To avoid numerous repetitions, we shall write f.c. 
(k*1)-groups for free covering (k+1)-groups and f.c. groups for 


free covering groups. 


3. VARIOUS CONSTRUCTIONS OF FREE COVERING 


By x we always mean the skew element to x in an appro- 
(k+1)-GROUPS OF (n+1)-GROUPS 


The notion of a free covering (k+1)-group of an (п+1)- 
group was defined in [16] and investigated [18]-[20], [22]. 

| This is a generalization of the well-known notion, succesfully 
exploited by many authors, of a free covering group, which was 
introduced by Post in [32]. Note that free covering groups 


have recently been called universal groups by many authors. 


* 
Recall (cf. [16], [20]) that a pair <G 51, where 
een ks х5 
1:6 > Y.(G 5), бебг 1; 6 Зебгу 1, 
(k*1)-group of an (n+1)-group G if for each homomorphism H:G + 


is said to be a free covering 
* 

>Y (8), where BeGr, ||, there exists a unique homomorphism h : 

G'S > B such that ACE = h. It is worth adding that by Theo- 

rem 2 of [18] (also Theorem 2 of [16]) for every a (k+1)- 

group CSS there exists a unique homomorphism 6:0 T С 


with 57100) = T(G) (if G+, then с is ап epimorphism) . This is 
s 
why such а (k+1)-group will be denoted also by <6 ~,1,¢> ог by 
ж 
<G Эз ы 


The following construction of a free covering (k*1)- 
group of ап (n+1)-group is a generalization of the construction 
used in [16]. Let С = (G,f) be an arbitrary nonempty (n*1)-gro- 
Чр. Fix a sequence of polyads p, = «€41,47 94, 1 Py 7 


2 АЯ лос с = @=1.....51) іп 62 вр 0,1,.-.,5-1) 
MADE NS aes IT £ 
We always mean a polyad inverse to the polyad р, in G. Often 


Such a sequence of polyads shall be briefly denoted Ьу р. From 


р. 
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Ks 
the set G = G*Z. 


operation f' in G*S in the following way: 


(admitting 2, = {0}) and define a (К+1) -ary 


ж» 


о О ТР КЫ 


' k+1 
= (Е (x,,P, 1--27% ‚Р ‚р J v. ) 
( (+) 1! 1 "бұ 1%, ПОШ ) 
for Xr e Xk EE and l4, lg? 
The above-defined (k+1)-groupoid will be denoted by 


fc? G (or briefly by fc96). Note that if the n-ad p 
Во! > * "5-1 р о 


is an identity polyad іп С, we get 


ж 
f ((х1,14),...,(х, 4714 4); (x1,0), 


C тет EI PLC чы 
р Papin үр х 1р Дре теги 
114 ЕТЕП 14,1 k+1 lk+1 oai Тоа) 
Тер 1 36] 
jt 
olus 70,1, 100. 


This formula enables us to take the empty polyad for 
Ро’ which is equivalent to assumption that Ро is ап identity 
ива in б. Such а (k+1)- -groupoid will be Ка MR deno- 


ted by СЕК б (where ро is not at all defined). We 


t = 
write also fore whens p = (P4; .,Р ) 
For 5=1 ме may identify the set С with the set ee 


= Gx{0}. In this case we get fey G = ret tle In particular, 
о о 
if ро is the empty polyad (or equivalently, if p, is an identi- 
ty Seiad in G), we have fc! ¢ = G 
Б s 
о 


Note that a special choice of polyads (namely, when 


(ik) 
р, = <с> for an arbitrary but fixed element себ) leads to the 
construction of a free Covering (k+1) (and 
investigated in [18], [20]). The (k+1) -group described above 
will be denoted by Ес 56 (instead of the more complicated symbol 


fc? б). 
Ро’---„Р5-1 


-group given in [16] 
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пет ји ec 5 ота ч " 
Theo The (k*1)-groupoid дене = (GxZ_,£ ) together 


he embeddt со T. Sa „. Р 
ће embedding \:б Y Ес 6 given by Х(х)-(Ғ(х,р"),0) 


аһ 


18 а 


free covering (k*1)-group of an (n+1)-group б 


Proof. The mappin 5 > і 
г pping 9998 6х2 o 6х2. given by Py. с(%,1) = 
5 (Е (ру, с ,C),1) is a bijection. One сап check that 
SE :Ёс б > Ес 20 is а homomorphism of the corresponding (k+1)- 


groupoids. Thus the Hes ooo fc рб is a (k+1)-group (since 
, 


by Theorem 1 of [16], FCC SG is a ОВО Moreover, 
s С, ы З (n TK) 
Ррус^ (2) т Рас (х,р),0)=(#(,,(х,р ‚р, с ‚с),0)=т(х) 
е 5 1 ; 1 
for x€G. Hence <Есрб,^> is а Ё.с. (k*1)-group of б, which com- 


pletes the proof of Theorem 1. 


There is only one difference between the construction 
of #срб and the construction used in [16]. In [16] a single 
element from G was chosen, here we choose a sequence of poly- 
ads. Since in various constructions of polyadic groups (those 
of (k+1)-ary retracts of (n+1)-groups, (n+1)-groups C-derived 
from (k+1)-groups etc.) it is common to choose polyads instead 


of simple elements, the construction of a f.c. (k+1)-group gi- 
ven above can be more convenient for applications. Choosing 
polyads іп some particular ways we can obtain various construc- 
ОНО cf. c. (k+1)-groups. 

For example, it may be done as follows: let Pi = 


(1К-1) 
=< с с> (i=0,...,S-1) where с is an arbitrary but fixed 


element of G. Then 


(4) = = 
Е р, инь, Oy у 1) = 
(1,k-1) 
БОЛЫ eee 
Q4 = (п-о(10* 1)к) 
+1 = k+1 
С „е, с Ve Ф(1, )) 
fo i -group will be 
r Xr хи. 166 апа И 10.1625: This (К+1)-9 р 


denoted by а special symbol FSG. Note that eco to the 


remark about #с16) for s=1 we may identify Fe, 16 with 


ар 
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1,n*1 ео 


ret 
и сео 


Now we shall give another construction of a free соуе- 
ring (k+1)-group of an (n*1)-group = differs from the given- 
-above ones in forming of the set G ). This construction is 
founded on the original construction of an f.c. group due to 


Post (cf. [32]). 


+ Post has introduced an equivalence relation 0 on the 
set of all polyads of a given Ce на GH= (676) . This тела 
tion is defined as follows: <a, M o< Бале if and only if for a 
certain i (is1,...,n*1-m) апа 252 some elements Cyr -< -CEG the 
equality 

i once u АНИ а 

(8) Гају О ЧО ИЧИ 
holds. 


4 We allow т=0, assuming then that «a. is the empty 
polyad. 


One can prove (cf. [32]) that sa)? Б if and only 


if for every i-1,...,n*1-m and for every sequence c с 


ААА УК Ете 

equality (5) holds. Now, if a binary operation defined by con- 
catenation of polyads is introduced in the set of all polyads 
(of arbitrary length) of an (n+1)-group G, then the above-men- 


tioned relation is a congruence relation in the so-def ined 


semigroup. Moreover, the quotient semigroup is even a group. 


5 п 
We denote it by Pfc б = (G^,.). Note that РЕС !б = б. Every 
element a€G тау be treated as а polyad of length 1 in the (n*1)- 
group б. The mapping u:G » G- given by w(x) = «x» (where, ac- 


cording to a remark in Section 2, by «x» we understand the equ- 
ivalence class of «x» with Барас to 0) is an embedding of б 


into ¥ Pfc NG. The group PfcPG, together with the embedding v; 
is a Pues covering group of б. 


A free covering (k+1)- -group of a given (n+1)-group i$ 
determined uniquely up to an isomorphism, and so Pfc'G and 
FcoG are лос: Moreover, there exists an isomorphism 


ПЕС G > Pfc” G such that пет = y. Ву the Post Coset theorem 
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сч 


(cf. 1321) and Theorem 1 of [18], it follows that the isomor- 


phism ng assigns an (1+1)-ad (of course, up to 9) to an element 


(х,1); to be exact, п (х,1) = <x, с>. In view of Corollary 1 of 
[18] the (k*1)-group Рсёс is isomorphic to the sub-(k+1)-group 
of ССО consisting of all elements of the form (x,lk) where 
1-0,...,9-1. The embedding 5:Ес%0 > Y,FcPG is then defined by 
£(x,l)*(x,lk). Тһе (k+1)-groups ғоёа апа noé (Ред) are isomor- 
phic. Denote the latter опе Бу Pfc5¢. As is easy to see, the 


(к+1) -group Pfc?G is a sub-(k+1)-group of ¥ PEG consisting of 


all polyads of length 1k+1, i.e., of all (1k+1)-ads (up to 0). 


For s=1 we have рес! = 6. 


Proposition 1. The (k+1)-group P£c°G together with the 
ve А ij S 5 Е 
embedding и:б > #ЫРЁС С is а free covering (k*1)-group of an 
(n*1)-group G. 
Above, we have given several from many possible con- 


structions of free covering (k+1)-groups. Note that in a sense 
s 


р 
choice of polyads) are derived from the construction of РЁс°б. 


Namely, Post has considered equivalence classes of polyads, 

whereas our constructions are based on some representatives of 
| these classes. It happens that in various specific situations 
it is easier to deal with representatives rather than with 
equivalence classes. Corollary 1 of [18] enables us to give an 
appropriate construction of an f.c. (k+1)-group for any соп- 
struction of ап Ғ.с. group (cf. [3], [4], [30], (331). 


the constructions of the (k+1)-groups fc 0 (depending on the 


As was noticed and discussed in [20] (cf. also [16] 
and [26]) the assignment of free covering (k+1)-groups to (n*1)- 
groups is of a functorial character. Note that in investigations 
of the category gre it is convenient to add the empty (n*1)- 
Sroup. However, all the above-described constructions of an 
f.c. (k+1)-group require the assumption that the (n*1)-group 
under consideration is nonempty. Therefore, when we define the- 
Se functors, it is necessary to assume additionally that the 


free Covering (k+1)-group of the empty (n+1)-group is the empty 


(k+1)-group (for k>1) or the one-element group (for к-1). 
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Various constructions of an f.c. (k*1)-group and even 


various choices of polyads or elements give different functors, 


But all of these are naturally equivalent. So, in investiga- 
tions of this functor (denoted by 9, іп (161, (171, (191-1211, 
[23], [25], 1261), we can use an appropriate construction of 


the f.c. (k+1)-group. 


Now, we shall give, in an explicit form, some of the 


$E natural equivalences mentioned above: 
а:Ес8 + fc? мһеге бр; а UD = (Gc Dy ,41) ,1) ; 
8:fc? + Pfc? where 85 (x1) = <х,ру>; 
Y:Pfc? > fc? where Taye о" :pij бу; 1 


Choosing polyads in appropriate ways and substituting 
them for p and q in the above formulas we get various other 
natural equivalences which have already appeared in our consi- 


derations or will appear in the next sections. So we have: 


А (n-1-1k) 


= о:Ёс® > F һ = с) ,1); 
T c where Py. 1 (£ (x,pi, c rc) ,1) 
5 5 (1) 

П:Ес + Pfc where n_(x,1) SIL Ky С. >: 

S (1k-1) 
6:Fc? > pfc? where 5-(х,1) = <x, с ,2> ; 

А с s (n-1k) 
ш:РЕС” > Fc where Bex s ye (e T, с је 


It has been proved in [18] that if an 


(n*1)-group 0 = 
(С,Е) is derived from a (k+1) 


“group (6,9), then the (k+1)-group 
(k+1)-group of G. In Theorem 6 of 
[18] we gave the explicit form of the natural equivalence 


LL (п+1-5) 
:ғс5 (с, 
(Ее) > (Сакс xy; Namely, иены, с, 


а ),1) (where а denotes the skew element to c in 
However, in this case the (k+1) 


Vesp) to cun is also a f.c. 


(G,g))- 
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ition 2. Give : 
) Proposi ‚2 Given an (n*1)-group (6,6) and a (k+1)- 


ы: xc Е у 
group (6,9), let «c4» be an identity k-ad in (G,g). Put p, = 
Е < к > for i=1,. = Tho * Е 
= аа) jon ‚..., 5-1. Then (G,f) = у (6,9), if dud 
i 
ПРЕ з 
only 71 fcy (G, £) -(G,g) XC ть 
Proof. Suppose that (G,f) - +, (G,g). Then we have £^sg. 
Conversely, let £c? (c f)= * " 
i 7 к p er ) EE rE Then Ғ a 
= x ‚ 1.е., \ С = + 
grs) (s) 3 (s) iad Met Wat ои i 
n+1 ag 2 у 
Ф(в) (11 )). Putting 1,=0 for i=1,...,n+1 we obtain (е (x01) „ој = 
п+1 ; 
,0 ‚ 1.е., = а 
| (Jis) (1 ој ж-е £ S (s) 


4. ASSOCIATED (k+1)-GROUPS OF (n+1)-GROUPS 


Together with the notion of a free covering group in 

[32] Post introduced the notion of ап associated group of 
* 

an n-group. By the Post Coset theorem every f.c. group G nor 


*n * 
(С.Е) ОЕ ап (n+1)-group б = (G,f) contains an invariant 


subgroup (GÊ) such that 87045 is a cyclic group of order п. 
Post called this group (Gof) the associated group of an 

(n+1) -group G. The construction of such a group is founded on 
the construction of a free covering group. Basing the construc- 
tion of an associated group on the Post construction we define 
an associated group as the set of all the equivalence classes 
Of n-ads with concatenation as the group operation. Hence, the 
associated group of a group is identical to the group itself. 


The construction in the previous section enables us to 
describe the associated group of an (n+1)-group G = (G,f) as 
the set of elements of the form (x,n-1) with an appropriate 
Operation f“, i.e., (when we identify the set С with the set 
= Gx{n-1}) as a binary retract of the (n+1)-group (G,f). 


According to Theorem 1 of [8], every binary retract із isomor- 


Phic to an associated group. Moreover, choosing an appropriate 


= 
ж 
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n-ad in б one can show that every binary retract of б is ап 


associated group of 6, provided an appropriate construction og 


an f.c. group is used. 

In Theorem 2 of [18] a characterization of free cove- 
ring (k+1)-groups of (n+1)-groups is given, which is а genera- 
lization of the above-mentioned Coset theorem. However, in 
contrast to the Post theorem, when we peat with the case of 
k=1, in general the fc. (sui epe da Ge о contain an 
invariant sub-(k*1)-group (G,f ) such that б “/G, is a cyclic 
(k*1)-group of order s. The (k*1)-group 66 exists only in the 
case when g.c.d. (k,s)=1 (cf. Theorem Buotre8]).- And only in 
this case it makes sense to define an associated (К+1) -group 
of ап (n+1)-group. Then, in view of Theorem 3 of [18], the f.c. 

(k*1) -group 829-242 contains а sub-(k-*1)-group (G ЕЧ) such 
that 63/6. = Cy кәл: Namely, с. = 6 (1), where LEC. қ, із 
the unique element of order 1. Therefore, henceforth 1 shall 


always denote the so-defined element of Cs k+1" 


5 Let c, be an embedding of the (k+1)-group (6,,£^) “into 
6 5, From Theorem 4 of [18] (cf. also ГГА |321 fom ке) 
it follows that the assignment of the associated (k+1)-group 
(Go: É ) to an (n+1)-group G is functorial (Just as for f.c: 
(k+1)-groups of (n+1)-groups) and о is a natural transformation 
of these functors. Similarly to the case of f.c. (k+1)-groups, 
we assume that the associated (k+1)-group of the empty (n+1)- 
group is the empty one if k>1 or the one-element group for k=1. 
Since free covering (k+1) -groups play a central role in the 
construction of associated (k+1)-groups, this construction ае- 
pends on the choice of a construction of f.c. 
Namely, 


(k+1) -groups. 
using the Post construction, by the associated (к+1)- 
we mean the set of equivalence Classes of (1k+1)-ads 


(where 1 is defined as above at i a 
mE r d.e., leC. кај is the only ele 


neni with ọ( 1 // together with а (kel)-group operation de- 
fined just as in the f.c. (К+1) -group Pfc"G (i.e., the conca- 
tenation of polyads). The associated (k+1)-group of an (n+1)- 


-group б described above will be denoted by As?G and the cor- 
responding functor by As?:Gr 
n 


group, 


p Sr (or briefly As). Note 
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2 that, according to this definition, we have као за ана va 
= 6 e 


1 ЈЕ : У 
functor As :Gr 41 Gr +1 is simply the identity functor. The 


s : : 
functor Ав” can be embedded into the functor Pfc, то be exact 
x TO УН , 


5 э 
АЕ ғ Pic, is а natural transformation of 
(СЕ. [sl ҒӨБ Еј 


these functors 


The next construction of an associated (k+1)-group of 
an (n+1)-group G is founded on the constructi 
ion } = 
oup #2506. In this case w y i i ide ЛЕ 
group рб: | = we may identify the associated (k+1)- 
group of an (n+1)-group G with some retracts of G. Namely 


every (k+1)-ary retract of the form EE where p, is an 


lk-ad and c has the same meaning as in Section 2 (i.e 1k+1= 
„ёз, IRETE 

= es), may be identified with the associated (k+1)-group. So 
У , 


we have the natural transformations of the functors: 


Sis 5 
тек" aon 
бр Py G p 7 


Ев % 5 5 
ос: Reto б Ғссб ; 


Баета = б 
б ЕВ х > ; 
с: Ret, G Ес 6 ; 


where c is given by the formula c(x) - (х,1). Note that the 
retract and the corresponding (k*1)-group is always considered 
for the same choice of the lk-ad (or the element). А11 these 
constructions (ass, ret$'*, Ret?'*, Ret?'*) lead to naturally 
equivalent functors, which simplifies the investigation of its 
Properties. Since the associated (k+1)-group is a sub-(k*1)- 
group of the free covering (k+1)-group and the embedding c is 
8 natural transformation of the corresponding functors, the 
Natural equivalences of the functors fc?, Ес“, Ес”, Pfc? given 

in the Previous section determine the natural equivalences of 

the functors ret?'*, Ret?'*, Ret?'*, А55. These equivalences 

are given by the same formulas. They differ only from the for- 

тег equivalences by domains and codomains. That is why, to sim- 

Plify notation, they will be denoted (though it is informal) by 2 


th 
9 same symbols. And so we write 
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а гек” EG + те; > 
Pd Bi 91 


в :ге&°'°б > А586 ; 
па 


5 5.6 
:А5 6 + ret ' G 
Тр g Pi 


and so on. 


5. SOME PROPERTIES OF THE FUNCTOR As 


In the description of the functor As? it is convenient 
to use the fact that As? is naturally equivalent to the func- 
tors ret?'5, met?'5, Ret?'*, 

Let h:(A,f) + (B,f) be a homomorphism of (n*1) -groups. 

5 ос Өре COMIS Р 2 
Тһе morphism Ret pP Reta’ (А,Е) > Retp'* (B,f) is given by 


ЕТ (1к-1) _ (п-1к) 
Reta pax) ЕЕ), (ау , h(a), Ы ) (cf. [8], (91). Hence 


PROPOSITION 3. The funetor As preserves and reflects 
monomorphisms and eptmorphisms. 


Consider the following example. Let «d?» be a central 
non-identity n-ad of order s in an (n*1)-group (A,f). The map- 
ping h:A » A given by h(x) = 


Е(х,41) is an endomorphism of 
(A,f). As is easy to check, 


5,е (1k-1) (n-1k 
кес eux) = £(h(x), h(a) , h(a), а A = $86 


On the other hand, it is evident that Reto’ іа, (x) ELO 
a;a 


Hence 


Proposition 4. The funetor As is not faithful. 


-ad 


: Given a (k+1) -group (A,g), let сек ре an identity К 
in (A,g). Observe that ret$'* | 


ejr: -rep ле а. So we get 
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Proposition 5. Every (k+#1)-group ias iísomorphie to an 


associated (k*1)-group of an (n*1)-group. 


Since not every (n*1)-group is derived from a (k*1)- 

group (cf. [7], [32], [18]), it follows that non-isomorphic 

қ (n+1)-groups may have isomorphic associated (k*1)-groups. Неп- 
ce, by Proposition 5 we get 


Proposition 6. The functor As is not full. 

Now we are going to give a criterion which enables us 
to check if the homomorphism h:As?(A,f) > As?(B,f) is of the 
form В = Ash (here h:(A,f) > (в,Ғ)). Using Theorem 2 of [9] 
and Proposition 6 of [9] we can give the required conditions 
for associated (k+1)-groups treated as (k*1)-ary retracts. 
Below we shall use Proposition 6 of [9] to formulate an appro- 
priate condition for the functor As. 


Theorem 2. Given (n+1)-groups (А,Е) and (B,f), let 
В:АЗЗ (А, Е) > As" (B,f) be a homomorphism of the corresponding 


k+l -groups. Then the following conditions are, equivalent: 
$) Jd = Asch phere h:(A,f) > (В,#); 


tt) for every element a A there exists an element ЪЄВ such that 


шоа (1k) _ 
(6) (< а ,а>) = <Б ОБУ 
(п(п+К-єз-є)+єз) (nme ес 22260) 
(7) В (< а >) = < b >, 
(n-1k (1k-1) 
(8) DUE l аак, аа) = 
(n-1k) (1k-1) 
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eo E 


2 orists an element bEB such + 
iii) for some element atA there exis h that 


equalities (6), (7) and (8) hold. 


Proof. Let h:(A,f) > (B;f) be a homomorphism of (п+1)- 
EM E M E Ас НИ laking into consideration the natura] 
equivalences given in the previous section and using the nota- 
tion given there we can write an explicite form of the homomor- 
phism h. Take any element a€A, let b = h(a). и PAS 2 

of [9] Ret гып (x) = h(x) for every x€A, i.e., ћ:Кек о" (А, Е) > 
=: кес (Р,#) is also a homomorphism of (k+1)-groups. As is 


4 5 = БЕ 
easy to see, we have h = 6, hu_; where о :Ав (А,Е) > Ret едш 


and 5р: Retp' е (B,£) + А52(В,Ғ) are isomorphisms defined in the 


(n-1k) 
1к+ 1k+1 
previous section, i.e., ша (<Х1 05) = f(x; у а ) and 
(еШ) x lk 
$y (x) =) xy ib ‚р>. Hence, ae = былш, (<x; sU = 
(п-1К) 


=op (E (0х) о... (хуур), Dæk) = «£(h(x4) ,...,hí(x 
(аз) (ет) — x 

b ТТЫ ‚б> = <h (x4) s- -erh (Xk?) We show that h satis- 
fies (6), (7), (8). In fact 


1k+1)' 


(XE (1k) _ (п-1К) 
ieee ra) - &yh(f( айка; а )) = 
(2) Е 
= &yh (a) = бр (b) Sea bie Ы». 


In a similar way one can check that condition (MENS satisfied. 
Now, we have 


=) (n= 2k) (1k-1) 
Ше n e e. vas) 


(n-1k) (1К-1) (п-1К) 
= 1k+1 = 
= $yh (EI а ,х иа а а) = 


(n-1k) 


(1k-1) (п-1К))у = 
НО у CORE ht b b д 


а Б” р; 


2 м9 ея 
\ 


(n-1k) pup О 
р 


П 


25» 
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which shows that (8) is also satisfied. Thus (i) implies (ii) 


Obviously, (ii) implies (iii). 


z 5 
Now, let h:As (A,f) > As? (B,£) be a homomorphism of 


(k*1)-groups. Assume that for some a€A there exists БЕВ such 
that h satisfies conditions (6), (7), (8). Let НА + в Bata 


mapping given Бу h = wphé.. Thus h, as the composition of homo- 
1 morphisms, is a homomorphism of (k*1)-groups, i.e., 
рађено! (А.Е) > Retp'* (B,f). Note that 
(IK) (1k) 
h(a) = wh(«a, a а>) = w(< b ,b») = 
(1k) _ (n-1k) 
= BOD 712), b ) = b 


In similar way one can verify that 


(п (п+К-с5-=+1) +1) (п(п+К-є5-6+1) +1) 
( а = о .)( b ), i.e., 


h( |.) 
h satisfies the condition (4) of Proposition 6 of [9]. Observe 
4 (1k-1) _ (1k-1) _ (1к-1) 

that h(<x, a ‚а>) = Shu, (<x, a ‚а>) = o h(f(x, a 5 


EEnzk) (йс а 
ата )) = <һ(х), b ,b>. Using this fact we get 


(n-1k) | (1k-1) | 
Па ха 22) 


- (п-1К) (<=) — (ae) 
= mph (< ( а Jo a pay a ‚а>) = 
(п- Юю)” (auis) (1к-1) 
= в, (< b ,hi<x, а АҘ шо ре) 
(п-1К) (1k-1) _ (1К-1) 
= њу (< b Aue yp 29 р JS dixe 
(n-1k) (1k-1) 
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i.e., condition (3) of Proposition 6 of [9] is also satisfied, 
Thus h:(A,£) > (B,f) is a homomorphism of (n+1)-groups. Moraes 
ver, еба, ер (х) = h(x) for every x€A. On the other hand we 
а; 
~ в б 
have Reto "ph = wpAs hd, У whence u ho, = w As һб. Тһеп h-As?n, 
which shows that (iii) implies (i). This completes the proof. 


Note that if k-1, then we have s-n, l-n-1, є=1. In this 
case the condition (6) is always satisfied, whenever h:As" (А, ғ) 
+ As"(B,£) is a homomorphism of groups. So Theorem 2 for k=] 


has a simpler formulation. 

Corollary 1 (cf. [32]). Given (n+1)-groups (A,f), (в,ғ), 
let h:As"(A,f) + As" (B,f) be a homomorphism of the correspon- 
ding groups. Then the following conditions are equivalent: 


i) В = As"h where h:(A,f) > (B,£); 


tt) for every element a€A there exists an element b€B such that 


un) (n) 
(9) h(< a>) =<b>, 
а (n2) (n-2 
(10) (сагхо. а а») = ЛЕТ Ју ы ; 


22%) for some element a€A there exists an element bEB such that 
equalities (9) and (10) hold. 


Associated (k+1)-groups of isomorphic (n+1)-groups are 
isomorphic. As was shown above, the converse statement is not 
always true; there are non-isomorphic (n+1)-groups with iso- 
morphic associated (k+1) -groups. Already in [32] a condition 
was given which decides when the existence of an isomorphism 
of (n*1)-groups follows from the existence of an isomorphism 
ОЕ associated groups. Corollaries 5, 6, 7 and 8 of [9] give 
ЕНЕ required criteria for (k+1)-ary retracts. Now we shall give 
a criterion for associated (k+1)-groups treated as sets of ар“ 


propriate polyads, i.e., for the functor As". Immediately from 
Theorem 2 we obtain 
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Corollary 2. Given (n*1)-groups (A,f) and (в, у; Let 
(А,9) = As" (A, f) and As" (B,£) = (B,g). Then the f 


ollowing con- 
ditions are eguivalent: 


i) the (n*1)-groups (A,f) and (B,f) are tsomorphic; 

it) for every element a€A there extsts an element b€B and an 
isomorphism h:(A,g) > (B,g) satisfying the equalities (6), 
(7) and (8); 


tit) for some element a€A there exists an element b€B and an 
tsomorphism h:(A,g) > (B,g) satisfying the equalities (6), 
(7) and (8). 


Note that for k=1 Corollary 2 takes form of the well- 
-known Post condition (cf. [32], also [9]). 


Corollary 3. Given (n*1)-groups (A,f) and (B,f), Let 
(А,-) = As"(A,£) and (B,+) = as" (B,£). Then the following con- 


ditions are equivalent: 
2) the (n*1)-groups (A,f) and (В,Е) аге isomorphie; 


ii) for every element a€A there exists ап element БЕВ and an 
isomorphism h:(A,*) > (В,.) satisfying the equalities (9) 


and (10); 


ttt) for some element a€A there exists an element ЬЕВ and an 
isomorphism h:(A,-) > (B,-) satisfying the equalities (9) 


and (10). 
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REZIME 


ASOCIRANE k-GRUPE n-GRUPA 


Pojam slobodne pokrivajuce (k+1)-grupe (sk+1)-grupe je 
definisan u [16] kao uopStenje pojma slobodne pokrivajuée gru- 
ре (videti |321). U омот radu diskutovane su različite konstruk- 
cije ovih (k+1)-grupa i njihova funkcionalna veza je naglašena. 

} Ove konstrukcije dovode do odgovarajuće konstrukcije asociranih 
| (k+1)-grupa (pojam asociranih grupa potiče od Posta [32]) 1 
kao posledica, do novog funktora As*:Gr., +, > Gry iy: Osnovni 


ЕЗІН drugog dela rada je opisivanje osnovnih osobina funktora 
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A UNIFORMLY CONVERGENT SPLINE DIFFERENCE SCHEME FOR A 
SELF-ADJOINT SINGULAR PERTURBATION PROBLEM 


Katarina Surla 


Institute of Mathematics, University of Novi Sad, 


Dr Ilije Djuričića 4, 21000 Novi Sad, Yugoslavia 


ABSTRACT 


For the problem: ~ey"+q(x)y = f(x), 0<х<1, у(0) = аз, 
y(1) = ај» the exponentially fitted spline difference scheme 
is derived. This scheme has the second order of uniform accu- 
пасу under some conditions on the functions q(x) and f(x). 


1. INTRODUCTION 


We shall consider the problem 


Шу = ey" q(x)y = Е(х), 0<х<1, 


(1) y(0) = ас, у(1) = ау, 


q(x) 


lv 


я > 07 Ое ЕУ 


The cubic spline difference scheme for problem (1) is 
derived in [3], [4]. In [3] we required that the spline 


AMS Mathematics Subject Classification (1980): 65L10. 


Key vords: Spline difference scheme, fitting factor, singular 


perturbation problem. 
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у(х)єс^[0, 1] satisfies the differential equation 


-o(x)v"(x) + q(x)v(x) = f(x), 


= 58 1 = те 9 
at the points Xi; Xi = Хр +h, i 1(1) ‚хо у 


where o(x) is an exponential fittin 
stable in є has obtained. That Senat 


ME = ІІ; 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
{ g factor. In this way the 
| 


difference scheme uniformly 


i me has the form 
2 (2) жағ Оо зы а Ши му = Mae, бтр ү 
+ 
va = = eee Vast У, 
с + 
ор; а £,_,*9 £ +а faq? where 
2 2 
h 
= 91-11 с Hg 
А, өзе ДИ р, 
1-1 i 
i 2 
ЕТЕ -_ _ь ее 
= , 7" , 
6 9141 h 6 91.1 3 9i 
ж. h = a Я 
42 2526 27,1! Мо sto! Move 7X 21” Gi zac x ) 


In this paper we shall determine сі in such way that 


scheme (2) becomes a uniformly convergent опе in t. 


2. DETERMINATION OF THE FITTING FACTOR 


In order to geta suitable fitting factor с; we shall 
use the following lemma. 


Lemma 1, [1]. Let y(x)ec^ro, Vile Ben ао) = ee) = Wo 
Then the solution of problem (1) has the form 


(3) у(х) = u (х) + w_(x) + g(x), where 


uo (x) = рехр(-х/д(бу7є), 
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A 
va = p,exp(- (1-х) Yq(1)7e) , Py and p, are bounded 
у eynettons of е independent of x and, 


1+ 


: 1 
Ig on] « MO ке to 00. 


(4) 


M ts a constant independent of c. 


If we suppose that q(x) = а = const. and require that 
вро (x4) - 0, we obtain that 


о 
һ2 3 һ 
0-41» 27), р = 2У4/е. 
251 5 
For the same с we have к (x;) = 0. Now, we shall ае- 


fine c; for the case q(x) s const., as 


2 
aen 3 h 
(5) C= (pote MÀ о, = 579; /Е- 
i 6 2 i 2 кол) 
2sh "i 


Throughout the paper M denotes different constants in- 
dependent of є and h. From (5) we see that 0 < 9; < Mh”, for 


es hee Because of this, we have 


[бе| < мһ2, for =< RA 


That the same holds if h? < є, ме can see from the fact 


2 


2 - 
lp;sh ^e, - 1| < Mo 
Thus, 
(6) ја = | < Mn?. 
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3. THE TRUNCATION ERROR 


4 


Тһе truncation error for the arbitrary smooth function 


r(x) is defined as 


t, (x) = Rara - Q, (Lr (x)) 


Because of (3), we have 


(7) ty (У) = tj (uj) 2 14 (Мо) + т; (9) = RLY; = Qh (Ly) ; = 
с = RAY - RAV; = Rp; 2 = 1(1)n, 
aye 2(х.), 2(х) = у(х) - у(х). V 


By the procedure which is applied in [2] or [3], we 


(8) u(y) = вра, 


| oes 
| т; (У) = (92, 1+1 (У) = Фу 3 (У) ) + 91,1 (У), 


JD 


mas) i h,i- i 
©, 4 (У) Sas ela == 5 a USA =) 


пі = У; (o,-e) , 


(к) ni-k 


IV 
va ову (05 55 € ба € =, С(к=о1/2) 


(0) 


i 


n; ) 
келет “Ті і 
Зо 


95 ily) = у 


Ассо 
rding to Lemma 1 and (7), we shall estimate separa- 
tely the truncation error for u 


(x), w (x) i 
itt о "АМО and g(x). Starting 
wit Eo (x) ‚ We consider first t 


he case h? < Е. 


Let 1 (u5) be the truncation 


2 С error when а(х) =q=const.- 
Then, вч (х; )=0, Lu, = 0 апа ti (ч) 


= 0. Thus, from (8) we have 
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(9) Ty (Uo) = vy Jane (ug) = h(95, 1,4 (15) -Ф 


2,i*1 (и) = 


мА. 


ЖЫЛҒАСЫ ЛЕЛ 10-5 101, 


where 92,1 апа i i are functions Ф 4 апа 95i in the case 
el 4107 = ds 


ERN -1_-1 
91,191,127 2 ЧОООН, 
ch -1_ -1 
*'2 Sg ql rast с 
: Tei 2 ; 2 
Since, в, = = + O(h”), i=0(1)n, and |а;-ао| « M x; 
> - d 
after some Taylor developments, we have ko: = o, | < М MEGA, 
i = i 
and 
- хі үн? 
оратор а Бана ехр(-х, yq e) + 
х2Һ3 


al 3 - 
+ 2 exp (-x, /q5/e))<Mh Е Јехр(-х, 67472), 


where 6 is a constant independent of є апа h. In the same way, 
ме have that |o, .-9, .| « M hie lexp(-x,5/q 7c), and from (9) 
2,1 "27155 a о 


ме ћаџе 

(10) |t; о | « M he 1 ехр(-х,5/4(077ө). 
Analogously, we have 

(11) It, (wy) <М noe" 'ехр(-(1-х; 6/8076) . 
Further, 

(12) It, (9) | <M Ree, because of 


-1,4-k 
Ing] = ette, | « M b^, 0 {мра 


Finally, from (10), (11), (12) and (7), we have 
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(13) It, (У) | < М her when В“ < є. 


2 
Let € < в Then о, = 0(h^) апа 


zs 3 58 К 
|2:1-011| < Mlay~a, + 2(9; Чо); *2 39 (94780) |, 
| h = sh? 
| where ш, = 519, | 
= -1 _ әй =D, 9 быы © peed) СЕ 
195 n | < мВ (хү+хүһє sh > (&)сһ(Е)), 
: Е is a point between p, and pj. Since x, , = 0 for i-1, from (8) 
SA we have 
| [от (4)-9,1(4)| < Mh exp(-x; |8У42/е), i=1(1)n, 
Li 
and 
(14) |r, (u5) | < Mh ехр(-х, 46Yq(0) 7c) 
Similarly, 
(15) |r, (wy) | < Mh exp (- (1-х. ,,) 6/301) 7e) 
А = ОЕШ 27% а 
т; (9) T69,*7491 z(r h^g (bj) +x h^g (b5)) > 


туса 2524 + 2 тоз 
zla 4,119 (51) +а 3,,11 9" (Б,)) -ela 95.4 + 


+ с 
+ n " 

4 91,179 gi), Xj 43b Sx, «bo«xi,4 | 
Since, |g"(x)|<M and |r"|«wn^!, |r"|xm"! 


= -1 
+ = |a | <Mh f 
ја" | «un^! , T_-T 


170, we have |r;(g)|xMh, and finally ((15), (14)), 


, 


(16) It, (y) | < Mh when ¢ < n2. 


Proof of the uniform convergence 


Denote by A the matrix 
of system (2). Then, from (8), we obtain 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


KARTI 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A uniformly convergent spline difference scheme ... 37 


ЕТ 
(17) Iy,7v4l < ПА Паах[т, (у) [. 
4 1 
біпсе На || < пах|-к жү -ү|71 < M max oho! < 
1: = i = 
Ме, ш, 
= { = 
Mh, Жж: һ2 


from (16, (13) and (17), we have 
2 
Iy47V,l < Mh 


Thus, the following theorem holds. 


Theorem 1. Assume 


а 


(x) >q > 0, а' (0) = 9' (1) = 0 and 
f(x), а(х) єс2[0, 1] tin (1). Let Vir i = 0(1)n + 1, be the ap- 
proximation to the solution у(х) of (1) obtained using (2) 


Then, there is a constant M independent of є and h, such that 


ly (xi) -v, | < Mh’, + 24 О (пр ПЫ 


4. А NUMERICAL EXPERIMENT 


Our test for the order of uniform convergence, notation 


and example are taken from [1]. 


2 
-ey" + у у = 4(3х2-3х+1) (1+х) 


y(0) = -1, у(1) = 0 
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k 0 1 2 3 4 
€ 
1/2 aaa 200 2.00 2.00 2.00 
1/4 ІШ 2200 200 2.00 2.00 
1/8 203 210 200 2.00 2.00 
1/16 20 202 200 2.00 2.00 
1/32 2,08. 2,0) 2007 2.00 2.00 
1/64 LE 206 20: 2.00 2.00 
1/128 КОЛДОО 08 1502. 2.01. 2.00 : 
| 1/256 ШӨБЕРЕ 2 016 2.02 2.00 1.72 
1/512 ЖОО 205 1.99. 2.01 1.68 


Тһе computed order of uniform convergence is 1.68 апа 
the clasical one is 2.00, q'(0)#q'(1). 
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REZIME 
UNIFORMNO KONVERGENTNA SPLAJN DIFERENCNA SEMA ZA 
SAMO-ADJUNGOVANI SINGULARNO PERTURBACIONI PROBLEM 


Za problem: -cy"sq(x) у-Ғ(х), 0<х<1, 


md T : y(0)-a,, y(1)=a,, izvedena je exponen- 
cijalno "fitovana" 


splajn diferencna Sema. Sema ima drugi red uniforme tač- 
nosti pod odredjenim uslovima na funkcije q(x), f(x) 
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ABSTRACT 


For a given language L, the Problem of partial V - 
algebras asks whether there is a universal algorithm which for 
any finite partial V - algebra A, and any identity peqcEq(LuA) 
with no variables, decides whether or not FV(A)Epsq. First, it 
is shown that the solution of the word problem implies the so- 
lution of the problem of partial algebras for any variety V. 
Second, if the problem of partial V - algebras is solvable, 
then, a class of finite presentations can be given for which 
the word problem is solvable. 


1. BASIC NOTIONS 


Let A be a set and BcA”. Then f: B>A is called a 


partial operation on A of type n. 


A partial algebra А is a pair (A,F), where A is a 
nonvoid set and F is a collection of partial operations on A. 


In our considerations F is always a finite set. 


Let А be a partial algebra. Denote by А(А) the posi- 
tive diagram of A: 


Rm eee 
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га) zal EEF, ај, а 6А, 


А(А) = (Ұ(а4,... 


£ (a4, . rag) is defined and equals a in m 


Of course,if A is finite, then A(A) is also finite. 
Suppose that А and B are partial algebras.: A»B ig 


called a homomorphism of А into B if, whenever f(a,,..., al) is 


defined, then so is #(ф(ау),...,Ф(ар)) апа 


(f (ajr. rap)? = £(p(a,),---,(a,))- 


1 A homomorphism is an isomorphism if ọ is а bijection. 


Let А = (A,F) be a partial algebra and let ф»вса. 


Then 


(i) Bis a subalgebra of A if it is closed under all the ope- 
rations in А i.e. if bi,---,b ЕВ and £(b,,---,b,) is defi- 
ned in A, then f(a,,...,ayj)€B. 


(ii) B is a relative subalgebra of A if for all fcF and all 
Б-р, БЕВ, we have: E (bjr... bp) is defined and equ- 
als b if and only if f(b,,...,b_) is defined іп А ала 

1 n 


#(Ь/,...,Ь)=Ь їп А. 


It is not difficult to give an example of a partial algebra А 
and a set ВСА, such that В is the carrier of some relative 
subalgebra of A but not the carrier of any subalgebra of A. 


Let K be a class of algebras, А а nonvoid set, and 
F a set of partial operations on A. Then, (A,F) is a partial 
К - algebra if (A,F) is a relative subalgebra of an algebra? 
іп К. For example, if L is the class of all the lattices, then 
a partial algebra А is a partial L - algebra (or simply, parti- 
al lattice) if A is a relative subalgebra (or relative sublat- 
tice) of some lattice. 
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Definition 1.([3]).реё К be а сїавв of algebras and 
8 0 ebras and 


tet А be a partial algebra. The algebra ЕК(А) i lied 
е 28 called 


жа. 


the а1- 
freely enerated by the ЖТ ; — 
gebra jrecty gen y “ле partial algebra А over К if the 


following conditions are satisfied: 


(1) ЕК(АЈЕК; 


(11) ЕК( ) їз депега еа Бу А апа there exists an Lsomorphiem 
A ? 
WB А'»А between А апа А, where A 13 


bra of FK(A); 


а relative subalge- 


(iii) If Ф ts а homomorphism of A into СЕК, then, there existe 
a homomorphism у of FK(A) into C such that ф 28 ап exten- 


ston of x. 


It is not very hard to prove that FK(A) is unique up + 


to the isomorphism and, if A is an algebra from К, then ЕК(А)хА. 

Also, it is well known that if K is an equational class, then 
FK(A) exists if A is (isomorphic to) a relative subalgebra of 
an algebra 6 in К (see [3]). In other words, in the case of 


equational classes K, FK(A) exists if A is a partial K - alge- 
bra. 


For example, if A is a partial lattice, then, FL(A) 
always exists. It is well known (see [3]) that these lattices 
(of the form FL(A)) are the lattices that can be described by 
finitely many generators and finitely many relations. 


In order to establish a similar equivalence in the 
Case of an arbitrary variety У, we need a precise definition 
оға finitely presented algebra іп У. In the sequel, F(X) de- 
Notes the free algebra over V, generated by a set of free ge- 
nerators x. 
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Definition 2.([1]).zet V = mod(z) be a variety i 


language £, Ga set of new constant symbols and Ra set of iden- 
tities with no variables in the Language LUG. Then (G,R) is eq. 
led a presentation in V. Let V = mod(XUR). The algebra presen- 


ted by (G,R) in V is the reduct of Fy (0) to the language 1. 


denote such an n algebra by Py (G,R). 
tely presented if С and В are finite sets. U 


EA say that Py (G,R) is fini 


Proposition 1. Let К = mod(z) be a variety, А а рар- 


tial algebra. Then, 


ЕК(А) = Р„(А,А(А)). 


Proof. Let |A| = m and о be an ordinal with |a| = m 


ГА 
апа А = {а [у<а}. Let (x, Dye) be a free generating set of 


Fy (a). Define the mapping 

fi: Py (a) > Рк(А,А (А) } 
as an extension of the mapping 

h: {x ly<a} > {а |уса), h(x.) = а, for ү<о, 
to a homomorphism of the whole algebra EX (a) into Py (A,A(A))- 
Such a mapping В exists (it is unique), since Fy (a) is the free 
algebra of к and P,(A,A(A))€K. Further on, fi is КОЛЫЙ since 
the algebra Р. (A, АҚАУ) is generated by fa, |y<a}. If we denote 
by ө the m of h, then we have 


Fy (а) /8 = Р, (А,А(А)). 


On the other hand, ме can prove that Fy (a)/@ satisfies condi- 
tions (i), (ii) and (iii) of esis 1. (see [3]). 


Hence, we obtain 
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FK ( СЕМ = Р,(А,А(А)). О 


2. SOME DECIDABILITY PROBLEMS 
Denote Бу Eq(f) the set of identities in language г 
Let У be a variety in language С and (G,R) a finite presentati- 


on in V. 


The word problem for (G,R) in V asks if there is an 
algorithm to determine, for any identity P¥q€Eq(LUG) with no 
variables, whether or not 


Py (G,R) реа. 

Let К Бе a class of algebras in language 2, and let 
A be a partial К - algebra. The problem of partial К - algebra 
A asks if there is algorithm to determine for any identity 


рға EEq (LUG) with no variables whether or not 


ЕК(А)-рма. 


Ме are going to consider the following three problems 


for a variety У in language 2. 


I The word problem in the first level for V asks whether the- 
re is a universal algorithm to solve the word problem for 


all finitely presented algebras in V. 


II The problem of partial V - algebras asks if there is a uni- 
versal algorithm which for any finite partial V - algebra 
А, and any identity peqcEq(fUA) with no variables, decides 


whether or not 


FV (Ај paq. 


= 
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III The problem of quasi-identities for V asks if there is an 
algorithm which for any quasi-identity q in £ decides whe- 


ther or not 


VE q. 


It is natural to look for the relationship between 


the problems I, II and III. We can prove the following result 


Proposition 2.([2]). For any variety, the problem of 
quast-identities and the word problem tn the first level are 


equivalent. O 


Hence, for any variety, the problems I and III are 
equivalent. It is not hard to prove, using Proposition 1, that 
the positive solution of problem I implies the existence of an 


algorithm from problem II: 
Proposition 3. Let К be a variety in language £. If 
the word problem in the first level for К is solvable, then 


the problem of partial K - algebras is solvable too. 


Proof. Let А be a finite partial K - algebra, 
PRQEEq(£UA), with no variables. Then, because of Proposition 1., 


FK(A) = Py (A,A(4)) , 


so that 


FK(A)Fpsq iff Py (A,A (A) ) = paq. 


Hence, directly from the algorithm for the solution 
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of the word problem, we obtain an algorithm for the soluti Е 
= 3 on 
the problem of partial algebras. O E 


Conversely, can we construct an algorithm for the so- 
lution of the word problem knowing an algorithm which solves 


the problem of partial algebras? 
In this paper we shall give a class of finite presen- 


tations for which it is possible to construct an algorithm for 
the solution of the word problem. 


3. SOME AUXILIARY CONSTRUCTIONS 


Definition 3. Let К be a variety in Language г and 


(A,R) some finite presentation in K. Then, 


(1) If t is a term in f, then by Sub(t) ve denote the set of 


all the subterms of t; 
(2) Sub(R) = u(Sub(t) | (3s) (setcRvtescR); 
(ФУУ = (C, |o€Sub(R) ЈЏА. 
п 


Note, that the elements of Sub(R) are terms in fUA, 
with no variables. Denote by |t| the length of a term t (i.e. 


the number of symbols in t). 


Definition 4. Let K be a variety in £ and (A,R) a fi- 


nite presentation in К. 


(1) Define the mapping 


; | 
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ф: Sub(R) > Eq(£UA') 


in the following way: 


(i) If |Е|=1, then p(t) 28 t&C,; 


(it) If t= £(t,,---/t,) where £ ts an n-ary funetion sym- 
bol and t4,...,ty are terms, then p(t) ts E 
2.46, ) m C. 
tn 


(2) Define the set R' as 


В! «o[Sub(R)]U(C с ||p|2 1 and peqeR)U 


р d 
ке, ас РА Еве rtp) | pageR}, 
п 
where p[Sub(R)] = {p(t) |teSub(R) ). 
о 
Note that if teSub(R) and |t| = 1, then tcA or t is a constant 


іп f and the set R' is а set of identities, in the language 


£UA', with no variables. 


Example 1. Let L be the variety of all the lattices 
in the language (л,у), А = (a, b, d) and 


В = {aabad, (avd) abadaa}. 


Then, 
Sub(R) = {a, b, а, аль, (ауа) ль, avd, ала), 


iN = 
= Cp: E Сада 


€ 
a’ a Sana? © уруу Сама“ 
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О = 
к= (акс, beC,, deca: CAC ERC у, 


Сауа СЫЗ (ava) ab’ СаУСа^Сауа» 


Ca^C4^€ СС. Са с 


ала” АСС}. 


ауа 


Recall, now, the rules of inference in the equational 


logic. 


Let т, о, 8, р,... be arbitrary terms in f. Then, 


(1) tet is an axiom; 
4 
(2) From сет infer tao; 
(3) From ost and тад infer on6; 


(4) ТЕ OATS for i€{1,...,n}, then for any n-ary function symbol 


ТЕГ infer 


Е(в1,...,5,) я Е (тро...) 
(5) If с (хе...) ~ т (Хи: + Ху) then for all terms p,, 
пен лі ішпе 


о (руу... Б.) = т (Ри. рр) + 


The following lemmas are about some syntactic ргорег- 


“ и" 
ties of sets of identities, therefore the proofs are "technical". 


Lemma 1. Let К be a variety in £ апа (A,R) а finite 


Presentation in К. Then, for every t€Sub(R), ue have 
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R't ЕУ С. : 


Proof. By induction on the length of t. 


' so that 
о т ү rat then tS Gare RY 5 


ВЕ ЕЯ С. 


5 c а 
(31) Let t = £(t,,---7t,)- Then, since t€Sub(R), it follows 


i ti h t i 
that tyres ert ESub(R) and by the induction hypothesis 


pag er Mete een) 


By the definition of R', £(C, pee Cy ) ~ C, € R'. From 


1 n 
the rules of equational logic it follows that 


R'E £(t,,---/ty) я с, 1.е. 


R' | Ея С. 


Lemma 2. Let R be the set of identities, in the lan- 
guage LUA, which appears from the set R' in such a way that in 
every identity in R' every symbol C, (tESub (R) ) 18 replaced by t. 
Then, for all the identities рма in CUA, and any set E of iden- 


| 


tities in £L, we have 


ZUR | Pq ama A = i89 GS Gio 


~ 5 rs 

Proof. Let ecR'. Prove that identity e, which appe? 
it 

from e when we replace all the symbols с. Бу t, is in R or + 


са- 
is a trivial identity of the form тат. If ecR' we have four 


ses. 


1) е is tac,, |t| = 1. Then, ё is the trivial identity tribe 
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49 
9) e is £(C ы ~ Cc; where t - £(t4 reserba ). But, then 

› again, we have tet. 
3) eis С, = ба, where |p| = 1 and pag€R. Then 6 is ред, which 


belongs to R. 


4) e is пои ~ Са where peq€R and р = ае 


тһеп ё 15 f(t.,...,tu)ma, which belongs to R. 


Therefore 
RAPERE 


Conversely, R c R since if peqcR and p = f(t,,..., tu), 


then Rec. 7 so that £(t,,-.-,t,)aqeR і.е. pagef. 


A 
Therefore, ВРЕ and the proof is ended. 


Example 2. Let L be the variety of all the lattices 
and (A,R) be the same as in Example 1. Then, 


В = (ama, bab, ded, альмаль, (avd) лре (ау) ab, 


avdwavd, daardaa, алђма, (avd) abedab} 


4. MAIN RESULT 


From the set Е' we obtained (by the replacement of 


Some symbols) the set R, which is of the same "deductive power" 


as the set R. On the other hand, our aim is to obtain from the 


Set R' such a set of identities R* which can be the positive 
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First of all, from the set р! 


diagram of some partial algebra. 
o take out the identities of the form t&C., where 


we have t ; 

|t| = 1. Further on, in the set R' there are identities of the 
у and (С /-../С, )ес_, where C «с 

form Sod Ep с Е а р*Са’ and 


therefore are not supposed to be in the positive diagram of some 


partial algebra. 


We shall formulate two rules: 


(a) If a set of identities I contains an identity of the form 
ред, where |p| = |а| = 1, then we take out this identity 
from the set I and in all the other identities we replace 


the symbol q by p. 


(В) If a set of identities I contains some identities of the 
form testy, tat, where Е. +5, then from Т we take out the 
identity tst, and in all the other identities we replace 


the symbol t5 by “1. 


| Let I be a set of identities. Denote Бу a(I) the set 
| of identities which appears from I, if the rule а is applied, 

and by В(Т) the set of identities which appears from I, when 
the rule В is applied. 


We say that the set of identities I is a-pure if 
а(1)-І. Analogously, I is В-риге if g(I)-I. Obviously, if І is 
a finite set of identities, then there are natural numbers m;n 
such that the set a? (т) is a-pure and the set g(r) is g-pure- 


Definition 5. Let (A,R) be a finite presentation іл 4 
variety К. Let n be а natural number such that a@(R') is a-P""* 
and m be a natural number such that Bla? (R')) is в-риге. Then, 
let 


R* = В (а (R')) 
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апа А* be the set of all these sy 


mbols from A'Uconst(L) which 
appear in the identities of R*. 


It is not difficult to see that R* с Eq(£UA*) and that 
R* is the positive diagram of a partial algebra (in the language 
£) with a carrier A*. Denote this algebra by A*. 


We can assume, not losing generality, that A с A* 1:6; 
that in application of the rule а we һауе qgA and in the appli- 
cation of rule В, we have tj£A. 


Example 3. Let L be the variety of all the lattices 
and (A,R) the same as in Example 1. Then, 


3 U = 

a (В!) = (аль ар, Cava^P*€ (ava) ab! ауд ч, 
ӘлалСа a! aAbed, Ca va^P*£a, al t 

R* - 8? (a? (R')) = (ауал 4 ы, алак a! алђма, 


Сауа^В”Сала?} , 


A* = (а, Б, 4, С }, 


ауа” Сала 


А* = (A*,A,v), where A(A*) = R* 


Lemma 3. 


Let х(с,а) be a set of identities іп £ which contain the 
symbols с and d as constant symbols and tet ф(с) be an 


identity not containing d. Then, 


X(c,d)U(ced)-o(c) iff (с, с) (с). 
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(ii) In point (i), we сап put, instead of the constants с ang а 
› 


| any closed terms 5, and t». ý 
| Proof. 
(=). Let £(c,c)ky(c). Then, since 
E(c,d)U{ced}HE(c,c), 
we have 
х (с,а) И (смај-Ф (с) . 


/ (+). Prove the following: 


If £(c,d)U{cad}-y(c,d) and if 
(*) у. (c,d), 0206,9)... у и (с, а) = (c,d) 
| is a proof-sequence for ф(с,а), then 
(2x) У: (cc), V5(e,c) ,... rp (сус) = y(c,c) 


| is а proof-sequence for %(с,с) from x(c,c). 


Clearly, if n-1, then 


y (c,d) єх (c,d) U{cxa} 


or it is an axiomof equational logic. Then, y(c,c)er(c,c) 
or w(c,c) is cec or it is an axiom, so that 


>(с,с)Еу(с,с) О 


Suppose the assertion holds for ken and prove that it holds 


for n. Then, VQ (c,d) is obtained by rules (2)-(5) from some 
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previous identities in sequence (*). It ig not difficult to 


2 
see then that у (с,с) is obtained by the same rule from the 


corresponding formulas in sequence (**) 


(ii) Analogously to (i). 


Corollary. Let К = mod(x) be a variety їп £, (А,В) a 
finite presentation in К. Then, for every identity редеЕа(гцА) 
with no vartables, 

XUR-peq iff ZUR*- pag. 


Proof. On the one hand, 


XUR'-peq iff 


iff IUR'U{tac, | teSub(R) }-pag (Lemma 1.) 
iff DUR-paq (Lemma 3.) 
(Lemma 2.) 


iff zuR|pag. 
On the other hand, 
ZUR'H paq 

iff TUR*- pag, 

and Lemma 3. Therefore, 


because of the construction of R* 


:URL-peq iff  ZUR' ред. 
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Proposition 4. Let (A,R) be a finite presentation ác 
mod(X), in language 2, and let A* be а K-partia1 


a variety K = 
algebra. Then, if the problem of the partial algebra А* in x is 


solvable,the word problem for (A,R) tn К is solvable, tog, 


Proof. Let peqcEq(£UA), with no variables. Then, 


Py (A,R)F paq 


2). XURLpeq (Definition 2.) 


iff EUR*-peq (Corollary) 


iff Ру (A* КУЈЕ pag (Definition 2.) 


iff FK(A*)Epaq. (Proposition 1.) 


Hence, if the problem of partial K-algebras is solvab- 
le, then we can solve the word problem for all those finite pre- 
sentations (A,R) in K for which the corresponding partial alge- 
bra А* is a K-partial algebra. It is easy to give an example of 
a variety K and a finite presentation (A,R) , So that A* is not 
K-partial algebra. 


Example 4. Let L be the variety of all the lattices, 
А = (a,b,d), В = (алђма, Ылама}. Then, R* = R and A* = A. But 
then A* is not a partial lattice i.e. it is not a relative sub- 


algebra of any lattice B (we shall have that a=d). 
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REZIME Д 


0 JEDNOM PROBLEMU PARCIJALNIH ALGEBRI 


Neka је А konačna parcijalna algebra, V varijetet 
FV(A) algebra slobodno generisana sa A u Y. СЕ 


| Problem Parcijalnih V-algebri pita da 11 Postoji uni- 
verzalni algoritam koji odlučuje da li za bilo koji identitet 
раде Еа(СЏА), bez Promenljivih, vazi 


U radu se ispituje odnos problema reci'za V i problema 
Parcijalnih algebri. Pokazano je da reSivost problema reči impli- 
Cira reSivost problema parcijalnih algebri. Takodje, data je kla- 
Sa konačnih prezentacija za Коди reSivost problema parcijalnih 
algebri implicira reSivost problema reči. 
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iv. u Novom Sadu, 
SE. Rad. Prirod.-Mat. Fak. Ы OF RESEARCH 
7 Ser, Mat. 17,2, 57–63(1989) ТУ OF SCIENCE 


MATHEMATICS SERIES 


OB ОДНОМ ОБОБЩЕНИЮ РЕШЕТОК 
Янез Ушан 


Institute of Mathemattcs,Universtty of Novi Sad 


Dr Ilije Djuričića 4,21000 Novi Sad, Yugoslavia Ц 
РЕЗЮМЕ 


В работе определяется алгебраическая структура явля- 
ющаяся одним обобщением решеток. В настоящей работе автор эту 
структуру позволил себе назвать почти-решеткой. Притом, в ра- 
боте рассматриваются некоторые построения почти-решеток про- 
должениями решеток или почти-решеток. 


>< 


Пусть (0,7) и (0,1) коммутативные полугруппы. Объект 


(0,V, д) назовем почти-решеткой тогда и только тогда, когда име- 


ет место: 
ПРА XVX = xX и XAX-7X; и 

1) 
ПР2 х A(yVzV x) = (хау) 7 (xAz) v (хАх) 


для любых х,у,2 є 0. 


Очевидно :имеет место следующее утвреждение: 


Каждая решетка является почти-решеткой. 


Утверждение 1. 


Ен Ша: 


Обессиленная дистрибутивность; см. примечание. 


AMS Mathemati | ification (1980): 20N99 ; 
matics Subject Classification ( : a 
€Y words апа UT semigroups, lattices, near-lattices, weak distribtttivity 
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Пусть (Q,V,4) почти-решетка. Тогда имө- 


утверждение 2. 


| ет место: 
1 
! mp3 xalyvx) = xviyAx) для любых х,у e 0. 
Доказательство. Ввиду ассоциативности для V, IIPl и 


комутативности для ү и A находим, что имеют место равенства: 


ха(уухух) -ха(уУх) и 


(x ay) V (хлх) у (хах) = x V(yA x) 


для любых x,y є Q. Отсюда учитывая ПР2, находим, что имеет ме- 


сто ПРЗ. 
ў Теорема 3. Пусть (Q,V,^) любая почти-решетка. Пусть, 
далее, 
деф a ^ 
(1) (0) = 0) WU еј G 52 о; 


и имеет место 


де хуу, (х,у) € @ 
(2) x@y 5% bur = ех CO 4 
Wages Еее у GO} 


деф ( ХАу, (х,у) е O 
(3) x@y = (x,y =e,x <0 
у,х 7 e,y EQ. ] 


Тогда (0, ®,@) почти-решетка неявляющаяся решеткой. 


оказат E 
Pu ельство. a) Из определении (1)-(3) непосредствен | 


но следует, что е e Q, е # ў, 


и (QA). 


6) 


являетсч единицей группоидов (Q,@) | 


Учитывая предположение, что (Q,V,A) почти-решетка, 
т.е., что в (Q,V,A) имеет место MP1, ввиду (2), (3) и a), нахо- 


40 9 19 (2,@,@), также, имеет место ПР1 


в) Ввидуа) и предположения, что (Q,V,A) почти-решетка, 


находим, что (0, (9)) и (Q,@) коммутативные полугруппы. 


г) Учитывая предположение, что (0,7,4) почти-решетха; 
т.е., что в (Q,V,A) имеет место ПРЗ (утверждение 2) и, ввилу а)! 


ран нан калы ШЕ 
1) 
обе 8 

ссиленное поглоцение; см. доказательство теоремы 3 под Г). 
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имеют место равенства 


1 x®(e@x) = xM(e@x) 


И 
ҡ 
я 


(е) e@(x@Me) = e@(x@e) 


x 


для любого x є Q, находим, что в (0,(9),(®)), также имеет m 
mp3. Притом, так как равенства non (e) имеют место для любого 
х є 0, где |0| 2 2, находим, что в (0,0) ,(0)) не имеют место 
законы поглощения. В самом деле, отсюда получаем, что (0,09) ©) 
не является решеткой. 


д) Так как ПР2 имеет место в (0,7,8), то ПР2 имеет ме- 
сто в (Q,(),(5)) для всех x,y,z e О\{е}. 


Ввиду а) и в), имеют место равенства 


е (@ (у@ 2 (@е) =ут2 и 
(е Dy) (9 (е (0) 2) (9) (e@e) =y@z 


для любых y,z є О. Отсюда находим, что MP2 имеет место в (0,0), 
(5)) для всех yz є Оих = е. 


Ввиду а), 6) и в), находим, что имект место равенства 
х @(e@Mz@x) =x@(z@x) и 
(x De) @ (х(® 2) (9 (xx) = x (9 (z 9x 


для любых х,2є O. Отсюда, ввиду г), находим, что ПР2 имеет место 
в (Q,@),@) для всех x,z e О и у = е. Одновременно, ввиду B), мы 


получили, что ПР2 имеет место в (0,@),@)) для всех x,y e ди 
сте 


Ввиду а) и в), находим, что имеют место равенства 


х (A) (е (Је (у) х) =х@х и 
(х Фе) v (х@е) @ (x (0) x) = х (9 х @ (x @х) 


ANA любого x є О. Отсюда, ввиду б) и в), находим что ПР2 имеет 


Место для любого хе О иу = 2 = е. 


Теорема доказана. = 


Следствием теоремы 3 и утверждения 1 является следующее 


Утверждение: 
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Теорема 4. Пусть (2,9,0) любая решетка. Пусть, na- 


(1) Q TS? ду (е), ея 0; 


и имеет место 


| x uy, (х,у) 50 
| (2) ХМ yo = x,y =e, x EQ; 
| Уух = е, уе«0 
$ x Oy, (х,у) є 0 
i (3) х ду = £ X,y =e, хе Q 

i у,х =e, y e 0. 


Тогда (Q,V,4) почти-решетка не являющаяся решеткой. 


/ Утверждение 5. Пусть (0,0,0): любая решетка обладающая по 


меньшей мере двумя элементами а,Ь є 0 удовлетворяющими условию 

а < Ь и а # Ь. Пусть, далее, обьект (Q,V,A) определен через (1) 

= (3) из теоремы 4. Тогда в (Q,V,A) не имеют место закон дистри- 
| бутивности и закон модулярности. 


Доказательство. Так қак, ввиду ПР1 и ассоциативности 


для А, модулярност является следствием дистрибутивности, в на- 


| стоящем случае достаточно доказать утверждение для несправедли- 
| BOCTH модулярного закона!) . 


| 7 Пусть a,b e би имеет место: 
| 


a $ b, a £ b. 


Из равенств 
b A ((bAa) уе) = bA(bAa) и 
(Бла) у (Бле) = (Бла) ть, 


ввиду ассоциативности для A и ПРІ, получаем равенства 


bA((bAa) уе) = Бла и 
(Бла) ӯ (ле) = (baa) ть. 
Отсюда, так как а,Ь є 0, ввиду определении (1) - (3) из теоремы 


4, учитывая условие a s b, a я Б, находим, что имеет место: 


р 
D (DM) <> (IM = 1D) - тавтология. 
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Ба ( (Бла) е) # (Бла) V (Бле). 


Утвреждение 6. Пусть (Q,U,9%) любая решетка. Пусть, 
далее, объект (0,7,4) определен через (1) - (3) из теоремы 4 
тогда в (О,У,А) имеет место 


ПР2' xV(yAzAx) = (хуу) А (x Vz) А (x Vx)) gna всех 


x,y,2 € Q. 


Доказательство. Очевидно, в любой решетке (9, (97) 


имеет место равенство 


хо(уогог) = (xuoy)n(xoz)o(xox) 


4 


для всех х,у,2 е О. Таким образом, ввиду (2) и (3) из теоремы 
4, ПР2' имеет место в (0,7,4) для всех х,у,2<0) (е). 
Ввиду а) и в) из доказательства теоремы 3, имеют место 


равенства 
еу (улд2ле) =yAz и 
(е Vy) a (еУ2) д (ете) = yAz 


для любых у,2е Q. Отсюда находим, что ПР2' имеет место в (0,7, 


^) для всех у,2 є 0 их = е. 
Ввиду а), б) и в) из доказательства теоремы 3, находим, 


что имеют место равенства 
xV(eAzAx) = хУ (2 А x) и 


(хте) д (хуз) л (xVx) = х А (27 х) 


ввиду г) из доказательства тероемы 3, 
2—0 HZ = е. 


для любых х, z е О. Отсюда, 
находим, что ПР2! имеет место в (0,7,4) для всех x 
то 

Ввиду а) и в) из доказательства теоремы 3 вахони 


имеют место равенства 


x V(eAeAx) = хух и 


(хте) A (x Ve) A(x Vx) = хах à (x V x) 


льства тео- ЕЯ 
Для любого хе О. Отсюда, ввиду б) ив) ИЗ докази = 


X Дуал от MP2. 
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ремы 3, находим, что ПР2’ имеет место для любого X € би у. 


= 7 = е. 


Утверждение доказано. 


Пусть (0,7,8) любая почти-решетка. Пусть, 


Теорема_7. 
| далее, 
| г A 
| e 018% оо (0), 0 * OF 


и имеет место 


хуу, (х,у)е0 
(2) x Oy neo 0,у-0,хе0 

0,x = 0,у е 0 
3 хау, (х,у) е0 
(3) х Фу 55% 0,y = 0,хе0 

0,x = 0,у е 0. 


Тогда (Q,@,@) почти-решетка неявляющаяся решеткой. 


у 
Y 


Доказательство. 

а) Из определения (5) и (3) непосредственно следует, 
что 0 е 0, 0 % 0, является нулем группоидов (0,9) и (0,0), т.е., 
что имеют место формулы 


(Ух € 0) (Vy є Q) (x 


u 
o 
= 

X 

u 
o 


> х уу = 0) 4 


(Vx е 0) (Vy е Q) (x 


0). 


1 


оу у 0 > X ^y 


6) Учитывая предположение, что (Q,v,A^) почти-решетка, 
т.е., что в (0,7,4) имеет место ПР1, ввиду (2), (3) и а), нахо- 
ДИМ, что в (©, ®,@), также, имеет место ПР]. 

в) Ввиду а) и предположения, что (Q,V,A) почти-решетка, 
находим, что (0, ®) и (0,0) коммутативние полугруппы. 

г) Учитывая предположение, что (0,7,4) почти-решетка, 


T.e., что в (Q,V,A) имеет место ПРЗ и, ввиду а), имеют место 
равенства 


(е) x @ (0x) = x ® (00 x) 


И 
© 
5 


0 @ (x до) = 0 9 (x@ 0) 


0 


для любого x є 0, находим, что в (0, ®, ®), также, имеет место 


ПРЗ. Притом, так как равенства под (е) имеют место для любого 


ако“ 
X e 0, где |0| = 2, находим, что в (0,69 ,(ф)) не имеют место 3 
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д) Так как ПР2 имеет место в (Q,@,@), то ПР? имеет 


место в (Q,@,@) для всех х,у,2 20 \ (е). Далее, ввиду а) ив,, 
непосредствено находим, что ПР2 имеет место в (9,®,®) для всех 
х,у,2 € 0. 


Примечание. Следствием ассоциативности являются, на- 


пример, законы: 


(a ж b) ж (c « d) 


(ax (b«c)) «d и 
(M) (а х b) ж (с x a) = (ах (b ж c)) x a. 


Притом, существуют группоиды (Q,«) удовлетворяющие закону (M) и 
неявляющиеся полугруппамы. Примерами таких группоидов являются 
муфанговы лупы [1 - 3]. Подобним способом построен закон обес- 


силенной дистрибутивности ПР2. 
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REZ IME 
О JEDNOM UOPSTENJU MREZA 


U radu se uvode i razmatraju skoro-mreze Као jedno uop- 


Btenje mreža. Pri tom, u radu se opisuju пеке konstrukcije sko- 


ži ji 2а ili -mreža. 
ro-mreža jednoelementnim produživanjima mreza ili skoro-m 
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СМп,Е>-СЕТИ С (п+1) -PACCTORHMEM 
Янез Ушан 


аа, Faculty of Science, 
ttes, Dr I. Djuričića 4, 
21000 Novt Sad, Yugoslavia 


РЕЗЮМЕ 


В работе определяется и исследуется структура (%,6, 
1,9), где (€,£,ll) является <Мп,Е>-сетью, а d отображением MHO- 
жества € a множество АУА удовлетворяющим некоторым условиям. 


Пусть € непусто множество и пусть непустое множество 
L множество некоторых подмножеств множества ©, 
Множество (С назовем п-разбиением!) множества C, n € 


№, тогда и тольно тогда, ногда выполняются следующие условия: 


п 
Ht (VA, € €)... (VA, € DARII = пе (313 € (0082); 
и 
H2 (уд € с) [| = n 2). 


Множество f назовем почти-п -разбиением, короче №- 


разбиением, n Е М, множества T тогда и только тогда, когда 
выполняются следующие условыя : 
eee 


1 . 
"Разбиением Хармантиса типа n, нороче: 
п-Разбиение определено Хартманисом в [1]. 


пН-разбиением [3]. 


ствует (п+1)-арное 


2) т 
Нандому п-разбиению множества € соответ Wen 


Отноше 2 на множестве Ç, 
——9шение энвивалентности 


& AMS Mathematics Subject Classification (1980): 20115. 


Ke = ; -dist unction. 526 
У words and phrases: <Nn,E>-net, (ntl)-distance f = 
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n ~ = 
NH (VA. ЕЮ... (A, € ОЧЕ =n 
- (ag Е С) (А. } с би 


" 
3 
> 


п 
(ve € р (ЧА. € С)... GA, € с) (| {Аз} | 


= 
т 
һә 


2 п 2 
ООО enra ОУ СШ + & > (^1) 27)). 


Высказывания под NH1 и МН2 являются следствиями 


высназывании под Н1 и Н2. Таним образом, имеет место: 


————— 


Утверждение 1. Если б является п-разбиением мно- 


жества С, то С является Мп-разбиением множества C. 


чт. 
Обратное не имеет место: пример О 
| 
Объект (€,£) назовем №-геометрией тогда и тольно 
тогда, ногда С является Мп-разбиением множества %. Таким же 
E, образом, обљент (6,6) назовем п-геометрией тогда и тольно тог- 


да, ногда С является п-разбиением множества %. Притом, зле- 
менты множества t назовем точками, а элементы множества L- 
~блонами!), 

Пусть (6,6) Мп-гвометрия; n € N. Пусть, далее, 
{Lli € I) разбиение множества £2). Обљент (6,6, fL; li € I}) 
назовем <Мп,Е>-свтью тогда и тольно тогда, ногда имеет место: 


EO наждая точна А Е © находится в одном и тольно в 


одном блоне из наждого нласса L., i € I. 
1 


Непосредственно находим, что имеют место следующие 
два утверждения: 


Утверждение 2. Пусть (€,£,{L.|i Е I}) «Nn,E» -сеть. 
i 
Пусть, далее, бинарног отношение в с, определено следующим 
е : 
образом: £/l 229 {L, |i € I}. Тогда umeet место: 


oe EE EE Ee ee 


4 
в случае п-геометрии, и: линиями, 


2)1-разбиение множества f. 
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67 
Е1 | является РСТ отношением в Гу и 
Е2 (УА Е тусуй Е С) (3157 Е Г) (471 2лА € 5119. 

Утвреждение 3. Пусть (€,£) Мп-геометрия. Тогда, 
если бинарное отношение І в £ удовлетворяет условиям Е1-Е2, то 
объект (C,£,£/l) является <Мп,Е>-сетью. 

Ввиду утверждений 2 и 3, обљент (T,£, l), где £ Nn- 
разбиение, а 1 бинарног отношение в £ удовлетворяющее условиям 
Е1-Е2, имеет смысл считать <№,Е>-сетью. 

Примеры 1. 

1.1. Пусть € любое непустое множество, а С любое 
1 -разбиение2) множества C. Тогда, объент (T,£) является 1-гео- 
метрией. Притом, если 1-разбиение2) множества С является одно- 
элементним множеством, именно если {L, |i € I) = (5), то (t,£,{£}) 


является <1,Е>-сетьюз), Тогда имеет место: 
(và Е 00(У27 Е £)2^ 1%, 


где £/ll = f£). 


1.2. Пусть © множество всех точен плоскости евнлидо- 
вой геометрии, а Г множество всех прямых принадлежащих этой 
плоскости. Притом, С является 2-разбиением множества €, т.е. 


обљент (€,£) является 2-геометрией. Наконец, объент (5,6,1), где 


| является отношением параллельности в множестве прямых С, твля- 


ется <2,Е>-сетью“), 


1.3. Пусть € множество всех точен евклидовой геомет- 


Й Й т ‘ итом 
рии, а £ множество всех плоскостей евклидовой геометрии. Пр , 


является 
Г является Мп-разбиением множества €, т.е. объект (EL) 


ad 5222 kart ак Ж Мус ВЕНЕ 


1) аксиома езклидовой параллельности, 

5укезбненив множества %, 
<М,Е>-сетью; утверждение ‘lo 

4) <№2,Е>-сетью; утверндение 1. 
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М3-гвометривй, неявляющейся 3-геометрией. Нанонец, объент 


(с, с, 1), где | является отношением параллельности в множестве 
плоскостей £ , является <№3,Е>-сетью, неявляющейся <3 E>=cenege 
Примечание 1 н-Сети [4,5], полусети В. Хавеля 
[6-8], полусети M. Тайлора [9], к-полусети автора [10], LN- 
ң-полусвти [11], ВМ-к-полусети [11], ieee Полусети 112], 
<ң,п>-сети [13-16], <н,п>-полусети [17], в самом деле, являются 
объектами (€,£,{L.|i € D), где © +ф, £ < Pte) ~ (9); азо 
ство {L, |i € I} является разбиением1) множества Г. Нонечные аф- 


финные плосности и аффинные пространства Спернера, например, 
являются, B TOM же порядке, специальные н-сети и специальные 
н-полусети, Притом, речь идет о <2,Е>-полусетах. 

Пусть (c, {L |i Е I})2) `<Мп,Е>-сеть; n Є N. Притом, 
множество (A5) = 7 назовем скелетным множеством тогда и тольно 
тогда, когда имеет место: 

(ale Є ЛАП) с 8. 

Множество всех снелетных множеств <Мп,Е>-сети (€,£,{L,; | i (S y 


обозначим через $3), Притом, пусть имеет место: 
я, {At} с t£ А (АП) Е s 


гап) 480 { 
{АТ}, {AÑ} € s. 


Пусть (€,£,1) <Мп,Е>-сеть; п € №. Пусть, далее, d 


является отображением множества 1141 в множество Е ~ Res где 


К множество всех действительных чисел, а В множество всех OT- 


рицательных действительных чисел, Отображение а назовем функци“ 


ей (п+1)-расстояния в <М№п,Е>-сети (T, £, 11) 
когда выполняются следующие условия: 


тогда и тольно тогда, 


1) 1-разбиением, 
2 (6,£,0); £/I = (Lili єт}. 


3) Если (t,£,1l) является <п,Е>-сетью, то $ является п-разбиением 
множества © удовлетворяюцим условию: (йз GC Sls = то БӨЛУ 
(T, С, l) является <Nn ,Е>-сетью неявляющейся <п,Е>-сетью, TO 2 
является РпН-разбиением мношества. [18] : 
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69 
= n 
MO АСА ат "Аа" 9) = а(А,,8) для каждого {АП} є 3, 
каждого В € € и нандого о € (1,...,n]!; 
: п+1 5 ЛІ 
М1 4бА = Тісі (ауе Б) {А с) для ңандого 
A Ше т; 
* U 
n қ ny an = 
М2 (v(A3) € S)(V(BT) € 3) ([АЗ] ИВТ] > (3489365) ( [85] - (g2] л 
^ аСАЧ, Ва) = а( вл, А. ју) и 
113 (У{АЛ} € S)CV{CT} Е 8) [АП] [07] = 


= (a(£2) є $) (УС в 8) (УВЕ 9) ([61] = [CA] A c є [67] = 


При п = 1, МО - МЗ превращаются в: 
M04 d(A4,B) = d(A4,B) для нандого (A4) Є $ и нандого 
Ве к; 
M1 4 d(A4,A2) = O e (32 € £)(A4,A2)] © 2 ann нандого 
А? € T; 
M24 (880 Е $) (УВ Е 3) (Аз ИВ = (3(B4) € $) [В+] = [B4] ^ 


^ diA4,B4) = а(Ва, Аз)» и 
M3, (v(A4) Е 8)(У{С+} € ®)([А411[С4] = 
> (346,3 € s)(vC € €)(VB € CIC] = (C1) ^ € € [ба] = 


= d(A,,B) S d(A,,C) + а(ба,В))). 


Шри а - 2 справедливо: 


(а) (у езе 

р каждого 3% 

O Ф(А,,В) = d(A.,B) имеет место для нандого {Ai} € 3. И 5 
В e c, 3 
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с = $1), имеет место: 


Прип = 1и = | 
(б) [X] = (X) для каждого ХЕ С; 
(в) (a{B} € $) (Аз, А2} © (B) e Ал = A2 для каждого 
| Ал, А2 € €; И 
(г) (v(X) Е 8)(У{Ү) € 8){[Х]1![Ү]?›. 


———— 


Далее, учитывая (а) - (г), находим, что, при £ = $, 


MO - M3 превращаются B: 
M01 d(A,,B) = d(A,,B) для каждого А,В Е T3) 
М11 а(А4,А2) = 0 e Ay = Аг для наждого А4,Аҙ € T; 
М21 (VA. € ©) (УВ. Е ©) (38, Е ©) (8. = Bi А 
{ ^ d(A4,B1) = &(В+,А1); и 
M31 (VA. Е ©) (УС: € ©) (36. € ©) (УС € €)(VB € Е) (С = Са = С,» 
= d(A1,B) < 4(А+,С) + d(£4,8)). 


Отсюда, учитывая определение метричесного пространства, нанонец, 


находим, что имеет место: 


Утверждение 4. Если (t,d) метричесное пространство, 
то d является 2-расстоянием в <1,Е>-сети (U,$,{$}), и обратное, 


Примечание 2. Ввиду утверждения 4, объент (с, с, ll, а), 
где (%,6,1)%7 <Мп,Е>-сеть, а d является (п+1)-расстоянием в 


(t,£,l), назовем и (пғ1)-метричесним пространством. 


Теорема 5. Пусть (€,£,ll,d) (п+1)-метричесное простран“ 
ство; п Є М. Пусть, далее, {АП} € в, у € г, де TUBE € любые 


ee а-ы. 


1){ = {{X}|X Е c). 
2 Шаимар 15415 
з) T 


а(А,,В) = d(A,,B), очевидно имеет место для каждого Ал,8 Е ©: 
9 CE £, |i Е ІР; (WAT = {L; lie T 5 
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«Мп, Е>-сети c (п+1) – расстоянием 


объенты удовлетворяющие условию: 
п 
[Ах] I 2 ^A € £ AB € g, 
Тогда имеет место равенство: 


А(АТ, А) = а(АП,В). 


: n 
Доказательство Пусть {Ai} и fpi любые снелетние 


множества удовлетворяющие условию: 
п п 
[453 E 


Тогда, ввиду M3, существует снелетнов множество {GX} таңое 
igi m n > = 
что из [C1] = [C3], для любых P,Q Е [01], следует, что имеют 


место высназывания 
а(АТ,Р) < а(АП,0) + а(СП.Р) и 
а(А7,0) < аА PI + а(68,0). 


Отсюда, тан нан P,Q Е [C2] (= [62]), ввиду M1, находим, что 


имеет место 


d(A4,Q) и 


с 
> 
әз 
д) 
Іл 


а(АП,Р), 


а. 
> 
© 
IA 


т.е., что имеет место равенство 
А(АП,Р) = а(А1,0). 


Утверждение доказано. 


Примеры 2 


2.1 Пусть (2,5,1) <2,Е>-сеть из примера 1.2, а 
d(A3) пусть является площадью треугольника C вершинами A4, Ад и 
Аз. Очевидно, а удовлетворяет условиям МО и М1 (для п = 2), 

Пусть, далее, {Aq} и (82) снелетние множества удовлет- 
Воряющие условию: 

ЕЕ рис бе 7 


GA 


= 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar ; 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


72 я. Уш 
zA Xe 
Тогда существует снелетнов множество (81) таное, что 
a) 182]= [811›и 
5 1 B, В2 В a | 
с) вели [Ал] + (Ва) > TO 1 2 1 E. 
? REST ; 2 
A,A2B1B2 является параллелограммом / 


рис, 1 . В самом деле, тогда суцес- ; 


твует (83) € $ танов, что имеет me- 


сто а) и имеют место равенства: 
в) PovA4A2B4B2 E 


= 24(А3,В4) = 2à(B5, A4). 


нами доказано, что d удовлетворяет условию M2. 


Takum образом, RD BRI 
нанонец, A4A2C4C2,A4A2B4B2 и C4C2B4B2 являются 


Пусть, 


параллелограммами рис, 12-1з. Тогда имеет место: 


роу A4A2B4B2 < РоуА.А2б1С2 + PovC,C2B1B2- 


Ca © с ВЕ 
ТЫ A „ [б] 
/ | A 
/ B, B2 
—— у у= ‚у= 
/ 
va / 2 
en ee Es A Lc ГАЙ! 
А, ^2 
Рис, 1; Рис. 13 
Отсюда, тан нан имеют место равенства 
Pov A4A2B4B2 = 2d(A7,B); 
2 


Pov А1АгС1Са = 2а(АЗ,С) = 2а(А2,6,) = 24(С2,А)› и 
Pov C,C2B,B2 = 2a(62,8), 


находим, что а удовлетворяет и МЗ (для n = 2). 
un 


Нами доназано, что (%,С,|,4) является З-метричесн 
пространством, 
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(Nn, Е>-сети c (n+1) - расстоянием 


Е 


Djed Пусть (T,£2,N) <М3,Е>-свть из примера 1 


„3, ая 
пусть является объемом треугольной пирамиды с вершинамамы Ay, 
Az» Аз ^ Aa: Тогда, способом подобним способу из примера 2,1 

y ма , 


находим, что (C,£,l.,d) является 4-метричесним пространством, 


Примечание 3 В (п+1)-метричесними пространствами 


из примеров 2.1 и 2.2 имеют место и следующие высназывания: 


5 Я ^ у У 
м2 d(A, ^) = ЧА ӨЛ Ста) для наждой подстановни 
а Е (1,...,n*1)! и нандого put ЕС; и 
п+1 п 1-1 +1 1 
M3 А) = ВА: B, ATL) для нандого Antig € €. 
i=1 а 
Примечание 4 В прямоугольных ноординатах фуннции 


(1+1 )-расстояния из примеров 2.1 и 2.2, нан нам известно, выра- 


наются, в том же порадне, следующим образом: 


хт ya 1 
Mx ,y,)1) = i|det|xa ya 1 i 
See а Zijai 
хз уз 1 
X4 Ya Zi 1 
"ы | а ма ба! | 
dCx; y 5 2,20) = Бен а А 2а Mis 
ха ya Zu 1) 
Притом, имезт место: 
' xı 1 
X4 xa = аен : E 
X2 1 
Ж * ж 


Пусть (€,£,1,d) (п+1)-метрическог пространство. Пусть, 


п Подмнонество 
далее, (АП) снелетное множество, т.е. пусть (A1) € 8. A 


n тым шаром 
множества т, обозначим его через HI] Aq ег НЗ 


п j которого = > 0, 
с центром в снелетном множестве (A1)') радиус Р 


кески Ез с. НЕ 


‘AT CA сдноэлементные 


9 Если п = 1, то скелетними множествами явля 
подмножества множества 6. 
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€ ЕВ, тогда и тольңо тогда, когда имеет место: 


л 
2 


(1) HIAR, [299 (x|x € € ^ асат, х) < ЕЈ. 


Притом, ввиду MO, находим, что имеет место: 


EAS. = HJA’ el 
HIA, t Rae e[ 2 


для нандой подстановни о € (15 sores а 


На рис. 2 изображен отнрытый шар в 


З-метричесном пространстве из примера 


2.1. 


Учитывая определение снелет- 
ного множества, определение отнрытого Рис. 2 


шара и M1, находим, что имеет место: 


Утверждение 6. Пусть (€,£,ll,d) (п+1) -метричесное 
пространство, Тогда, если (AD) € $, TO [А2] = ИТАЛ e[. 

Учитывая определение снелетного множества, определе- 
ние отнрытого шара, теорему 5 и ансиому E2, находим, что имеет 
место: 


Утверждение 7. Пусть (t,£,l,d) (п+1)-метричесное 
пространство. Тогда, если {Ay} € фи B € T удовлетворяют условию 


n * 
d(Ay,B) < е, € € R^, то существует р € £ таное, что имеет место 


ОЦА) ABE £A g eH], eL 
Непосредственным следствием утвреждения 7 является: 


ое о (8,6, 1, d) (п+1)-метричеснов 
пространство. Пусть, далее, (AD) є s, c c RY и 


деф 
САШ еу = ШЕ ДАО, (ав € €)(B € дл d(AD,B) < =}. 


Тогда имеет место равенство : 


H]An, = 
ЈАЛ,е[ = U F CAD, е): | 
еее 0-2 45 | 


1) Занрытый шар с центром в сне 0; 
летном множеств п} радиуса Е 7 
Е S определим следующим образом: ОВ | € с ~ 8089,0) | 
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| 
1 


Множество А c € назовем открытым множеством B (п+1)- 


метричесном пространств (%,с,|,а) тогда и тольно тогда, ногда 


емеет место: 


(2) (У{АҢ} Е $) (ТАЗ) СА л [А1] CAS 
= (3e > 0)НЈАП, elc А). 


Притом, А © 2 пусть закрытое множество в (п+1) -метричесном 
пространстве (€,£,ll,d) тогда и тольно тогда, ногда © ~ А является 
отнрытым множеством в (C,£,l,d). 


Из (2) непосредственно находим, что имеет место: 


Утверждение 9, Пустое множество и множество 7 являются 
отнрытыми множествами в (п41)-метричесном пространстве (EF rdi 
Учытывая определение занрытого множества и утверндение 


9, находим, что имеет место: 


Утверждение 10. Пустое множество и множество € явля- 
ются занрытыми множествами в (п+1)-метричесном пространстве 
п, 1, а). 


Из (2) непосредственно находим, что имеет место: 


Утверждение 11. Пусть (€,£,l,d) (п+1)-метричесное 


пространство и пусть А с @. Тогда, если имеет место 
(3) (У{АЛ} є САП) & A МАТ] с А), 


ТО А является отнрытым множеством в (€,£,l,d). 
Учытывая утверждение 11, 
находим, что в 3-метричесном про- [А2] 
Странстве из примера 1.3, например, == 
Круг (рис. 3) является отнрытым 
множеством, 


Рис, 3 
SS А а не n 
Если А = 0, то имплинация из (2) превращется в L= p. Ивл 


А = С, то имплинация из (2) преврацетса B Тәр 
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Теорема 12. Пусть (€,£,,d) (п+1)-метричесное npo- 


5 m € М, являются отнрытыми 
странство. Тогда, если 0.,.. ‚©? 


обонествами в (rc, ај, то A 9: CREDA TOE множество в С Т т 


m 
Доказательство а) Если NU 0. = Ø, то, ввиду утвер- 
ойе 


1 
т 

мдения 9, ,N 0. является отнрытым MH 
121 1 


| 


п п 
64) Пусть n 0; * АЕ S; (маја ПО. и ТАҢ С 
¢ А 0.. Таң Kak в stan anise имплинация из (2) сводится Ha 
M 
i 


1 
ер, ТО a 0; является открытым множеством . 


n n 
rud Пусть, нанонец, имеет место: фы UM + 0, {AT} € 8, 


{А1} = і и [АП је i 0; . В этом случае, тан нан 0; іс 
07 =1 
€ "EE отнрытые а, существуют ЗВАН © НЕ танив, 


что имвет место: 
НЈАТ, є, [© 0, для каждого м)... 
деф ,. m 
Отсюда, если берем e "=" Міп(е4), находим, что имеет место: 
п m 
HJA ele П о. . 
i=1 
Теорема доказана, 


Ж Ж * x 


B продолмании рассматриваем (п+1)-метричесние прастран- 


ства (%,6,!,4) удовлетворяющие следующими условиями: 


ЕЗ Для каждых двух различных блоков 2,47 Є Г имеет место 
ОДНО M тольно одно из соотношении: 2 | Q^, 2 п L° + Bi 

Ма (Yo € R"J(V{AT} є s)(v(80) є s)(TAPJNCBT] A [АП] + 
В ЧЕ АОВ А). л о асап, ва): 
> (3X Є €)(d(B7,X) = ал а(АП,Х) = а(АП,В,) - а» 

M42 


(Уа € К )(У(АВЈ Е 8)(У{ВП} є S)CLATIN [ВП л ГАЙ) + 


n ~ = 
+ 181] ^ d(A3,84) =4(B9,A,) = (зү є гу(з2 Е €) (aC Y) 7 
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(Мп, Е>- сети с (n+1) - расстоянием 77 
= а A dA, У) = d(AÀ,B4) жол а(АП 2) = 


„—— 


= а a а(85,2) = а(в А) + a); и 


М5 (МРАЗ) Є SJ(V{AT} Е 8)(УХ Є €)tvY € OG) = [АЛ] 


$ 


> (d(Aa,X) < аса, у) = аА х) < ау). 


Примечание 5. В (л+1)-метрическими пространствами 


из примеров 2.1 и 2,2 имеют место ЕЗ, М4,, M4, и М5. 


Пусть {Ay} Е 8. Тогда, учитыван M1, находим, что 
любое Х Е [АП] является решением уравнения а(АП,Х) = 0, Далее, 
учитывая M42, находим, что уравнение а(АП,Х) = а обладает решени- 
ями для нандого а € R'. Таним образом, имеет место следующее 


утверждение: 


Лемма 13. Пусть (T, Е, 1,4) (п+1)-метричесное прост- 


ранство удовлетворяющее условию М>. Тогда имеет место: 
м4” (v{An} Е s)(va Є ВВ )(3Х € €)a(AP,X) = a. 


Утверждение 14. Пусть (€,£,l,d) (п+1)-метричесное 


пространство удовлетворяющее условиям М47 и М5, Тогда имеет место: 


(У(АП) є 8)(У{АП} є s)(ve є R*)(3e Е В (ГАЗ = [Аз] = 


ЕЕ = melt Jc 


Пусть НАЗ, el отнрытый wap. Тогда, 


что имеет место: 


Доказательство 
ввиду леммы 13, существует В € € танов, 


(д) d(AB,B) = en. 


АП] = [Аз] 
Пусть, далее, {A%} Е $ удовлетворяющие de Аз] = QUE 
Тогда, ввиду определения 1, существует ЕЕ Rt такое, что имеет 


место равенство 
I ПИЦА. a ИЧ ОЕ о 


1) 
В € НАЛ, el. 
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d(A%,B) = Е; 


ввиду М5, находим, что имеют место имплинации 
а(АЙ,Х) « є =» а(АЗ,Х) <Е и 
a(AR,X) < Е = aAa X) < є 


для каждого X Є 7. Отсюда, наконец, ввиду определения отнрыто- 


го шара, находим, что имеет место: 


притом, В Є © является решением уравнения Под (д), Отсюда, А 
-n - п 
НЈАЧ,ЕГ = НАЛ, el. 


Теорема 15.. Пусть (C,£,l,d) (п+1)-метричесное npo- 


странство удовлетворяющее условиям ЕЗ, М4” и MS. Тогда отнрытый 


шар является отнрытым множеством в (T, Е, 1,а). 


E, n 
* Доказательство. Пусть {C4} любое снелетнос мномество 


Удовлетворяющее условию: 
n n 
(Са) = H]A,, el. 
Притом, отдельно рассмотрим возможности: 


(01) + [A3] и [c2] | [AD]. 


п п 
а) Пусть [C3] Ж [АЛ]. Ввиду леммы 131), суцествушт по 
Е Е Одна А (ено такая, Что импет место: 


а = Bp 


+ n 
rae € € и {Ay} являются, в TOM же 
рассматриваемо отңрытпго ша 


порядне, радиус и центр 
п 
ӨҢ dens Pa H]As,c[. Отсюда получаем: X € 
„Е[. лее, ввиду E2, находим, что Е 
(32 € п 
£)(X € 2 ^ у | АТ) 
Притом, ввиду теоремы 5, имегт мость: 


И а. 
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> 


«Мп, Е>-сети с (п+1) - расстоянием 
(УВ € t)(B € £ + d(a",B) = еј, 
Отсюда получаем, что имеет место: 
(ај) 4 n НЈАФЕГ = #, 
Далее, тан нан имеет место 
51 [AS] и [00] + [АП], 
ввиду ЕЗ, получаем, что имеет место: 
& n [Ch] +g 


Отсюда, ввиду (е), находим, что имеет место: 


[C3] Ф НАТ, et. 


T9 


Таким образом, если имеет место pon ж [АЛ], то имплинация из 


(2) сводится на 1 » pt), 
6) Пусть [05] | [АП] 


утверндения 7, имеет место: 


[Cul = НТА ele 


Далее, ввиду M3, существует (61) Е $ танког, что для намдого 
С € € 4 наждого B € € из © € [61] и [67] = [c5] 


справедливост формулы: 


(ж) аса, В) < аса2,с) + аст, в). 


Тан кан C € [C2] = [EP] САНЕ ІШЕГІ 


ввиду теоремы 5, справедливо: 


(з) (Se, е квир © ПЕШПЕН Ы СС 
Притом, e} < Е; Е = е € кіз), 
1) 


9 (1 ер) = T. 


<n 
2) Ввиду є - є; Е R’, существует: КІСл,є - 611. 
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Из (ж), учитывая (э), ВХОДИМ Чо имевт тесто: 


О сез teres) = є 


1? * У ДУ У верждения 41) 
Al каждого KIE 1С = eal Отсюда E ne 
находим, ЧТО сущес Bye €4 € R анои, iTO 


wie, eal c НЈАЊЕГ. 


Теорема доказана. . 


16. Пусть (€,£,l,d) (п+1)-метричесное 


Теорема 
пространство удовлетворнющев условию M44. Тогда отнрытый шар 


НА, el не является занрытьм множеством в (с, с, 1,4) 


п 
Доказательство. Множество HJA ,є[ не является за- 


^ n 
когда множество 6 ~ HJA ‚ЕЁ не 


ңрытым тогда M TONbHO тогда, 


п за. = 
является отнрытым множеством, Множество € ~ HJA sel не явлается 


отнрытым тогда и тольно тогда, когда имеет место ; 


(3187) е $)( {81} = с ~ ЈАЛ, el ^ [B5] = 
ООСО А = Гл (үре ВН Ва, В[ ¢ € ~ КЛАЛ, =). 


Учитывая лемму 13, находим, что существует B € € 


удовлетворяющий равенству 
d(A4,B) = е, 


+ 
где Е € К является радиусом открытого шара НАЛ, et. Отсюда, 
учитывая E2, находим, что существует 2 € f таное, что имеет 


место: : 


ГА а Ge 02 


n 
Отсюда, учытывая, что B € Н]А+,є[, на основании теоремы 5, Ho 


дим, что имеет место равенство; 


Е ата ЕЕ „==: 
1) 
Утверждение 14 являстся следствием леммы 13 (условин ма) ^ 


и условия М5. 
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| (Мп, Е>-сети c (n+!) – расстоянием 81 
n 
| $n KIAT ef = Ø, 
У 
Е, ЧТО 
san 
бс СУНАТ СІ, 
п 
Пусть, далве, (B4) любое снелетнов множество удовлетворяющее 
условию: 
п 
[84] = 2. 
f n AT 
Отсюда, тан нан [B1] I [A4], ввиду M2, находим, что существует 
=n 
| снелетное множество {В+} танов, что имеют место равенства 
zn n 
[Bald = В Ңң 
zn П 
d(B4,A4) = d(A4,84) = €. 
+ 
Отсюда, далее, ввиду M44, находим, что для нандого а Є К 
п 
удовлетворяющего условию a <d(A1,B1) = Е существует X € € танов 


что имеет место 
п 
d(B4,X) = аи А(А-4,Х) = € - о, 
Из второго равенства находим, что имеет место: 
п 
(и) X € Н]Аз, el 


Притом, из первого равенства находим, что имеет место 
(и) X € H]B4, 8L, 


где 8-2a*Yy,Y€R. 


+ - 
Нанонац, из (и) и (и), тан нан а € В’ любое положитель 


À нов 
нов числа улоолетворяющее условию a < Е M Y любое положнитель 


+ 
; TO: 
число, находим, что для нандого В € В имеет мес 


H]Bh,gp Ж € ~ НАЗ, el. 
Теорема доказана. 


Утверждение 17. Пусть (с, с, Па) (п+1)-метрическое 
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82 Я. Ушаң | 
пространство удовлетворяющее условию М4а. Тогда закрытый шар | 
H[A4,€] не является отнрытьм множеством в (5,0, ад). | 
^ 
( 
Доказательство. Пусть НГАл,Е] любой занрытый шар | 
в (п+1)-метрическому пространству (с, 6,1,4). Тогда, ввиду леммы 
1 131), существует B € € удовлетвор поцал равенству 
| | 
d(A4,B) = e: 
à 
Притом, B € НГА, е], Ввиду Е2, существует блок [B1] € с, (88) Е 
Е $, такой, что HM88T место: 
п 
[87] | [АЛ] n B є [83]. 
Отсюда, ввиду теоремы 5 и определения закрытого шара, находим, 
что имвет место; : i 
n 
[By] = ГА, є] 
m Далее, таң нак [АЗ] | [BD], ввиду М2, находим, что существует 


(81) € 8 танов, что имеют место равенства 
[89] = [89] и 
а (ВА, А1) = d(AD B.) = е, 


Отсюда, далее, ввиду M45, находим, что для нандого а Е Re 
существует у Е € танов, что имеет место 


d(B,Y) = а на(АПу) = е + 


Из второго равенства находим, что имевт место: 


(н) Y € НАТ, Е]. 


Притом, из первого равенства находим, что имеет место: 


(л) Y Е HIB", вг, 


GAB В = у, y в R*, 


mr eee 
1) 
лемма 13 является следствием условия М1 и условия М42. 
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i 


| Нанонвц, из (к) и (л), тан нан а и у любыв положитель- 
| 


! 
ные числа, находим, что для каждого B Е R имеет мест 
an n 
Н]В1,8В[ Ф Н[Ал,є], 


Утверждение доназано, 


Утверждение 18.. Пусть (T,£, lud) (п+1)-метричесное 
| | 
| ^ ^ 
пространство удовлетворяющее условиям ЕЗ, M44, M4^ и М5,.Тогда 
z n 
занрытый шар H[A,,e] является закрытым множеством в (6,6,1,4)« 
^ n 
Доказательство. Множество H[Ay,€] является занрытьм 


множеством тогда и только тогда, ногда множество TN НГАЛ, c] 
является отнрытым множеством, 
ni P 
Пусть (Вл) любое снелетное множество удовлетворяющее 


услов ию: 


Притом, отдельнс рассмотрим возможности: 
[82] * [А2] и [B7] 1 [A5]. 


a) При [81] + [АП], ввиду ЕЗ имеет место:: 


(811 n [A3] + 8. 
Отсюда, таң нан 

[B2] п [AÑ] e [AÑ] и [АЯ] = Н[АЙ,Е11), 
находим, что имеет место: 


[Bh] Ф с ~ НАЗ, є] 


2 
Отсюда, далее, находим, Что в этом случае имплиңкация под (2) 


превращается в 1 = р2). 
cj. пусть (B2) 0 (Ag) одаи вара ама ос 


равенства: 


к= 


) с? . 
ОГАП] < Н]АП, el с НІА, Е]; утверждение 6 
2 

ле) = По 
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[82] = [B4] и 


асва, A4) = a( Ay, B4) . 


+ 

Отсюда, ввиду M41, находим, Что ДЛЯ каждого а € К удовлетвор- 
A , 

яющего условию a < a(AD, В, ) существует Х Е T таная, что имеет 

место 


п = 
a(8%,x) = a и а(Алух) = dB 7 ©, 
т.в., ЧТО MMBBT место: 


(а) n 
(m) (А) = аиа = d(AS,B4) = dCA XD 


Притом, очевидно, имеет место: 


| 
| 
ШАЛ > e e X € CN HIA, є] 


для каждого X € 6. Отсюда, учитывая (м), находим, что имеет 
место: 
п” п 
а < d(A4,B4) -вэХет- Н[А+,є] 

- - + 
для HaMgoro X € t. Таким образом, если В = а(А,,В4) - е, BER, 
TO имеет место: 

Н]ВЛ,В[ © € ~ НАЗ, є]., 
Отсюда, нанонвц, ввиду утверждения 141), находим, что существует 


открытый шар К]В1,В[ (= HJBT, BL) удовлетворяющий условию: 
`Н]В+,В[ SEN НАЗ, є], 


Утверждение доназано, 


Примечание 6. В З-метрическом пространстве из примере 
2,1 множество А всех точен квадрата (рис 4.) является (ввиду УТ” 
верждение 11) открытым множеством, Притом, А является И закрытым 
1) 
Утверждение 14 является следствием леммы 13 (условия МА) И 
условия М5, 
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ИЕ 
мкожеством таң қаң T ~ А (рис, 42) является отнрытым множест- 
gon!) s 
На рис, 5 изображены мномества АиВ 
объединвние которых является занрытым шаром 
2 
7 H[A2,€] в З-метричесном пространстве из при- 
мера 2,1. Отсюда, тан кан, ввиду утверждений 
П B | 2 
Й 17 и 18, НГАЗ,=] является занрытым и не aana- 
2 
ется отнрытым множеством, а множества А и В 
отнрытые множества (ввиду утверждения 11), 
Рис. 44 находим, что имеет место; 
КОО, Утверждение 19. Существуют (n*1)-mer- 
7 Y ричеснив пространства (C,£,l,d) такие, что 
A И имеет место: существуют отнрытые множества А 
7 2 и В обьвдинвнив ноторых, именно А U В, являет- 
7, 
РРА ся занрытым множеством и не являвтся отнрытым 
Рис, 42 множеством в (T£; 1,4), 
Примечание 7. Множества А и В 


изображены на рис, 5 являются и занрытыми 


множествами, тан канк C ~ А и € ~ B являют- WW 


ся отнрытыми множествами, 
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7 РЕЗИМЕ 
| 
| 
<Мп,Е>-КЕЗЕТКЕ SA (n«1)-RASTOJANJEM 


U radu se uvodi i razmatra struktur 
u а (t,£,l,d 
је (€,£,1) <Nn,E>-reSetka а d preslikavanje skupa Е ы: 


RNR sa odredjenim osobinama. ы; 
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ОДИН КЛАСС 6-ГРУППОИДОВ И 2Н-ГЕОМЕТРИИ 
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Ms 


РЕЗЮМЕ 


в [4] ([5]) доказано, что Аъ-квазигруппы (Ає- группоиды) 
‘являются координатизациоными системами хонечних 2Н-геометрии. 
В настоящей работе рассматривается координатизация 2Н-геометрии 
с помощю Е-6-группоидов. 


Объент (0,А) называется п-группоидом, п Е М, тогда и 
n - 
тольно тогда, когда А является отображением множества 0 B мно 
жество О, Элемент е Є O называется идемпотентным элементом E 
нагда имеет место A(e ) = 


n € NIS 


п-группоида (Q,A) тогда и тольно тогда, 


= в. Элемент 0 6 0 называется нулем п-группоида (ФА), 


п n. 
(уау € Q0), s „(Уа E 0 v а ес с 


1=1 


> 
Нуль п-группоида является его идемпотентным эментом, В п-гру 


20015 


E-6-groupoids, A,-quasigrOups, A ,-groupo- 


AMS Mathematise Subject Classification (1980): 


Key words and phrases: 


| 

| ~(1), тогда и тольно тогда, ногда имеет место: : 
| 

| tds, 2H-geometry. 
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имеет место закон (1і,1)-ассоциатив- 


nomas (QA), пем (1), 
ности, i # j, 1,3 € (1,... 


„гё 


n), тогда и только тогда, ногда 


2n-1 


jtn-1 
,8 j4n 


(A) Atai ACA та ) = AG 37 a 


itn-1) 2n-1j 3 КОШЕ Aa 


2n-1 
для любых элементов а" Е 0. 
Пуст р п-арнов отношение, п € N ~ (1), в множестве 


$. р называется п-арным отношением эквивалентности в множестве 
с тогда И тольно тогда, ногда имеет место: 


Ded У А 
(Р) (va, € T)... (Ya 4 Е С) (а. ‚а. ) (S (95 


(С) (Va, € Е)... (Va, € Оба) € p = 


n+1 


2 Хе DEN 


(Т) (Va, € Е)... (ма 3 € t)((ay) Epa (а 


+1 


A |(а2)] = п-1 = (Grae ач о € p) ІЗІ. 
хх 


| 
= (Va € Мрт) аа) Ер); и 
Пусть в 6-групосиде (Q,A) имеют место следующие импли- 


кации: : 
(0) |{x,y,z,u}| = 4 1 
(A1) VIN 3 32 

1 A(x,y,A(z,y,u),u) З A(x,y,z,A(z,y,u)), 
(A, ) А 3 ја 

2 Aty,A(z,y,u),u,x) = A(y,z,A(z,y,u),x), 
(A;) AC ING и а 

? ? әу»), шу) = A(x,z,A(z,y,u),y), 
(A, ) ACACZ, y ш) Dee de RS ME 

5 У» МО мужу) = А(2,А(2,у,ц), х,у), 
(As) А(АС2,У ) 32 3 

: 2и) u,y x) Е A(z,A(z,y,u),y,x), 
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| — 
3 Se 3 302 
2 (Ag) A(y,Xx,ACZ,y,u),u) = Aly ,x,z,A(z,y,u)), 
2 3:22 2 2 2 23 
| (А?) A(x,y,A(z,y,u),u) = А(х,у,2.А(2,у,4)), 
| 2 3 2 2 2 ed 
| (Ав) Абу ,A(z,y,u),u,x) = A(y,z,A(z,y,u),x), 
| Be 22 2 2245 2 
(Аз) ACA CZ УЫШ = A(x,z,A(z,y,u),y), 
8.2 2 2 2 2 3 2 
(A10) ACACZ,y,u),u,x,y) = A(z,A(z,y,u),x,y), 
2% 32 22%2 2 278. 2 
(A11) ACA(Z,y,u),U,y,X) = А(2,А(2,у,ш),у,х), 
2 3.22 2 2 2 Ија тј 
(А12) Aly,x,A(z,y,u),u) = Aly,x,z,A(z,y,u)) 1 


А А 
Пусть, далее, существует множество 0 с Q, 19| > 2, таное что 
имеет MOCTO: 


^ 5 5 
(ОГ) (Ух Е Q)(Vy € 0)(у Є О = А(х,у) = x ^ A(y,x) = x ^ 


2 УЫ 3 2 
А А(у;х,у) = х АЛ АХ.) ом 


Такой 6-группоид позволим себе назвать энвивалентностьным 6- 


группоидом или, нороче, Е-6-группоидом, 


| 
для любых х,у 2.11 6 0% 


р тернарное отношение в множестве 0, определено следующим обра- 


зом: 


j й (5,6)-, 
1) (А1)-(А,2) являются, в TOM ме порядне, закон специальнои 
(4,5)5, (2.3)-, (1,2)-, (1,22-. (5,Б)-, (448), (3,5)-, (240% 
(1,3)-, и (4,6)-ассоциативности. 


2) непосредственным следствием высказывания под Eg а 
дующее высказывание: (Ух Є Q)(x € Q = A(x) = х). Притом» 


ж ж x 

Утверждение 1. Пусть (Q,A) Е-6-группоид, Пусть, далее, 
(О.А) существуют идемпотентный элемент нуль 0, то 0 60. 

M 
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92 Я. Ушаң | 
(а) ӘУ) е 0,22” 
2 
2 3 3 2 7 
= (((у,х,у) ер” А(у,х,у) RANAY) = X) A | 
2 5 2 5 
a ((х,у) Єр э А(х,у) = x) a ((у,х) Єр s Aly,x) = ху, 
для любых х,у € Q; и | 
5 вет место: (а3) € Tor 
(6) Если ЕСУ - 3, тогда им : ; р ре» 
только тогда, ногда справедливо 
2 3 3 2 | 
А(а Зи Зиз) к а^ А(а 1° 243° 842) БКА 
2 3 3 2 
(1) A(a555801»393? = ay, ^ А(а а» дол > За2 = аса ^ | 
2 3 3 2 
Аба 5385358954) = Bag A А(а 398222424) АСУ? 


ANA любых as € Q и каждого о Є {1,2,3)! 1). Тогда p является Tep- 


1 
нарным отношением энвивалентности в множестве 0. 


Доказательство 

1) Из "первой части” условия (а) непосредственно нахо- 
дим, Что р является рафленсивным отношением, т.в,, что о удовле- 
творяет условию (Р). 

2) Из (а), учитывая (1), находим, что р является CHM- 

2 3 

метричной в случае | {a5} | 5 2. Далвв, из (б), учитьвая фант, ЧТО 
конъюннция является номутативной и ассоциативной, находим, Что P 

: " 3 - 
является симметричной и в случае [fay }| = 3, Takum образом, р AB 

A 
ляется симметричным отношением в Q, т,е,, р удовлетворяет ус- 
ловию (С), 
^ 5 

3) Тврнарнов отношение р в множестве Q является транзи 

тивным тогда и только тогда, korga из 


(ц) |taž}| = 2, 
(д) (а1›а,,а.) ер и 


(1) является нонъюннцией из 36 равенств 
12 
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Esa C р ——————————————=—=— 
$ (е) (а,»4;4,) € p 
| следует 
(ж) (ааа) (S (5 


ц А 
для любых а, COUTE 


5 3 > 
Пусть а) любые элементы множества 0 удовлетворяющие 
условиям (u), (a) и (е), 
4 
34) Пусть |(a71] € {1,2,3}. Условие Э Е 1422,2) 
имеет место тогда и тольно тогда, когда имеет место следующая 


ДИЗЪЮННЦИЯ: 


(3) ЕЯ = а, У а) = аз У а, = aY а, = а, У а, = ay м 
уа. = а. 


Притом, справедливость равенства а. = a4, одновраменна справед- 
ливость первых двух равенств, одновременна справедливость пятого 
и шестого равенства и одновременна справедливость всех равенств 


противоречит условию (ц), 
Если имеет место равенство а, = 82) ть, ввиду (C) и (P), 


имеет место (ж), „.„Если имеет место равенство а, = аз, то (е) ста- 


‚а ‚а„) Ер, Отсюда, ввиду (С), находим, что, 


если имеет место равенство а, = 83, то имеет место высназынанив 


под (ж). Если имеет место равенство а, = 85 то (M) станет высна- 

зыванием (а,,а 
dm 

имеет место равенство а, = ау, 


(84) Є р..Отсода, ввиду (Р), находим, что, если 
то имвет место высказывание под 


(ж). Если имеет место равенство 8, = а„, то (ж) станет высназыва- 


185) Єр Отсюда, ввиду (С) и (Р), 
то имвет место высказывание под 


нием (а, ,а находим, Что, всли 
2 
имеет место равенство 8, = ад, 


= танет 
(ж), Наконец, если имеет место равенство 4, а), то (д) с 


Весназнванием (а), ар, ад) Єєр: Отсюда находим, что, если имвет 
место равенство а; = ag, TO имеет место высказывание под (ж), 


М | 1 | Lo 
32) усть наконец, {а } = 4 
ет место ЕЕ) ANA каждого a € 


| 
| 
| 
1 
| нет высназыванием (a, 4 


Тан как (a2) Е р» то име 
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4 
Е (1,2,3)1. Далее, тан нан (a5) € р, TO имеет место: 


—— 


2 


3 
) ^ А(аво›авн>авз) = ав A 


а 


2 3 
А(аво›авз>Явь 82 


2 3 3 2 s 
(1^) А(авз›аво›авц) = ag? A Alag 24902493) о. | 


2 3 9 2 = 
Alag 53545395) = ago ^ А(аву>авз›ав2) = аң 


для каждого B € (2,3,4)! Докажем, что имеет место: 


А 2 3 3 2 aes 
ССИ = ayy A А(а аца) = а. Ж 
| 3 2 
| (2) А(а 2120 = ay, ^ А(а ,а/1>а,,) = ay, 
у ] 2 3 3 2 
/ Асау руга 58y4) = ay, ^ Alayy Ayo 28y4) = ay, ^ 


для нандого y € {1,2,4}!, 


Рассмотрим, впервые, следующие равенства из (1): 


(n1). а Асса 


TEM 


(Hz) ct SAN ESSI .)2): 


Из (иу) и (иг), учитывая следующие равенства из (17) 


2-8 
а; = A(a, ,a5,a4) 


3 2 
A(2,,a5,a4), 
8 TOM же Порядне, получаем равенства 


4 23 
(41) а, = а E 0 и 


------- 
1 
2 Реч идет о SES TEAM: равенствах: ai 


a i кш С 430» а, => 
3/0, 4, 3 ACA a1, 2003251 Бат = © 5 ы 
2) Реч идет о л ОДУН 
равенствах: a, = АС sd) = 
= А(а 24354 „аса а Es MAG 
42), & à ма at i 23924; sqm "AG SAT 4+ о ee | 
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—ÓMM—M——— — ———————————————— 
4 Ж 3 2 2 
{ (n2) с Б АС. Аба уа а ууа у 


Далее, учитывая специальные условные (1,1) -ассоциативности 
(0) = (А), iSe ОН 
(0) = (A1), I C Aere dT. 


и cneny une равенства из (1^) 


ig = А(а,,а,,а:) 
2 3 
dn А(а,›а,›а,), 


в том Me порядке, в (Mi) и (^2), находим, что имеют место ра- 


венства: 
dis dd 
a, = АС...,А(а,,4,,а),а»...) = 


Sm 2 
= А(С...,а,-А(а,,а,,а:),...) 


2 
= А(...,а,.... 38 
Qe p 2 2 
= АС....А(а,за,,23)7,44,...) = 
2 250.8 
= АС. ..5а,›А(аа,аз) 
3 


= А(....а,»...2, 


т.е. равенства 


2 

a, = AC. eB ee и 
3 

a, = АС... аць---). 


Речь идет o 12 равенств из (177), 


Рассмотрим, далев, следующие равенства из (1): 


СС-0. п Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 2 


Я. Ушан 
ш ООО 
2 
5 УА) д 
(ha ае ур arret 
3 )2), 
(12) а, = АС 3832 
(AQ) и (12), учитьвая следующие равенства из (17) 
Из Wy 


25753 
= A(a, 929923? n 


аз 
3 2 

a, = АСа„›а„›аз)› 

в ‘rom же порядке, получаем равенства 

203 

(A1) а, = А(...›А(а,„›ар›аз)›аз›:... 
3 2 2 

(й2) а, = А(...,А(а„,а„›аз)›аз›:.:. 


оз) ности 
Danse, учитывая специальные условные (i,j ) -ассоциативно 


(0) = (А), i € {1,...›6}› и 
(0) = (AD, 16(7,...,12), 


и следующие равенства из (7 1) 


Ф 
U 


35462 
А(а,,а,,4:) 


я в 
= anā) 
а, Alayo 22430» 

sta У 2 о pa- 
а том же порядке, в (йі) и (#2), находим, что имеют мест р 


венства: 

UM ЕЕ дє Сис шс с” 3 2 2 

1) Речь идет о следующих равенствах: а. = А(а ‚а,,аз)› И 
25 03 У" dors P is 

AA, ,83,22), 82 = A(a,,84,84), а, = A(a,,a4,a4)5 а, A(à4584 

a, 7 A(á5,a5 584). 


3 
2) Речь идет о следующих равенствах: a, = Аа ,а3)› 22 
DS 3 2 2 12552. G 2 а 
A(& аза), а, = А(а,,4;,21), аз = A(a,,8,, à), ау = Аз? 1 


3 2 
а, = А(азла за). 
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EI 2 3 


1 а= АС ,„А(а, аза )5 БЕР euo 


3 9 
z АС... а, s Ala а, аз)... ) 


| 2 
| = А(С...,а„,...); и 


32-2 2 
а) = А(...,А(а,,4,,а:74;,...) 


2 25722 
= АС...,а„,А(а,,а„,а„),...) 


те! равенства 


= ^ 
а, = А(...,а,»...2 


ал = AC. eR rr 


Речь идет о (новых) 12 равенств из (ваја 


Наконец, расмотрим следующие равенства из (E1579) 


3 2 
(нк, ) а, = А(...,аз›.-.) 


Из (ку) M (кг), учитывая следующие равенства и (1) 


2 3 
аз = Ala, 549243) и 


3 2 
auc Ala, ,85,a3)» 


TOM ме порядке, получаем равенства 
), a, = 
1) Речь идет о следующих равенствах: a, = ZI ET аш 
A a ja 5 Аба за cand ES Аса, за 2а; ), 
Alà заа, 2» ац = А(а.,а,›ац > ц 3 4 
3 
a, = Аса, 242,55 2. 


2 
2-8 E 
= А(3,,4,-а,)» а, = Абад» 
2) PORE идет o следующих аяны а 25% А( = 23447» - 2 


= Аба, 85583)» 


ap) 
\ аца, ), a, = ACB зац, 07 а, = = А(а л, > 


4, 
ay = Аба >23 85 ys 
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zs ) | 
(47) ay = А(....А(а,,42.4ҙ0>4ҙ»::. ; 
(н) ay, = АС... АЕ за за) уда») 
Далее, учитывая специальные условные (1,7) -ассоциативности 


(0) » (A, i € 11,...,6), и 
(0) = (Ai); Я & (ово ly 
и следующие равенства из (СІ) 


ew 
= А(а,,а„,а„) 


Ф 
1 


2 43 
а = А(а|,а,,4:), 


в том же порядке, в (Hj) и (H2), находим, что имеют место pa- 


венства: 
B 3 
а = AC... ,A(a,,a55a4),a5,. --) 
3:38 
z A(...,a,,A(a,,a,,a,),. 6:32) 


2 
z А(.. ај... )5 M 


\ 
T 3 2 2 
а, = АС....А(а),а,а,),а:,...) 
2 2 3 
= АС...›,ау,А(а,›а„,а-),...) 
3 " 


z АС...,а,,...), 


т.а. равенства 


а 


а, = АС... а »...). 
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Один класс 6-группоидов и 2Н-геометрин 


Речь идет о (новых) 12 равенств, 


У 


Утверждение доказано, 


Примечание 1. Утверждение 1 является неноторым об- 


общением одного утверждения из [1], Притом, имеет место: асли 


n яалнется арносью РСТ отношения, TO 1 + 


+ n= n(n+1)/2 
является арностью соответствующей операции; п Е {2,3} 


Пусть € непустое множество и пусть непустов множество 
С множестао некоторых подмножеств множества TÇ., Множество f Ha- 
зывается разбивнивм Хармантиса типа п, n Є М, множества 1) 


тогда и только тогда, когда выполняются следующие условия: 
H1 (ма, € 6)...(ма € {алу = mor (ай ee) ца acu 
H2 (Vide “6 Б 75 

Притом, имект место следующие утверждения: : 


Лемма 24. [3] Пусть С является пН-раэбиением множества 


€, Тогда, осли имеет место 


Сер А ре ТЕ 


1 2 
TO p яалнатся (п%1)-арным отношением эквивалентности B множестве 


с. 


Лемма 22. [3] LV ES анецус се множество и пусть 
5 ШІ БЕ и ~ явля- 
g 490 (lal ај ел | е есл on 
ется (п+1)-арное отношение энвивалвнтности в с, || > n, и имвет 
место 
ар Я 
EXC ЄЗ, 


оф ЫЕ 
аєс Пп as (а уља) € deles 


ымы БЕ 29 MÀ 
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100 Я. Ушан 


C ІШТЕ 9) 
(с я | (a3) $ 
1 
является пН-разбивнием множества ©, - 
Притом, нан M в случае n = 1, множество {С {ап у! (ayes) 


означавм чесез МАТА 
Объект (t, С) назьзается пН-гвомвтрия тогда и только 


тогда, когда £ является пН-разбивнием множества € [5]. Тамим 
, 
образом, учитьвая лемму 24 и утверндение 1, находим, что имеет 


место следующее ‘утвреждение: 
Теорема 3. Пусть (0, А) является Е-б-группоидом. Тогда, 
если ^3) является тернарным отношением эквивалентности опреде- 
ANA 
лением через (а) и (б), TO CATES является 2Н-геометрией. 
Примечание 2. В Частоости, 2Н-геометриямы являются, , 
например, проентивние плоскости, носители аффиных плосностей, 
носители неноторых н-полусетви, и.т,д, 


Их co 


Теорема 4. Пусть (€,£) 2Н-гвометрия и пусть Q age 


су (0), 0 € t. Пусть, далее, A 6-арная операция в множестве 0, 
определена следующим образом: 


2809 2 
19 1{x,y,z}| = 3 = А(х,у,2) = А(х,2,у) = А(у,2,х) = 
= 2 3 3 2 зза 
= A(y,X,2) = А(2,х,у) = А(2,у,х) для любых x,y,z Є ©; 


5 5 
2° |(хуј| = 2 = AGGy) = Aux, y) = Aly,x.y) = А(уэХ) 


для любых х,у € t; 


2 3 
В > АУ, x.» (an € х,у, 2) & ®^ 
2 3 т: 
^ (А(х,у,23 = 0 e (3% € £){x,y,z} Ф 4) для любых х›У е: 


но |(жу)| = 2 = (A(x,y) = x e (аја € 0)1х,у) S ^ 
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Один класс 6-группоидов и 2Н-геометрии 01 


л (МА € E)(VE/^ € ХЕ C A уке а tia ан 


5 
^ [277] = 2)) л (А(х,у) = 0 = Warg Є Ofx,y) с 2 v 


v (857 Е суз СО) (Теа ES cu КЕ 

л (| 87) <2у liec < 20) дан лион URGE EC 
5 

59 x € € » ACx) = x5 и 


6 Ах) = 0 во всех случаях неудовлетворяющих ни од“ 


ному из условии 19-59, Тогда (0,А) является Е-6-группоидом, 


Доказательство. 


а) Справедливо: 


$ 


waa € 25х,у,27 с 9 СЕ И EU © 


^ 


10312 € £ix,y} oe ^ (VR. € G^ е £e 2^4 
730221571590 |a| 2 2) e MG € г) {х,у} = 
An «KE (ев ое ^ ay © 22) 
х рер а + 2)). 

Отсюда, учитывая 19-69, находим, ЧТО А является отобранением MHO- 


жества 0° в множество Qe 


б eq~ {0} 
6) Так Hak в 19-59 описывается часть случая а, € Q 


что имеет место: 
= C, то, на основании 69, находим», 


П 6 
__ = 0 = А(ал) = 0). 
(о) (Уа, € 0)...(Уа, е e а; 1 


ли имеет место 
адим, что ес 

едствено нах 

Отсюда, нвпоср 


условие 
[Hoy Ба io € Guy» 
2 


f TO имеет место имплинация 
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(0) = (А; ) 4 


для қандого i € МИНИ au 12 Је | 
Пусть, далав, имеет место условие: 


|{x,y,z,u}|= ци {х,у 2,0} = T. 


В наждой из формул (А1)-(А6) являются одни и те же 


внутренние термы, именно термы: 


A(z,y,u) и A(z,y,u)- 


Тан ңан речь идет o термах с одним и тем же пероменними, именно ~ 
У, 2, и, M имвет место условие |{z,y,u}| = 3, TO, на основании 1° 


и 3°, спроведливо или 


2-9 gg 
(n1) A(z,y,u) = A(z,y,u) = 0 
или 

#9 EN 2 
(л2) А(2,У5М) = ШИ А(2,у,м) = 2. 


Если имеет место (л)), то, ввиду (о), равенства под 
(А, )-(Аб) справедливы. 
Если имеет место (n,), то формулы под (А,)-(Аз) превра- 


щаются в формулы: 


A(x,9,8) = А(х,ӱ, 
A(y,u,x) = А(у,2,х) 
25 Я 
А(х,ц,у) = А(х,2,)) 
(m) 2 3 
2 
Ах У) = A(z,x,y) 


А(й,у,х) = ACG,y ,x) 


3 D 
A(y,x,u) = AG x, 2). 
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Один класс 6-группоидов и 2Н-геометрии 103 


| 
i N t ( н р 
Учитывая (л2), ввиду Н1 и предположения [{x,y,z,u}| #58, 
| находим, что имеют место следующие равенства: 

| 

| 


[y om = „ш RE MD 


Отсюда, учитывая струнтуру формул под (м), находим, что существу- 
ют следующие возможности: 


Ca) x € [y,u] = [у,2]; и 


(H2) хё Ryu] Ена је 


Если речь идет о (н,), то, ввиду ЗОИ 1105 находим, Что имеют ме- 


сто равенства; 


3 2 322 2 3 2 3 
A(x,y,u) = A(y,u,x) = A(x,u,y) = ACu,x,y) 


rhc} 3 2 су 2 VER 
(нї) ACusys x) = Аб, хм) = А(х,у,2) = АУ, Zc) 


2 3 2 3 22/8 3 2 
А(х,2,у) = А(2,х,у) = А(2,у,х) = А(у,х,2) = 


П 
~ 


И тому подобное, если речь идет о (H9), то, ввиду 3 и 


ходим, что имеют место равенства: 


AREG 2 3 
А(х, y 0) = А(ў,й,х) = A(x,u,y) = A(u,x,y) = 
3 2 3 2 à 2 = 
(Hz) А(2,9,х) = Аб, x,u) = А(х,У52) = Aly,2.x) = 
2218 3 АСЫУ 
A(x, 239) = AG, x3) = А(2,у.Х) = А(у,х,2) - 0. 
Нанонвц, учитывая (м), (ну) и (H2), находим, "TO воля 
имост место условие 
|{x,y,z,u}| = 4 и 0,220) е % 
| 


TO имеет место имплинация 


(0) = (А; > 
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для наждого i € бы 
Остается доказать справедливост имплинации 


(0) = (Ai) 


для нандого i € 02 при условии 


I G5ysz,u) | и (7220) с 7. 


В каждой из формул (Ag)-(A12) являются одни и те же 


внутренние термы, именно термы: 


3 2 4004) 
A(z,y,u) M A(z,y,u). ' 


Тан нан речь идет о термах с одним и тем же переменними, именно 
У,2,ш, и имеет место условие |{z,y,u}| = 3, то на основании 19 и 
39, справедливо или 
n 

- 37% eet 

(л1) A(z,y,u) = A(z,y,u) = 0 
или 

- 32 TE 

(ла) A(z,y,u) = u A(Zz5y/;ju) = 2. 


Если имеет место (ni). то ввиду (о), равенствА под (4472 
(A,2) справедливы. 


Если имеет место (n5), то формулы под (А22- (Луг) ПРЕ 


вращаются в формулы: 


RTS dE 
A(x,y,u) = A(x,y,2) 
е 2 3 
A(y,u,x) = А(у,2,х) 
2-2 з 2 
Y ACx,0,y) = ACx,z,y) 
(м) 
B 2 3 2 
GU.) = А(2 х,у). 


3 2 За 2: 
A(u,y,x) = А(2,у,х) 
2 3 2 
| Ieee) EA xz). 
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| = 

| Учитывая (л2), ввиду HÍ и предположения | x,y,2,u)1 
| 4 ZA} | 
находим, что имеют место 


= L 
= ш, 


следующие равенства; 


[у 2] = [ум] = Га егт 


Отсюда, учитывая структуру формул под (м), находим что существу- 
ют следующие возможности: 


(на) х € [уч = [9,21 


Если речь идет о (n;) то, ввиду 39 и 19, находим, что имеют Mme- 


(нај хе [you] ЕЯ 
сто равенства: 

А(х, y, u) = А(ў,й,х) = AGGU,y) = AAY) = 

(н) А(8,9,х) = А( ,х,й) = А(х,у,2) = А(),2,х) = 


A(x, 2,7) = AC ,x,y) = А(2,9,х) = А(ў,х,2) = X. 


Ripe Я о” Оаа 
И тому подобное, если речь идет о (нг), то, ввиду 3° и 1°, нахо 


дим, что имеют место равенства: 


23 23 3152 3 2 a 
A(x,y,u) = А(у,м,х) = A(x,u5y) = A(u,x,y) = 


2 з 2 2 3 DES. 2_3 
(82) Alu, y, x) = A(y,x,u) = А(х,у,2) = А(у,2,х) 2 

) 3 2 3 2 2 Зод 

A(x;2,)) = А, ху) = A ООУ К 


= Tes BG T если 
Наконец, учитывая (м), (нү) и CHA находи ies 


имеет место условие 
(СУ Soho! (х)у» 2,1) = t, 
TO имеет место импликация 


(0) = (A1) 


для наждого i € (7,...,12). 
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А 
Таким образом, нами доказано, что 8 постровном 6-груп- 


Parse ann ее с © {1,...,12} имеет место ia eium 1 


(0) = (А;) 


для любых x,y,z,u € 0 (= TU {0}). 


u) Пусть, далее, имеют место условия: 


essi a 2 СУ < Ue 


Тогда, ввиду НІ существует один и только один % € £ удовлетво- 


ряющий условию: 
{x,y} ER. 


Притом, учитывая H2, находим, что не существуют 2° € £ 4 477 EL 


танив, что имеет место: 
m B? awe Т | | 52, |59721< 2. 
Отсюда, ввиду 49, находим, Что имвет место: 
5, 
(Ух € €)(vy € ®(х 4 y = A(x,y) = x). 


Далвв, учитывая 2°, отсюда находим, что, если имеет место условие 


|Хх,у)| = 2 и {x,y} © t, то имеют место равенства 
5 2 3 3 2 
(o) AGGy) = А(у,х,у) = Aly,x,y) = А(у,х) = x 


ANA любых х,у € C, х+у. 


В самом gene, Tak нан, ввиду 5°, имеет место 
(vx € DAGO = x, 


TO равенства под (n) имеют место для любых x так 


‚у € €. Наконец, 
Han елемент 0 € Q (= € U (0). 0 жг), ввиду (о), удовлетворяет 
условию 
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6 
A(0) = 0, 


отсюда находим, что в постровном 6-группоиде имеет место (Т); 
0 е Т, 

Таким образом, построенный 6-группоид является E-6- 
группоидом, 


Теорема доказана, 


Примечание 3. В [4] ([5]) доназано, что Аү-нвази- 
группы (А„-группойды) являются ноординатизациоными системами 


конечних 2Н-гвометрии, 
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РЕЗЮМЕ | 


В [1] введены понятия К и At-anre6p. В [2] дано 


такое определение АТ-квазигруппы АТ -алгебры), что Ар- и At- 
-алгебры оказываятся ее частными случаями. В [4] введено non- 
ятие А, -квазигруппы как одно обобщение понятия А+ -квазигруппы . 
В [5] введено понятие А; -группоида как одно обобщение понятия 
Ас-квазигруппы. В настоящей работе дано такое определение част 
тичного Ар-группоида, что Ар-группоиды оказываются ее Е. 
случаями. С помощью частичных Аъ -группоидов можно координати 2 
Зировать конечные Р2Н-геометрии. В самом деле, каждому частич 
ному группоиду соответствует конечная Р2Н-геометрия, и каждой 
конечной Р2Н-геометрии соответствует класс попарно renep oare 
ных частичных Ар-группоидов. Притом, каждый ан 5 qus 
поид удовлетворяющий условию |Га,51|2 3, а + b, (а, , 
нероморфен некотором частичной A Квзәй реш 


* 


au 
Объект (©,А) является частичным группоидом TOrA 


тольңо тогда, ногда 


Асы Dace D ы. 


= И. 


· fteatt : 20N05. 
AMS Mathematics Subject Classificatvon бано са 
Ке 1 а ph ев: A™-quastgroups, А -quastgro р s 
y words and phrases: A, d eu [йе с 
tds, partial А -groupoidš, 2H-geor з 
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Частичный группоид (t,A) является группоидом тогда и тольно 


тогда, когда D = €^. Частичный подгруппоид частичного груп - 
3 


понда (Є.А) порождающий элементами a,b € © будем обозначать 


е 


через ([(a,b)],A), или просто через (La,b1,A); [a,b] = [b,a] + 


+ 01). Притом, пусть имеет место: 


(0) [a,b] = Ø 28° (a,b) £ D ^ (b,a) £ 02). 


= ппоидом назовем 
Определение 1. Частичным А, гру д 


| частичный группоид (%,А), [< = @ NS {1}, тогда и тольно 
| 
? тогда, когда имеет место: 

GO (Уа € T)Ala,a) = а; 

61 а = БА о = ал [a,b] + icd]? = 


= |[a,b] п [c,d]| < 1 для любых a,b,c,d € ©; 


52 Если (a,b) € DM a + b, ro ([a,b],A) является груп- 


поидом для любых a,b € ©; и | 
63 (Уа Е t)(3b Е ©) (а + b ^ (a,b) € D). 


В каждом группоиде (C,A) удовлетворяющем условию 
|e] > 2 имеет место: G2 и 63. Группоид (T,A), [Е = ЕЕ М -(1) 


является A, -группоидом тогда и только тогда, ногда имеет место 
GO и 61 [5]. 


Утверждение 1. Нинаное из условий GO, G1, G2, 63 | 
не вытекает из остальных. 


Доказательство . 


--- 


a) Непосредствено находим, что частичный группоид 


в. 


2) Знвивалентно c: [a,b] + Я e (a,b) € D v (b,a) Е D. 
ӘУ ем A (0): | 
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Шин ан у 


заданный таблицей 1, удовлетворяет условию 63 и не 


удовлет- 
воряет условию GO. Далее, находим, 


что имеет место; 


[1,2] = D 153]: 8127 9 E О О 
[3,4] = [3,5] = [4,5] = (3,4,5), 
(1,41 = [4,5] = 12,41 = [2.5] ай. 


и 


Притом, ({1,2,3},А) и ((3,4,5),A) являются группоидами. Таним 


образом, частичный группоид заданный таблицей 14 удовлетвор - 
яет условиям G2 и 61.1) 


6) Непосредственно находим, что частичный группоид 
заданый таблицей 2 удовлетворяет условиями GO и '63. Далее, Ha- 


ходим, что имеет место: 


(1,21 = [4,3] = 6172735 
[2,4] = [3,4] = (2,3,4); 
[2,3] = {2,3}; и 

[1,4] = D. 


Притом, ({1,2,3),А) (2,3,4, 2904279098) DRE группаи- 
, , , , , i б 1 
дами. Таким образсм, частичный группоид заденный таблицей 


авенств 
удовлетворяет и условию B2. нанона асан 


| [1,2] 5228 = K = 2 


нный таблицей 1. танне удовлетворяет 


Й зада 
Маа А РЕДА 2 довлетворявт условию 60. 


условиям 61 - G3 и не У 
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6 = ы ) 
находим, что частичный группоид А ра олицей 2 не удо- 


влетворяет условио С1. 


| 


Табл. 3, 


Табл. 2 


ц) Непосредственно находим, что частичный группоид 
заданный таблицей 3, удовлетворяет условиям GO и 63. Далее, 


находим , что имеет место: 
| О И, = 2.2.3) и [2,3] = B. 


Притом, ((1,2,3),A) не является группоидом. Таким образом, 
частичный группоид заданый таблицей 3, не удовлетворяет усло- 


вию 62. Нанонец, ввиду имплинаций 


Ірі = 0; 
|a| = 0; 


Ш 


п а oras IMS] [2,3] > 111,21 n [2,311 
ДЗР ЗОИ ЛИ 12,31 > 01,3) п [2,31] 
dom 2d 539 A (1,2 c [tsi > 00,2] п [1,3] 
Fard Say = 300; 


n 


и 


u 


находим, что частичный группоид заданный таблицей 3; удовлетвор“ 


нет условию C12). 


Табл. 32 Табл. 4 


1) У( е р) = Т. 
2) частичный группоид заданый таблицей 3, танне удовлетворяет 
Условиям 60, 61, 63 и не удовлетворяет условию 62. 
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A) Непосредственно находим, что частичный группоид 


й таблицей 1 та A 
заданный цей 4 удовлетворяет условию GO и не удовлетвор- 


яет условию G3. Далее, находим, что имеет mar 
[15/23/59 0035 20) То е 0 0 
Притом, ({1,2},A) является группоидом. Таким образом, частич- 


ный Группоид заданный таблицей 4 удовлетворяет условию 62. 


Наконец, ввиду имплинаций 


пж 2A 1% BA [1,2] + [1,3] > ИТП ева 
1#2a2 43 [1,2] + [2,3] 10172] Q9 29 37] ЖЕШ ен 
1+ 3л 2 «Эл [1,3] + [2,3] = [[1,3) п 12,311 = |2| = 00, 


находим что частичный группоид заданный таблицей 4 удовлетвор - 
яет условию 61. 


Утверждение 1 доназано. 


На табл. 5. - 5, заданы частичные А,-группоиди не яв- 


ляющиеся А. -группоидами . 


9) One» р) = fe 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar a 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


я. у 
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Пусть (CA), а Ete м (Т); 
если в (%,А) имеет место 61; toms 


Утверждение 2. 
частичный группоид. Тогда, 


(€,A) справедливо 


Р Ус (Є t)(vd € 7/(с Є [a,b] ^ 
Е с аА Гега + 2 = [c,d] = 


617 а + b 


[a,b]) для наждых a,b € ©. 


Доказательство. ЕСЛИ [a,b] = Ø или если [a,b] + Ø 


e 1); + | , 
и [c,d] = Й,то высназывание под 617 истинное1); аж В, C жа. 
Пусть a,b,c,d € T любые элементы, удовлетворяющие 


условиями: 
a+b и [a,b] + 4; 
ожа и [c,d] + 4; 
c,d € [a,b]. 
Отсюда получавм,, что имеет место: 


(1) |[a,b] n [c,d1| > 2. 


Далее, учитывая 61, ввиду предположения a + b A с + dM тавто- 


логин (р > д) e (Ла Тр), находим, что имеет место: 
(2) |[с,а] 0 [а,61|> 1 = [c,d] = [a,b]. 
Нанонец, ввиду (1) и (2), находим, что утверждение доназано. 


Утверждение 3. Существует частичный группоид (®,А), 
[| = 6 ~ N € {1}, удовлетворяющий условию 017 и не удовлетвор“ 
яющий условию 61. 


Доказательство. В частичном группоиде заданным табли“ 
цей 5 имеет место: 


" 


[1,2] [53 = 1.23}, 
[2,4] = [3,4] = (2,3,4); 
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[ара ји = Пи јал 
О аР па ан Ке 


Отсюда находим, чго частичный 
группоид заданный таблицей 6 
удовлетворяет условию 617 и не 


удовлетворяет условию 51. 


Утверждение %. Пусть (®,А),| | = 


Табл С = t ENN {1}, частичный группсид. 
Тогда, если в (C,À) имеют место 
61^ и 62, Tc в (TA) имеет mecraliGal. 
Доказательстас. Если [3,6] = [c,d] = @ или если 
[a,b] = Я и [c,d] + 0 ([а,5]+Й и Гс,9] = Ø), то высназывание 


> 
под 61 справедливо. Таким же образом, высназывание под 61 спра- 


ведливо если справедливо следующее высказывание: а + D лос + do^ 


^ [а,Ь] + Ø + [c,d] + Я ^ [a,b] = [6,9] 
Пусть, далее, a,b,c,d Е Т любые элементы, удовлетвор- 


яющие условию: 


(а) a5 b^ G5 da Cab) Иа 
Предположим, что имеет место: 


(6) [ta,b] п [е,9]|> 1. 


о имеет место: 
Из (б) получаем, что существуют р,4 Е € Tanne чт 


(u) р+алр,а Є [a,b] ^ p,a € [c,d]. 


что (р,9) Е 0. Отсюда, 


Из D G2, сначала, находим» 
г учитывая (ц) и 617, 


ввиду (0), находим, ЧТО Ір,41% Й- Далее, 


а 
находим, что справедливы равенсте 


кар Ба = [p,q] = [c,d], 
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т.в., что имевт место равенство 
[a,b] = [c,d]. 
находим, что 


Таң как это равенство противоречит условию (а), 


утверждение доказано. 


Примечание 1. Если 0 = 22, то имеет место: 61 e 617 
[5]. 


Учитывая определение 1, утверждение 2 и утверндение 


4, находим, что имеет место следующее утверждение: 


Теорема 5. Частичный группоид (%,А), || = БЕМ~ 
~ {1}, является частичным А, -группоидом тогда и только тогда, 


когда имеет место GO, 617, 62 и 63. 


Определение 2. Частичным Ар -группоидом назовем час- 
тичный группоид (%,А), | el = $ ENN {1}, тогда и только тогда, 
когда имеет место GO, G2, 63 и Қ 


G1 ажыл (а, Б] + плс + ал [c,d] + 0 = 
= |Іа,Һ1| = |[с,9]| ( те N ~ (1)) 
Аля любых a,b,c,d € ©. | 


Утверждение 6. Если (C,A) частичный Ay -группоид, TO | 
(€,A) частичный А, -группоид. ] 


Доказательство. Ввиду теоремы 5, мы будем доназать, 
что в (%,А) имеет место 617. 


Если [a,b] = Ø или если [a,b] + Ø u [c,d] = Ø, то 
высказывание под 61” справедливо; a + b, с + d. 


Пусть, далее, a,b,c,d€€ любые элементы удовлетворяющие 
условию: 


а + Ьл [а,Ь] + лс + ал [c,d] + ПИ л c,d € [a,bl- 


Тан нан имеет место c,d € [a,b], находим, что ciens 


NUS ФАН 
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ААА 


ford) = Га! 


Отсюда, ввиду 61, получаем, что имеет место: 


[c,d] = [a,b]. 


Утверждение доназано. 

На табл. 5; - 53 заданны частичные AT -группоиди- На 
табл. 5, заданный частичный А -группоид не являющийся частич- 
ным Аф-группоидом с 

Учитывая теорему 5 и определение 2, находим, что име- 
ет место: 


Утверждение 7. Пусть (€,A),|t| = ЕМ ~ {1}, час- 
тичный А,-группоид. Тогда, если [[a,b]|= m € N ~ {1}, то 


([a, b], A) АП-грулпоидт». 


Теорема 8. Пусть (€,A),|t| = t € N 5 {1}, частичный 
A, -группоид He являющийся Кұзгвуппондаль Тогда существует A,- 
-группоид (%,А) таной, что А(х,у) = А(х,у) для каждого (х,у) € 
Е 02). 


2 
Доказательство. Пусть а + b и (a,b) £ 0; (a,b) Є ©, 


Тогда, ввиду 62, имеет место и: (b,a) £ Озтабл. 7i. Пусть, далее, 


А(х,у), (х,у) € 0 
А(х,у) 48$ { b, (х,у) = (a,b); Табл. 72. 
а, (x,y) = (b,a) 
= д. 1 
Тогда имеет место: [a,b], = (асв) и C uno Ай nenien А2 -груп 
поидом; табл. 7,. 


Жама ЕКЕШ КЫ е нн 


1) Аү-группоиды введены в [5]. 


Й адывается в А, -Группоид 
2) Всякий частичный к,-группонд (т,А) внлады Е 


ФА). 
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Табл. 7, Табл. 7; 


Непосредственно находим, что в частичном группоиде 
(€,A) имеет место GO, G2 и 63. Далее, предположим, что сущес- 
твуют p,q € € удовлетворяющие условию: [p,q], наб 
Е Гр,91 д. Тан нан это условие противоречит а а # Б 
и (a,b) Е D, находим, что в частичном группоиде (%,А) имеет 
место и условие 61. Таким образом, ввиду условия {| Е NN (ay, | 


теорема доказана. 


Примечание 2. Частичной А.-квазигруппой (АС-нвази- 
группой) назовем частичный A, -группоид (Ај -группоид) (%,А) тог- | 
да и тольно тогда, ногда (%,А) является частичной нвазигруппой. | 
Частичный A, -группоид заданный таблицей 53 является частичной 
А, -нвазигруппой. На множестве из двух элементов не существует 
Ат-нвазигруппа. Таним образом, А, -группоиды построены методом 


из доназательства теоремы 8 не являются А.-нвазигруппамы. Ина- 


БЕ = 


Че, имеет место: для любого m EN ~ {1,2} существует AT-HBa3H- 
группа (%,А), |t|- m ІЗІ. Притом, отметим: для частичной AŠ- 
-нвазигруппы (€,A) заданной таблицей 5з не существует Аѕ -квазит 
группа (€,A) удовлетворяющая условию: А(х,у) = А(х,у) для всех 
(х,у) €D; A: р» т, Dc c?. 


| 
| 
| 
| 


Пусть © непустое множество и пусть непустое множество 


L множество некоторых непустых подмножеств множества T. множество 


£ называется разбиением Хармантиса типа 2 множества С') тогда и 


1) kopose: 2Н-разбиением множества г. 


не ЧИ 
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19 
и ТОЛЬНО тогда, ногда выполняются следующие условия: 
H1 (va € СУБ є (а + b = (31276 а Ол 
H2 з (МЕ О аР 


Объент (6,2) называется 2Н-геометрия [5]. Притом, 
элементы множества % называются точками, а элементы множества 
С линиями2), 


Пусть (6,5) ZH-reomerpHa. Тогда имеет место: 


i (V2 € ЕУ, € 0) (2 + &^ » [t n 2^| < 1); и 
Hs (Масе Dt Е Ts (& 9c 


Притом, существуют объенты (%,Г) удовлетворяющие условиям Н17, 
H1^^, H2 и не удовлетворяющие условию H13). Объент (€,£) позво- 
лим себе назват Р2Н-геометрия тогда и тольно тогда, когда вы- 


полняются условия Н17, H1 H2. 


x 


Примечание 3. Носители (€,£) н-полусетей“) (C, (LT) ), 


Г = U 1., являются [-геометриями. |-геометрии являются обоб- 
ени Неа Именно, обьент (6,6) является (-гвометри- 
ей тогда и только тогда, ногда справедливо Н1” и Н177 [4]. Takum 
образом, L-reomerpun (€,£) тогда и тольно тогда будет Р2Н-г есмв- 
трией, если в (6,6) имеет место H2. Ha рис. 1 изображен носитель 
(6,6) З-полусети (T, (i) Б = Li U (2 U Ls, удовлетворяющий 
условиям H1* - Н177 и неудовлетворяющий условию Hay € = (1,2221) 


Је Наждому пН-разбиению, n Є М, множества € соответствует (n*1)- 


-арное отношение энвивалентности на множестве C, и обратно 


2) ес плосности [1 - 31 являются 29 -геометриями удовлет- 
воряющими условию: (VÀ Є 2) (М2 € ojal = [57]. 


" 3 z 
з) Например, носители (6,6) З-сетей [8 - 9] (t,{Lil), £ = bi U 

U L2 U L3, при [e| > 3. = 
писанные автором в [10], являются одним обобще- 
нием VELA SEE - 101. Нстати, н-полусети весьма тесно сваза- 
ны с ортогональными системамы частичных нвазигрупп [19], с 
специальными нодами {12 = 15, 19, 20]. в в дизаинами [21], с 
аффиными пространствами Спернера [16 - 17] и co a классом 
(в общем случае частичных) <т,п>-нвазигруйй [18]. 


^) н-Полусети, 
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мы 


ы а № Са, № = {{1,3),{2}}. 


Притом, в (€ (L.1)) имеет место H1. 1-гвометрии удо- 
, „iL; 


влетворяющие условию Н1 автор позволил 
себе назват ТС -геометрии [4]. Носите- 


ли \\-к-полусетей танже являются L-re- 


ометриями [11]. 


Рис, 1 | 
| 
| 

Теорема 9. Если (ФА), ШЕЕ NS (1), чостич- | 
ный А, пруплоид» To (26), где | 
(2) ав ес Aa + b л [a,b] + 8), 


Р2Н-геометрия. 


Доказательство. Ввиду определения 1, имеет место: 
|=] > 2. Ввиду 63 и 62, имвет место: L + Й. Ввиду определения 
(2), множества [a,b], а + b, принадлежащие множеству С являют- 
ся непустыми множествами. Ввиду Gi, в (€,£) имеет место Н17. | 
Ввиду 63 и 62, в (6,6) имеет место Н177. Наконец, тан нан непус- | 
rue множества [a,b], а + b, удовлетворяют условию |Іа,51| > 2, | 


находим, что в (6,6) имеет место и Н2. 1) | 


Лемма 10. (D. Шифтар, [3]) Для любого m € М ~ {1,2}, 
существует А,-нвазигруппа??. 


Отсюда, учитывая фаңт, что существуют А2 -группоиды 
(табл. 7;), находим, что имеет место: 
о a 2 EE —— 


1) Ввиду 62 и 61”, для нандой линии 2 Е £ имеет место: HaHAHE 
две различные точни принадлежащие линии % однозначно опреде” 
NAOT линию 2. Притом, отметим: в частичном группоиде задан” | 
ным таблицей 1), удовлетворяющем условиям 61 - G3 и не удо“ | 
влетворяющем условию GO, имеет место: [1] = [2] = [3] = | 
ПОЕ Иса = [2,31 = 1М722037. 


2) Утверндение доназано построением одного класса АТ -нвазигруй"П* 4 
m | 

| 

И 

| 

| 
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Четачиые Ар. труппада э ЫШАНЫ 


Лемма 10^. Для нандого m € NN {1}, существует А - 


-группоид. p 


Теорема 11. Нандой нонечной Р2Ң-гвометрии (6,6) 
соответствует частичный А -группоид. 


Доказательство. Пусть (C,£) нонечная Р2Н-геометрия. 
Тогда, ввиду H2, имеет место: |T| = t ENN {1}. 


Учитывая лемму 107 и Н2, находим, что имеет место: 


19 На кандой линии 4, ЄС, i € І, можно определить би- 
нарную операцию AG, 1C p таную, что (БТА становится 
Ап-группоидои; mus [2,[. 

Учитывая 19 и Н17, находим, что имеет место: 

2° Для любых различных a,b € 7 для ноторых существует 
ЛИНИЯ m Е Г такая, что а,р 6 hes существует одна и тольно 04- 
на (из в 1° выбранных) AG, i € I, таная, что AG (a,b) € 1, = 
& C. 

Учитывая 19 и фант, что АП-группонды являются идем- 
потентными группоидами (утверндение 5, утверждение 7, onpeaene- 
ние 1), находим, что имеет место: ; (5 

39 Если a € $i иа € ZU TO a? (a, а) = A J'(a,a) = а 
для любых i,j € I. 

Учитывая 29 и 39, находим, что имеет место: 

А DIET AG) является частичным группо- 


49 (T.,A), где қ 7 
1ЄІ 
идом1) . 


MC? 9 имеет место: 
Учитывая H1 и 3°, находим, что 


50 В (т,А) справедливо 60. 
Учитывая 19, до и Н17, находим, что имеет место: 
бо В (т,А) справедливо 61. 
Далее, учитьвая 19, находим, что имеет место: 
ye B (С,А) справедливо 62. А 
Наконец, учитывая H2, находим, что имеет место: 
Bo В (%,А) справедливо 63. 
Теорема доназана. 


1) Если в (6,6) имеет место H1, то (€,A) является группоидом - 
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Примечание 4. В доназателњстве теоремы 11 (под 1°) 


) 


— 


на мнонествах %. Є £ выбрани операции AG такие, что ПА 

являются А'-группоидами; т = EAR Если имеет место |р; | > 3 

Ana қамдай 2, Е с, то, ввиду is 10, Ha нандом помет 

2, € £ можно выбрать операцию А таную, что un ) станет 
Ай-нвазигруппой›т = EAL В этом случае, частичный Аъ-группоид, 
построенный в доңазательстве теоремы 11 является частичной А - 
-квазигруппой. Именно: конечный частичный группоид (T,A) явля- 
ется частичной нвазигруппой тогда и только тогда, когда B CO- 
ответствующей таблице элементы из € в столбцах и в строках не 

| повторяются. Отсюда, учитывая предположение, "TO А an Е 
Е 1, являются Ап-нвазигруппами, ввиду Н17, находим что частич- 

? ный A, -rpynnona, построенный в доназательстве теоремы 11, яв- | 


ляется частичной А, -нвазигруппой. 


| 
хх я | 


На табл. 8, и 8; заданы различные А? -группоиды, а на 
табл. 8; и 8, различные АЗ-группоиды. Притом, А5 -группоидам co- | 
ответствует 2Н-геометрия изображена на рис. 2), а АЗ-группоидам 
2Н-геометрия изображена на рис. 22. 


— = а 


1) АЗ-нвазигруппа. 


| 
A 
| 
) 
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A 
| Ча ны у 
стичные группоиды (%,А) и (€,B) назовем генеро- 
морфними тогда и тольно тогда, ңогда имеет место: 
(г) [Cabla = [ab], 
для нандых a,b € c. 

На табл. 11 и 5; заданы частичные группоиды имеющие 
один M тот же носитель T =(1,2,3). Они не являются генероморф- 
ными. В самом деле, например, имеет место: 

| а) [1,13 = [1] = 11 2 а табло Тили 
| б) (1,11 > (І1- (1), таоло So 
| Непосредственно находим что имеет место: 
Утверждение 12. Генероморфность является PCT отноше- 
| нием на множестве G(T) всех частичных группоидов определенных 
на множестве @. 
| Теорема 13. Если частичный группоид (T,A) находится 
| в отношении генероморфности H частичному AoCRDYIMISRAY (%,В) то 
(С,А) является частичным уни Ы 
4 Доказательство . 
| а) Ввиду равенств [аа] д = [a,8]g = (а) для каждого 
a € т, в (€,A) имеет место 60. 
| 6) В (T,B) имеет место G1, т.е. в (%,В) имеет место 
| следующее весназеваниг 
| Блс+ ФА 
| (Уа € €)(vb € t)(vc e с) (ЧЕ t)la + = 
,d < А 
| ^ Le;blg + [6295 > [ta,blg n 1,9131 
т место высказывание 
Отсюда, учитывая предположение, что aes 
uc: uu „сыз = сш сосы 
ЛЕНИ ae с... 


4 D (appl =f еш Ев, (0). 
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(ух Е T) (Му Е ©) [х, У] д. = [x ylg: 


„ма 


находим, что в (T,A) имеет место 


(va є €)(vb Е ©) (ус € С) (уа € ©) (а + Б лс + 9л 


^ [a,b], + [c,d], =|[a,b], N Га,В1,| 5 1), 


T.e., что в ($,А) имеет место 61. 
ц) Ввиду генероморфности, А и В определены на одном и 
том же множесте D с € . Отсюда, учитывая фант, что (%,В) яв- 
ляется частичным A, -группоидом, находим, что в (T,A) имеют 
место 62 и 63. 
Теорема доказана. 
Учитывая теорему 9 и определение генероморфности, 


непосредственно находим, что имеет место следующее утверндение: | 


Утверждение 14. Если частичные А+ -группоиды (ФА) и 
(6,8) являются генероморфными, TO им соответствует!) одна и та 
же P2H-reomeTpHA, т.е. тогда справедливо (6,6,) = (T, £p) rge 
СА БОЕ [a,b Еблазьл [а,Ь], + И), £y Ag? ([5,5]|a,b € 
EtCnatba [a,b]g + 0). 


Учитывая доназательство теоремы 11 и определение 


генероморфности, находим, что имеет место: 


Утверждение 15. Пусть (5,6) нонечная Р2Н-геометрия. 
Пусть, далее, (U,A) и (€,B) соответствующие?» частичные А ОВУ 
поиды. Тогда (%,А) и (5,8) являются генероморфными. 


Учитывая теорему 11, примечание 4 (лемму 10) и утверж- 


дение 15, находим, что имеет место: 


Теорема 16. Пусть (%,А) частичный А, -группоид удовле- 


творяющий условию: 


1) по твореме 9, 
2) по теореме 11. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar | 


ИИ — Ч 


_ i ООО 


Digitized by Arya Samaj Foundation Chennai and ебапдо 


Частичные Ај-группоидн 


125 
4 
1 
(Уа Е %)(УБ Е ©) ( 
а + 
b ^ [a,b] + 2 » |{a,b}| > 3). 
Тогда существует частич; ква 
OM ВН nag А --нвазигруппа (%,В) таная, что 
, ‚В) являются генероморфными. 
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REZIME 


PARCIJALNI А, -GRUPOIDI 


U radu se uvode i razmatraj ij i idi 
TN. 5 а = 5 
Predstavljaju jedno uopštenje A. _ коработ а lini АГ ОТ 

с Эгиро!4а [5]. Pokazano je da se 


A, "grupoid (СА) može dodefinisati do А," 
Je, Izmedju ostalog, pokazano da svakom 


svaki pravi parcijalni 
-9гиро! да (T,A). U radu 
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parcijalnom А -grupoidu odgovara odredjena konačna Р2Н-део- 
metrija, te da svakoj konačnoj P2H-geometriji odgovara klasa 
u parovima generomorfnih parcijalnih A -grupoida. Pri tom, 
svaki parcijalni A -grupoid u kome za neprazne [а,Ь] važi 
|La,bl| > 3, а + pf jeste generomorfan nekoj parcijalnoj A" 
kvazigrupi. 


Received by the editors March 31,1987. 
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ON PARA-ASSOCIATIVE BCC-ALGEBRAS 
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ABSTRACT 


An algebra (6,-,0) of type (2,0) is called a weak 
BCC-algebra iff ху = ух = 0 implies x = y and if the conditi- 
ons (yz) ((xy)(xz)) = 0, xx = 0, 0х = x hold for all x,y,z €G. 
In the paper it is proved that a weak BCC-algebra is a BCl-al- 
gebra, i.e. satisfies ((xy)xz))(zy) = 0 and x0 = x iff it is 
a Boolean group. It is proved also that every left (right) al- 
ternative weak BCC-algebra is a Boolean group. In the end the 
so-called para-associative weak BCC-algebras are considered, 
i.e. weak BCC-algebras with the condition: (хаха) хз = x, (х Ye 

ales 7 5 - ЕК 
where (i,j,k) is а fixed permutation of the set {1,2,3} 
Іс is proved that these week BCC-algebras are Boolean groups. 


BCK-algebras where introduced as an algebraic formu- 
lation of C.A. Meredith {s BCK-implicational calculus by К. Iséki 
in [5] . BCK-algebras form a quasivariety of algebras amongst 
whose subclasses can be found the earlier implicational models 
of Henkin [3], algebras of sets closed under set-subtraction, 


and dual relatively pseudocomplemented upper semilattices. 


AMS Mathematics Subject Classification (1980): Primary 03625, 


Secondary 08899 
Key words and phrases: | 
gebra, para-assoctativity. 


BCC-algebra, weak BCC-algebra, BCI-al- 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Е 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


130 |. Dudek 
Вии 
К. Iséki posed ап interesting problem (solved by A. Wrofiski in 
І81) whether the class of BCK-algebras is а variety. In соппес- 
tion with this problem Y. Komori introduced in [6] the notion 
of BCC-algebras and proved (using some Gentzen-type system LC) 


algebras, is finitely based [7]. à 

In this note we shall consider so-called weak BCC-al- 
gebras which are a generalization of BCC-algebras and give some 
necessary and sufficient conditions for a weak BCC-algebra to 


be a Boolean group. 


By a BCC-algebra we mean a non-empty set С together 
with a binary multiplication denoted by juxtaposition and a 
distinguished element 0 such that the following axioms are sa- 
tisfied for all х,у,2 € б: 


(1) (yz) ((ху)(ха)) = 0, 

(2) xx = 0, 

(3) x0 = x, 

(4) Ox = x, 

(155 Xy = yx = 0 implies х = y. 


By a BCI-algebra we mean an algebra (G.+,0) of type 
(2,0) in which conditions (2), (5) and 


(6) ((ху)(х2))(ту) = 0, 


(7) (х(ху))у = 0, 


ж 
о 
п 
х 
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by BCC-algebras,that is, the smallest vatiety containirg the class of all ВСС- 
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If a BCI-algebra (G,-,0) satisfies 
then it is called a BCK-a£gebza. 

The aobove axiom systems are not independent. One 
can prove (cf. (11) that the class of all BCT-algebras is uni- 
que£y determined by (5), (6) and (8). BCK-algebnras ane deter- 
mined by (5), (6), (8) and 0x = 0. Also axioms of (weak) BCC- 
-algebras are dependent. Indeed, putting x = y = 0 in (1) and 
using (4), we obtain (2). 


Y. Komori noticed in [6] that if we exchange (1) 


(9) (ху)С(у2)(х2)) = 0, 


then we obtain the axiom system of BCK-algebras (but dual form). 

Similarly, if we consider a genereal algebra (G,°,9) 
of type (2,0) which satisfies (1), (2), (4), (5) and if we 
exchange (1) for (9), then we obtain the dual form of the axi- 
oms system of BCi-algebras which are a generalization of BCK- 
-algebras. Hence, a general algebra (6;°,0) of type (2) with 
conditions (1), (2), (4) and (5) is called a weak BCC-algepra. 

A simple example of a weak BCC-algebra is a Boolean 
group or an algebra (CG д.0) Әп ey VENUS where (G,+,0) 
is an Abelian group. These algebras are not BCC-algebras. 

A groupoid (6,-) is called a pana-associative groupo- 
id of type (i,j,k) (се. ог ап (i,j,k) -associative groupoid, 


ie 


(х1*х2)'Хз 7 x tO 2 


хз € б, where (i,j,k) is а fixed неш of 
p that а pana-associative groupoid of type 
Every (1, 3,2)-associative groupoid is 

e - right alternative. 


for all ха, X2, 
1, 2 and 3. It is clea 
| (15958) ug а semigroup. 
left alternative, every (2,1,3)-associativ 


The class od all flexible groupoids 15 contained in the class 


of all (2,3,1)-associative groupoids. 
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First we shall prove a simple but useful lemma. 


Lemma. А weak BCC-algebra is а BCI-algebra iff it 


is Abelian. 


Proof. An Abelian weak BCC-algebra is obviousiy a 


BCI-algebra. On the other hand, if a weak BCC-algebra (G,*,0) 
is a BCI-algebra, then x = 0x = x0 for all x € С. Hence by the 
Lemma from [1] we obtain xy = yx, which finishes our proof. 

As it is well-known (see [4]) a BCI-algebra is a 
Boolean group ifi it is associative or iff it satisfies the 
identity x = 0x. Hence as a simple consequence of the above 


lemma we obtain 


Corollary 1. A weak BCC-algebra is a BCI-algebra 


tff tt ts a Boolean group. 


Remark 1. From (3) it follows that a Boolean group 
is not a BCC-algebra. Moreover, from (3) and (4) follows that 
a BCC-algebra is a BCK-algebra iff it is trivial, i.e. iff it 
has only one element. 


Proposition 1. Every left (right) alternative weak 
BCC-algebra ts a Boolean group. 


Proof. If a weak BCC-algebra (6,-,0) is left alters 
native, then (yx)x=y(xx) for all х,у € G. Hence x = (x0)0 = 
= x(00) = x0. Thus putting z = x in (1), we obtain | 
0 = (ух)((ху)(хх)) = (yx)(xy), which proves that (G,-,0) is 
Abelian. 


Similarly, if (6,-,0) is right alternative, i.e. if 
У (05 then y = x(xy) and хо = x. Since (1) for z = 0 4 


t 
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implies y((xy)x) - 0, then, putting in this equation y = xz 
t = ха, 


we get 0 = (xz((x(xz))x) = (xz)(zx), which proves that also in 


this case (G,-,0) is Abelian. But by the Lemma an Abelian weak 
BCC-algebra is a BCI-algebra, i.e. (6,. 


0) is a Boolean group 
(Corollary 1): 


Proposition 2. A weak BCC-algebra with the identity 
(xy)x = y ts a Boolean group. 


Proof. If a weak BCC-algebra (G,°,0) satisfies 

(ху)х = y, then у = y0 and for every a,b € G the equation bx = а 
is uniquely solvable. Indeed, an element x - ab satisfies the 
equation xa = b and bx = a, since (ab)a € b and a = (xa)x = bx. 
Moreover bx = bz gives x = z, since x = (bx)b = (bz)b = z. 

Thus for every a,b € G the solution x € G of the equation bx = a 
exists and is uniquely determined. Hence from (1) we have 
(xy)(xz) = yz and x(xy) = (x0)(xy) = Oy = (хх)у, which shows 
that this weak BCC-algebra is right alternative. By Proposition 


1 it is a Boolean group. 


Corollary 2. If a weak BCC-algebra (8,%,0) is а qua- 
stgroup, then tt is а (Boolean) group tff x0 = x for alt x € 6, 


1.е. tff tt has a neutral element. 


Tf a weak BCC-algebra (6,",0) is a quasigroup 
then from (1) we get у2 = (ху)(ха) 
which Finishes the first part of 


Proof. 
and 0 is its neutral element, 


and у = y0 = (xy)(x0) = (ху)х, 


the proof. 


The second part is obvious. 


he same mannet as Proposition 2, we can prove 


In t 


Proposition 3. A weak BCC-algebra vith the tdentrty 


х(ух) = У ts а Boolean group. 


We are now in а position to state the full characte- 


iati х = bras. 
rization of para-associative weak BCC-alge 
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Proposicion 4. Every para-assoctative weak ВСС-а1- 


gebra is a Boolean group. 


We shall consider six cases of the рага-аз- 


Proof. 
sociativity. 
i) The case of (1,2,3)-associativity. 


Since the multiplication in this case is associative, 


then from (1) we get 


0 = (yz)((xy)(xz)) = ((у2)х)(у(х2)) 


and 


0 = (yx)((zy)(zx)) = (у(х2))((у2)х), 


which gives (by (5)) (yz)x = y(xz). Hence a (1,2,3)-associative 
weak BCC-algebra is also (1,3,2)-associative. 

ii) The case of (1,3,2)-associativity immeadiateiy fol- 
lows from Proposition 1, since every (1,3,2)-associative weak 
BCC-algebra is left alternative. 

iii) . The case of (2,1,3)-associativity also follows from 
Proposition 1 since in this case a weak BCC-algebra is right 
alternative. 4 

іу) In the case of (2,3,1)-associativity, we һауе (xy)z = 
= y(zx) for all x,y € G. Hence x = (00)x = 0(x0) = x0 and (xy)x = 
= y(xx) = у0 = у which proves (by Proposition 2) that this weak 
BCC-algebra is a Boolean group. 

У) Тһе case of (3,1,2)-associativity. 

Putting x = 0 in (xy)z = 2(ху), we obtain у2 = 2у, 
which implies (by the Lemma) that this weak BCC-algebra is 
Abelian. It is obviously a Boolean group (Corollary i). 

vi) The case of (3,2,1)-associativity. 

As in the previous case putting x = 0 in (xy)z = 
= 2(ух), we get yz = zy, since 


2 = 02 = (xx)z = z(xx) = 20 
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and 


yz = (Oy )z = 2(у0) = zy. 


Remark 2. It is obvious that every Boolean group 
satisfies all the conditions given in the above propositions. 
Therefore, these conditions are necessary and sufficient for 


a weak BCC-algebra to be a Boolean group. 
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REZIME 


0 PARA-ASOCIJATIVNIM BCC-ALGEBRAMA 


-,0) tipa (2,0) se naziva slaba BCC-algebra ako 
| ko uslovi (yz) ((ху)(х2)) =0 


0 implicira х=у ia 
4 у,2 €6. Ш оуоп radu je dokazano da der 


Algebra (б, 
i samo ако ху = УХ = 


| хх =0, Ox =X vaze sa sve Х 
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jedna slaba BCC-algebra i BCI-algebra odnosno važi ((xy)xz))(zy)- 
= 0 i x0 =x ако i samo ako je ona jedna Bulova grupa. Dokazano 

je takodje da je svaka levo (desno) alternativna slaba BCC-algebra 
1 jedna Bulova grupa. Posmatrane su takozvane para-asocijativne 
slabe BCC-algebre odnosno slabe BCC-algebre sa uslovom: 

(X 4X2)X3 = х; (х. 1%)» gde je(i,j,k) fiksirana permutacija skupa 
TURES RIR pokazano je da su ove BCC-algebre Bulove grupe. 
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ABSTRACT 


The subject of the paper is a self-recurrent SW-Og and 
its covariantly geodesic lines; first,.conditions are found for 
such а SW-0, to be m-projective to its own adjoint Riemannian 
space; then, conditions are found for two self-recurrent SW-0ns 
to be covariantly projective, that is, to have covariantly geo- 
desic lines in common; third, it is proved that two different 
SW-Ops over the same Riemannian space cannot be n-projective. 


1. INTRODUCTION 


Let us consider an n-dimensional space уг with an ob- 
ject of a linear connection (Т); provided by a tensor field 


(ті) of type (0,2), which is regular. 


By the notation of K. Radiszewski, a vector field w is 


n-geodesic if 


k a 


a 
(0.1) Vy (1544 )w = Ат за" 
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Key words and phrases ) 
15425. covariantiy autoparallel Lines, 


: w-projecttve connections, т-деойгвіс 
adjoint Riemannian space. 
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where Yk denotes the covariant differentiation regarding the 


connection Г. 


A -geodesic line is ап integral curve of а m-geodesic 


vector field. 


Я а Г 
We shall use the fact, that m-geodesics іп We are geo- 


G 1 7 
desics in the usual sense in the space У,, where С is given by 


m 53 DENT 
(0.2) S3k z (9; т БЫ + Tak 

sm denotes the inverse of the tensor (лі 3)» which is 
regular. 

The connections T and Г һауе their m-geodesics in com- 
mon if and only if the connections G and G have their geodesics 
in common, that is, if 

ар ME -si 
(0.3) Tjk = t Tiks т = OE 


where ф. 15 an arbitrary vector field. Then we say that the 
spaces ГА апа vi are m-projective. 


Let us presume one more condition: for the tensor field 
(144) to be symmetric. If we want both T and G to be symmetric, 
we have to involve the next condition 


(0.4) ШШЕ = Е 


Now, let us consider а Riemannian space м9, with metric 
n’ 
tensor g апа а regular linear isomorphism of m3 into itself, 
namely (3 No 


We define the regular general covariant differentiation 


for a tensor field D 


(0.5) т =Р ans pbpc 
Li 
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where Tecla is the basic covariant derivative. It can be obtai- 
ned with two affine connections, 'r and "г. 'r works exceptio- 
nally on contravariant indices and "г works on covariant ones. 
The additional condition is that the basic covariant derivati- 
ve of the tensor 0 (the inverse of the tensor P) vanishes. м9 
with the tensor P and regular general covariant differentiation 
is a space of a regular general connection. 


A space of a regular general connection is a SW-O if 
it is a metric space and if the following conditions hold: 


a) Sij,k = ШЕ) (тұ is a vector field and mij is a symmetric 
tensor field), 


b) the connection 'r is symmetric, 


= am. А 
с) Bis Sia? is symmetric. 


For further properties, the reader can see (117 ВЭУ 
[4]. 

The underlying Riemannian geometry is called the adjo- 
int Reimannian space of SW-O,- Its covariant differentiation 
(Levi-Civita covariant differentiation) is denoted by V (usually 


9 in previous papers). 


1 We are especially interested in such classes of SW-O,s, 

where y, from a) is equal to zero. We denote "г and "Т in such 
т T "т is in fact a met- 
ы ETS e could prove that "Г is 1п 

a case by 'r and "г. Оп = р 


ric affine connection, but ТТ 15 not. 


In two previous papers ([4], [5]), we considered such 


a special tensor Р, that 


Е 
(0.6) VEZ = к 65 
го 
у such a tensor Р and Ук from a) equat to zero, 


- fined b р 
Pa Зай ous Its connection "T is a semi- 


we named it a self-recurrent 5-0; - 


-symmetric metric connection 
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паа 


і тй сые 
(0.7) iaa 


where а. means the image of ajr by the isomorphism Q- 


1. THE POSSIBILITY OF ™-PROJECTIVITY OF THE ADJOINT 
RIEMANNIAN SPACE TO ITS SELF-RECURRENT 54-0, 


Suppose we have found the geodesics for the parallel 
displacement defined by the connection (0.7), in the ordinary 
sense. We shall call them the covariantly autoparallel lines 
of SW-0,. Now, we shall find the condition for such lines to 
be т-деойевісв in the adjoint Riemannian space; (115) is any 
regular tensor field of type (0.2) ón M3; suppose, also, that 


it is symmetric. 
From (0.2), we get 


т аб gia" 


(1.1) (У; тра) 385 


ог 


ar = ET 
j'ks = “j™ks 954716 - 
Since we have no more presumptions about the tensor 


(т; =) but its regularity and symmetry, its Levi-Civita covari- 1 
ant derivative also has to be symmetric: 


(1.3) VÀ ks - VES =0 
and, after calculation 
ál(g m - gm) = 0. 
j s sj ki 
Raising the index j, we get 
(1.4) ақаш,-6өіз, |) = 0 | 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


On covariantly-projective transformations ... 141 
ee 


and, contracting the indices j and k 
гі " 
(MESS) GO messe 0 


which means that the image of the vector at by the transforma- 


tion (ту) is zero. Now, we have two possibilities. 


ІЛІШ 766 (74 4) is regular, its kernel is zero-vector, so a is 
zero. Since (954) is also regular, its kernel is also zero. 
Under such a condition, (0.7) is just а Levi-Civita соппес- 
tion and SW-O, is trivial. 

(2) ТЕ (a> 


nel of (т; 5) and, consequently, (7,4) is not an isomorphism, 


) is not a zero-vector, it is an element of the ker- 
i.e. it is not regular. 
(1) and (2) give us the next result: 


Lemma 1. If covartantly autoparallel Lines of self- 


-recurrent 50-0 should be п-деойеѕїсз of its adjoint Rieman- 
ntan space, then the tensor field (744) of type.(0.2) should 


not be symmetric. 


Now, we have to check if the tensor field (т) could 
| be skew-symmetric. 
Then, if it is,its covariant derivative is also skew- 


-symmetric in indices К and 5, namely 
(1.6) Vas + У. тк = 


and, after calculation 


jat = 0. 
(витка У Skj"si 


After raising the index j, we get 
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3 3 ee 
(бетк, + 8754) а 07. 


Contracting the indices j and k, we can get 
(1.7) га = 0 


and, then, we can state 


-Lemma 2. If covartantly autoparallel lines of self-': 
-recurrent 58-0, should be т-део4езфез of the adjoint Rieman- 
nian space, then the tensor field (1+5) of type (0.2) should 


not be skew-symmetric. 


Now, we know that, if covarianlty autoparallel lines 
of self-recurrent 50-0 h should be s-geodesics of its adjoint 
Riemannian space, then the tensor field (7,3! must be neither 
symmetric nor skew-symmetric. Then the difference е ok is 
equal neither to 2тұс nor to zero. We shall denote this diffe- 
rence by Тұс It is а regular skew-symmetric tensor field of 


type (0.2). Moreover, since Т = is skew-symmetric, then 


k 


(1.8) УТЫ ap Wilt = 0 


and 


V (3Tks) 


which means that (Tks? is a Killing tensor field. Then we have 


Lemma 3. If covariantly autoparallel lines of self- 
-recurrent 54-0, should Бе m-geodesics of its adjoint Rieman- 
nian space, then the adjoint Riemannian space has to admit at 
Least one Killing tensor field of order two, which is not equal 


to zero. 


For Tks’ we have 
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У.Т = a T LS 23 Tk B 
j ks “Уы Эта Нар вани 


i 
and, as it isa Killing tensor field 
aj x 
g МЕДА = 0 


which gives us 


Tal - Пт: + my с 0 
i.e. 
(1.9) Tae = (n-1) m8 
and п+2. 
On the other hand, У Ks] = У Ты! by the reason of 
T being a Killing tensor field. That means 


ks 


CA i В : 3 
8.7%,79-47к46 "Чујте = 3(84T, ауто за тору. 


Transvecting by 42% and contracting the indices: 2 апа 5, we get 
again (1.9). But, (1.9) means 


а „а E a 00 
1 Tka o er wee = (n 1) 7,9 


and, consequently 


„а 2 
(1.10) (2-п)тұ 44 = атак: 
In this way, we got a characterization of non-symmetry of the 


tensor field (л) 


We have 


If the covariantiy autoparallel lines of 


are т-део4ез?св of its adjoint Riemanntan 


self-recurrent SW-O = SE. 
; A -symmetric ten 
~“ space, then the tensor field (1,3) is a non-sym 


Theorem 1. 
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(2-п) прав“ = 8 Tak 


for the veetor field а“ characterizing the self-recurrent SW-O_. 

If the adjoint Riemannian space is of constant nega- 
tive curvature, then there is no Killing tensor of order р (р=1, 
2, ,n-1) (161) and covariantly autoparallel lines cannot be 


"-geodesics in the adjoint Riemannian space in any Way. 


Also, in the conformally flat Riemannian space with a 
negative definite Ricci curvature, there does not exist any 
Killing tensor different from zero. So, if the adjoint Rieman- 
nian space is conformally flat and has a negative definite Ric- 
ci curvature, there could not be any T-projectivity between it 


and its self-recurrent SW-O, - 


2. THE POSSIBILITY OF COVARIANT PROJECTIVITY 
OF TWO DIFFERENT SELF-RECURRENT SW-O, S 


Let us suppose we are given two different regular ten- 
sor fields of type (0.2), namely (А) апа (в;.), both recur- 
rent to Kronecker's delta, in MP 


(2.1) КАЗ = cane (V,A,. = | 
: кај = еке; kPi4 = 9913) | 
(2.2) v Bi = 6,62 (V,B.. = B,g,.) | 

к°з к°з кај k$ij'! © | 


Each tensor field (844), (Bi) defines uniquely a 
self-recurrent SW-O,, both of them having Mg as a common adjo- 
int Riemmannian space. Let us denote by (A; 5) and (B, 5) the 
inverses of (А; 5) and (B55) respectively. Following the way of 
notation from the previous paragraphs, we shall denote | 


(2.3) а = а А 


e 
ж 
m 
ж 
m 


Nf. 
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б = са 
(2.4) В = в By 


by the same overbar -, although these are two different isomor- 


phisms. By (0.7), we have 


m; 
(2.5) ЛМЕ ioe ae 
Шатты а CE 
m; 1 1 А 
2.6 " 1 = {1 Bo nee БА: 
( ) pu Uk? * ЫЗ В djk 


We have defined covariantly autoparallel lines of a 
self-recurrent 54-0, as geodesics, in the ordinary sense, of 
the connection (0.7) ((2.5), (2.6)). Now, we want to find the 
conditions for two different self-recurrent SW-O_ s over the 
same Riemannian space to have their covariantly autoparallel 


lines in common. 


It is well-known that the change of the connection 
which does not change the system of geodesics can be expressed 


locally in this way: 


iene i 

(2.7) 113к = 2" 5k + 7464 + Yy$ 
where (y.) is an arbitrary covector field. Applying (2.7) to 
(2.5) and (2.6), we may get 


i 01 E ET ic 2 5 
з И 


с: 


A ij 
After lowering the index i and transvecting by g 3, we get 


(1+1) Ух = 0) 


or 


Two different self-recurrent 50-015, having 
common, have their covartant- 
f and only tf covartant parts 


ns have the same coefficients. 


Lemma 4. 
their adjoint Riemanntan space vn 
Ly autoparallel lines in common t 


of their regular metric connectto 
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Then, the necessary and sufficient condition for two 
different self-recurrent SW-O,S over the same Riemannian space 


to be covariantly projective is 


ET Е 
(2.8) абу - 95,8 = B58 T Ijk - 


Denoting 83-8; by Ра: we immediately get 


~ за ~ 
i б. NO а. = : . = ва (2223 (2.4 ` 
which means а; 85 But а, 2210 85 Ва j ( ), )) 


Now, we can state the additional part of Lemma 4: 


Lemma 4'. Two different self-recurrent SW-O.s over the 
same Rtemanntan space are covartantly projective if and only if 
the images of recurrency vectors of their fundamental isomor- 
phisms in the adjoint Riemannian space by their inverse tsomor- 


phisms respectively are the same. 


Now, let us suppose that one of these two self-recur- 
rent 50-0 s has its covariantly autoparallel lines as geodesics 
in the adjoint Riemannian space. Then the same holds for the 
other. We have 


Theorem 2. If the Riemannian space MJ admits two (or 

more) different regular symmetric tensor fields (A, .) and (В. 5), 
13 i 

both (all) recurrent to the metric tensor and their recurrency 


eovectors related by 
= j 
оқ 8485Aj 
(B2 being the inverse of B. 1, and if м3 admits a tensor of type 
(0.2) satisfying (1.10), then (85) 2155 satisfies such а condi- 
tton. Then these two (or more) 5-0, 5 have their covartantly 


autoparallel lines їп common апа DR, may serve as 1-geodesics 
9, 
in Мы 


--------А.- 
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3. THE POSSIBILITY OF т- COVARIANT PROJECTIVITY 
BETWEEN TWO DIFFERENT SW- 0n S OVER THE SAME 
RIEMANNIAN SPACE 


Let us suppose we are given a regular tensor field of 
type (0.2), namely (т, 
ТЕ. 


5), without any more presumptions about 


If we have two different SW-O s over the same Riemen- 
nian space Ma” we want to answer the question: whether of not 
these two SW-O s can be т-соуагіапё1у projective, that is, to 


have their g-covariantly autoparallel lines in common. 


Let us denote them by 54-0, апа SW-0 and covariant 
m m 
parts of шо metric regular connection by "Г апа "Г, гезрес- 
tively. Let 2 be given by the relation 
i 


(3750) "Т Ра сс 
2 ік jk jk jk 


m, 
If the connection Ыз. should be ;-covariantly projective too, 
then, according to (0.2) it yields: 


m, А : А А 

Е Е: бы алал д 
(3.2) Tik = Gk + 845% 95кё Tjk"s" Yj k 
where Gy) is an arbitrary covector field. 


m 
As we have supposed, "T should be a covariant part of 


"n 
regular general metric connection on SW-O.. Then, "Г has to be 


(a) a semi-symmetric connection, 
(b) a metric connection, i.e. the metric tensor should be 


parallel. 


Let us check condition (a) first. The torsion tensor 


m 
of "T will be denoted by "T. 


m. А2 e i. 51. = = 
(3.3) "Тік = 31 (85-05) 6к- (ву к) 85 тақ” ыы 


нн e 
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a 4 
We can easily see that "Г is semi-symmetric if the 
tensor (та) is symmetric. If the tensor (mgs) is not skew- 
J 2 А : 
-symmetric, we can always find a vector field (P1) satisfying 


m Р i 
nmi eu ~ = 1 _ а – т 
те = па unes (ах Ук*Рх) 671, 


where (Py) satisfies 


ie 
(3.4) Р. = aj 95) 


J 
-sk 
(3.5) ys = туку" 
^ -sk 
(3.6) у. = ТЕТ 


Then, we сап state 


Lemma 5. The connection, which ts пт -projective to the 
covartant part of the metrie regular general connection of a 
self-recurrent SW-O,, ts always semi-symmetric, unless the tensor 


(513) ts skew-symmetric. 
Now, let us check condition (b). We immediately get 
m z 
n т Сүт 

(3.7) Jk913 7 таку) + муку + 9193 + 9 к 


- -ві 
ЈЕ means фт 915° Since the metric tensor should be parallel, 


(3.7) has. to vanish. Raising the index k, we get 
к- k- kr ka 

(3.8) AA * ЦЕЛ + МА + МАО = 0 
Contracting the indices k, i, we get 


UU * 93 % ny; + ф. = 0 


J 
i.e. 
(3.9) %,-- м2, 


ы. 
e N 
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which means 


Lemma б. The connection (3.2), which te s-projective 
to connection "Г їз a metric connection if and only if У. = 
ao Dee 1 2 

Рет МЕ 


Finally, if connection (3.2) ought to be a covariant 
metric connection of a self-recurrent SW-O., TO has to have the 
form (3.1). According to Lemma 6. the connection "T has the 
form 


" zin ee SO ite йш 1 
Pak 7 Uk) * (Ew Sk + жұз КО ake 


апа 


Зелене яаа (at-y+) 
83k? trs "jk" Jik M 
or, shorter 
п+2 qum „1 
жүт "3k" = Өр = 


Raising the index К, and contracting indices К and j, we final- 


ly get 


So, the connection which is т-ргојесёіуе to the covariant met- 
ric connection in a self-recurrent SW-O., can never have the 
form (3.1), unless that m-projectivity is a projectivity itseli 


Theorem 3. Iwo different self-recurrent SW-O.S over 


the same Riemannian space can never be m-covartantly projecti- 


ve, unless they are projective. 
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REZIME 


0 KOVARIJANTNO-PROJEKTIVNIM TRANSFORMACIJAMA 
SAMO-REKURENTNOG SW-0, 


Predmet rada su samorekurentni 
druge vrste. Posmatrana je moguénost da kovarijantno autopara- 
lelne linije u SW-0, budu "-geodezijske и pridruzenom Rimanovom 
prostoru, mogućnosti da dva različita SW-0 


prostorom budu projektivna i m-projektivna. Dokazane su i odgo- 
varajuće teoreme. 


Vejl-Ocukijevi prostori 


А паа istim Rimanovim 
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^ THEOREM ON COINCIDENCE POINTS FOR MULTIVALUED MAPPINGS IN CONVEX 
METRIC SPACES 


Olga Had2ic 
University of Novi Sad, Faculty of Science, 
Institute of Mathematics, Dr Ilije Duricica 4, 
21000 Novi Sad, Yugoslavia 


Abstract In this paper a theorem on coincidence points for the family 
VATES of multivalued mappings and singlevalued mappings S and T in 
convex metric spaces is proved. The obtained theorem contains, as special 


cases, the theorems from [1], [2] and [5]. 
1. Introduction 


An extension of the contraction principle in convex metric spaces is 
obtained in [1]. 

THEOREM А Let (M,d) be a complete convex metric space, К a nonempty 
closed subset of M, A: К — CB(M) (the family of all bounded, closed and 
nonempty subsets of M) such that  A(8K) S К and there exists q є (0,1) 
so that 
(1) H(Ax,Ay) < qd(x,y), for every x,yeK. 

Then there exists x є К such that xeAx. 

Let us recall that (M,d) is а convex metric space if for any x,yeM, 
x#y there exists an element zeM such that x#y#z and 

d(x,z) + d(z,y) = d(x, y). 4 
| Ву Н the Hausdorff metric is denoted. A generalization of Theorem А is 
proved in [4], where condition (1) is replaced by condition (2): 
(2) H(Ax, Ay)sad(x,y) + BId(x, Ax) + а(у,Ау)1 + z[d(x, Ay) + d(y, Ax)], 
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for every x,y є К where а, В, 720, 5 
(1-8-7) 


A further generalization of Theorem А is given in [5]. 


DEFINITION 1. Let K be a nonempty subset of a metric space (M,d) and 
S,T:K > CB(M). Then (S,T) is said to be a generalized contraction pair on 
K if there exist a,B,y = 0 witha + 28 + 2y < 1 such that for any x,yeK 
(3) H(Sx,Ty) 5 ad(x,y) + BId(x,Sx) + d(y, Ty2] + vy [d(x, Ty) + 4(у,5х)1. 

THEOREM B [5] Let (M,d) be a complete convex metric space, K a non- 


empty and closed subset of M, (S,T) be a generalized contraction pair оп 


K so that 
(c*8*y)(1*8*7) , 15 


5(ак) u T(8K) S К and = 
(1+B-7) 


Then there exists zeK such that 2652 and zeTz. 


In [2] inequality (3) is replaced by inequality (4): 
(4) H(Sx, Ty) s ad(fx,fy) + BId(fx,Sx) + d(fy,Ty)] + v[d(fx,Ty) + d(fy,Sx)], 
for every x,y е К, where Ғ:К > М, and under some additional conditions it 
was proved the existence of an element 2 є К such that fz є Sz and fz є Tz. 


We shall introduced the following definition. 
DEFINITION 2 Let K be a nonempty subset of a mertic space (M,d), for 


every i Е М, ASK э CB(M) and S,T: К > M. The family {A is said to be 


i ien 
a generalized (S,T) contraction family if there exist «,В,у = O such that 
жазына) < 1 and for every i,j e N (1*)): 1 

(1-8-2) | 
(5) H(A,x, А у) 5 ad(Sx,Ty) + В[4(5х, A, x) + a(Ty, A,y2) + y [d(Sx, А y) v 
* d(Ty, Аүх)1, for every x,y є К. 

If A:K э CB(M) we say that A is Н continuous if A is continuous as a 
mapping of (K,d) into (CB(M),H) 

In this paper we shall prove a theorem on coincidence points for the 
family ЈА аи 5 and Т if the family ЈА ен is а generalized (S,T) 
contraction. 

THEOREM Let (M,d) be a complete, convex metric Space, K a nonempty 
closed subset of M, S and T continuous mappings from K into M, {Asti en a 
family of mappings from K into CB(M), which is a generalized (S,T) 
contraction family, so that the following conditions are satisfied: 


A 
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1. For every meN and every yek: 
TyeK » T(A У а К) 5 А ЈУ 
ЗУЕК > SCAM п К) s AY: 


2, ORSON ЛҮ TK; АК п KSSK n TK, for every тем and the following 
implications hold: 
Тхедк = А © К, for every пей, 
$хєдК » Арх < К, for every пећ. 


Then there exists zeK such that one of the following families of 
inequalities is satisfied: 


d(Sz, А 2)= та (та, S2), Гог every пећ 


d(Tz, A z)s eta T2, Sz), for every пећ. 


If T,S:M > M, Ai is Н continuous, for every ieN and for every yeK and пей: 
TyeK = Т(А У) © Aly: ЗуЕК > SCA) < АУ 
then {Tz,Sz} n Az ж в, for every пећ. 

Proof: Let хедк. Since ӘК © SK п TK it follows that there exists pgek 
such that Tpg7x. Further, from Троедк апа the implication TuedK » A, USK we 
conclude that А PosK- From A, KnKSSKnTK we have that А PoSSK апа ћепсе 
there. exists p, ek such that SP, = P1€^,Po: 


, 
Let Рова so that 
) 1-B-7 («+В+у) (1+8+7) 
1 d(p^;pZ) = (Ар, Ар) ғ тере СЕК тет тте оты 
| 162 170 271 " 1+В+у (1-8-r)? 
If p5ek from poe A; KnKSTK it follows that there exists р2ек so that 


Тро=р2. If poek then there exists poek so that Тррєдк апа 


d(Sp,,Tp,) + d(Tp,, p) = (Sp, p5)- 


| Let Рас АЗР2 so that 


1-В 2 


4 4 "BY LI 

а(рд,рд) = H(A5p,. АЗРр) + терту `К 

If рдек from p4EA KAK < SK it follows that there exists рҙек so that 
SP47P4- If рзеК then there exists рек so that Зрзедк апа 


+ а(тр,, SP3)+d(Sp+P4) = 4(Тр,.р3). 
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Continuing in this way we obtain that there exist two sequences 
{Painen and {Pit ney Such that: 


1. For every пећ, PAEA Rn] 


2. For every пеМ the following implications hold: 
Pan“ У Papi Тр 
4 = . 
Рап+1К 2 Ponti Pon, 1; 
Ро пе К» Тр ЕЭК апа 
4 = ‘ . 
d(Sps, 4» ТР) У d(Tp_p Pon) Е d posl Pon) 2 


Pons 4 €f > Spon 1 89K and 
а(Тро SPon«1? ч d(SP_n+1? P2n+1) 5 4 Тр n P2n«1) 
3. For every пећ 


50 п 1-В-у 
d(p Pay) = roe А Ры) S 1+Bty ` 


We shall prove that there exists zeK so that z-lim Tp. 


= lim Sp : 
nee 2n aes 2п+1 


Let P» „Ра, Q be define in the following way: 
= 4 1 
So = {P2n+1} n€N and Pan+1" Pansif : 
{Pari Вапа Pon Toant i 


Р, = 

0, = ; пећ and р’ ж 5 } 

nee |52051: Dew апа р, Pansit ` 

It is easy to prove that the following implications hold: 


Pon © Pi? Pj, € Qj and Pona E бу 


Pan-1 © 01 * Pon € Py шар, е БО 
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Hence, we have the following possibilities: 
(Pop: Варна) © Fog + (Рап Panes) € Po% $ 


(Pon'P2n«1) © P4%% 


a) If (Pon Pon 1) € P9*9o then from (5) we have 


2n 1-В-у 


| 1+8+y 


а(Тр, Spon) = ЖР Ра) 5 НОАәпРп-1' А2п+1Р2п 


= оа4(5рә 1. ТР) * ВР, bantani i d(TP5,, A5, 4 25] 


2n 1-8-7 T g 
СЕКРЕТЫ КЕК тте 7 ad(Spon-1' ТР2п) 


*Bld(Sp,, р, Троп) * d(Tp4,, SPon41)! + у ld (SPa n1’ SP2n+1? + а(тр, » ТР20)1“ 


k 


2n 1-B-y fu 
В = (5р, 1, Троп) + (В y)d(Sp_,_ 1: Ра) + (в+уја (Тр, SP2p+1) 


к21 1-B-y | 


This implies that 


«+В+у И l 
d(TP_p:SP2n+1) 5 1-в-у 4(5ро , Pon) * К Туту 


iy) ТС ) e PgxQ, then абтр, 1» Spar, 4) 5 атр, P2541) = 


(Pon Роп+1 


н Aone1Pon) * 


= dipan Pon 2nP2n-1' 
which implies that 


«+В+у m ER па 
а (Труп, Рррна) = 1-8-y 5 Pan- 1'Тррр) + К Tey 


c) If (Pon P2n«1? € Р х09 we shall prove that 


Gap eom 5 т ys eee 1 
d(TP_p' SPap+1) 5 = (1-B- 22 а P2n-1' Р2п-2 1+В+у 1%Вғу 
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We have 
1-B-y ,2п Е 
Б у — К = ad(Sp. STDS yy we 
аср; Ра) < HA nPon-1' Š2n+1P2n)_' Туруу 2п-1' !Pan 


Bla(Spo. + А Роп-1) * M(TPoprAzn+1Pan)) * У 1(9Р2п-1' бара ар)" “(ТР ау; 
1-8-y ү2л_ жез TU. sit 
KanPan-1)) * pegey К^ “(ӨР Pan) * Bld(Sp,,-1' Pap) + d(TPo, Poner)! 


+ уе, ра) * «ТР ЫР! * вук T «d(Spo- i Pan) + 


Bld(Sp). Рад) * Alpan Pone)! + 7І4(Өр,, |, Роа) + «ТР Рап) 


1-B-y ,2n 1 5 
пук = sd(Sby Tp) * Bíd(Spo, |Р) * «(Тр Роп)! + 
Й 1-B-y 2n . + 
у 19(5р, 1° TPon? + d(Tp4., Spo, , 1) * (Тр > Ро)! + 1+8+7 (о+у) 


, ГА 
d(Spo Рап) + Bd(Sp,. ,, Pon) + (8+У)9(Трә.5Рәпьр) + УЖТР, po) + 


1-В-у ,2n 
1+В+у 


From this we obtain that: 
4 4 ГД ^ 
а (Тр, Spon) 5 (Тр, a’ Pan? + dl Phn Pansa? s (1+y) 4(Тр, а» Pon) 


, 1-В-у ,2n 
+ (о+у)а(5р, Тр») + ва(5р, |.Р2,) + (в+уја(тр, „БР о 17] + TIFE k 


and since a«1 and d(Sp_ 1-1, TP5,) СТР," Poy) = d(Sp, 4: Pan?) we have that 


1+В+у 2п 


1 
астро’ Рап») 5 т=в-у (SPan-1'Pan) * К туруу 
ГД = 
It is easy to see that Pon-1 SPan-1' since РоГеР, implies that P5n-1990 
and so: 


1+B+y 


| en 
«(Тр SP2p+1) = 1-B-» S (Pan i: Pan) ends 


атаа 
1+В+у C 


Similarly as in case b) we can prove that атр) = oer : 


2n 1 
> d(Spo p Pon) * К туруу 
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which implies that 


1+В+у га+В+у 2п-1_1 2п 1 
а ыы 
1-8-; ey Poni 1Р2 20 * К quy tK ту 


(ТР, SP2n«1! E 


H (1*8*y)(a*B*y) 
(1-В-у) 


Те! 2п 1 
1-В-у 1+8+y ' 


d(Sp_p_1TP2p-2) + К 


Similar ineguality can be obtained for d(Sp_,_1: Pon? and as in the Itoh 


paper it follows that there exists 2єК so that 


lim SPon-1 - lim ТР = 2 
no 


Since И implies that Рәп,1599 ала Pon-1 £24 implies that Ре Ро 


we conclude that there exists at least опе sequence {Pan кен or 


A р _, for every КОМ ог Sp "6 
2n, 2ny 1 any 1 


{Spee сг such that:Tp є 
en, 1' кем 2п 


E Aen -1 Pen, -2 for every КЕМ. 
ZA that there exists a seguence іп, ben such that Tan, є 
for every КЕМ. 


A р. = 
2n, 2n 1 


Since from condition 1 it follows that =, є А, 


әп, Pan, -1" 


А 2) for every КЕМ and every пећ. 


keN we 


2n Panat 


have that d(STP_,, A 12) = H(A, 
b. 
Further, for me2n,: 


H(A А 2) = а (СР о + BlA(SSPo -1° Ара SPan,-1) 


әп, "Pan, - 1° 


+ d(Tz, A z)] +7 ара -1° А + d(Tz, Aan Pan -1)) 


and since eis, A we have that 


2n, Pen -1 


H(A А 2) 5 СЕ -1'12 + (ЕЗ Ез" + d(Tz, A 2)1+ 


Sp. ДО 
2n 21-1 


*v (Spo Аш) * GE 2 
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к 


This implies that 


lim a(STp, ‚А 2) = 4(52,А 2) < ad(Sz,Tz) + Bld(Sz,Sz) + d(Sz,Tz) + 
т 
kom 


+ 4(62,А,2)1 + 714(62,А 2) + d(Tz,Sz)] 


and so 
4(52,А 2) = TE а d(Tz,Sz), пећ. 


We shall prove that from the assumption: 


T:M > Мапа ТуеК > T(A У) © А ТУ, meN 


it follows that TzeAz, for every пећ. 


First, we shall prove that 


(6) lim d(Tp,. ,Ар, ) = 0. 
Frases 2пу m 2n. 


Since Тр, Е А кећ we have that 


2n, Pan, - 1’ 


ЧА Pan, Pen) 5 НА Рә An Pan, -1) 


since Тр, Further, 


n © en Pan cr 


+ 


A р 
H( mP2n, Aon Pan -1) = не, М ta (5р 1 "ап Pan, -1) 


d(T A , 
( Pan. nan, )! жу SEN Anan.) * BU Aan Pan. -1)! 
and since ТР. ак е а ме have that 
АСА T 5 ad(S aT 
nP2n, ' Pan) Pan, - 1 nj) * в л 1 TPan ) + ATP)" АР)! 


+y [ipii aren Pane Pen Js Ge eit an)“ [Ро -1" Pan, ) 


+ dCTP an Арат)! it | шс ү) + атр Қара! 


апа во 


ш ОВА (ер 


day o 2n,- D л 
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From this we obtain that 


lim d(Tp, ‚А es BAG, Бај c 
2 Pan, mP2n, 1-В-у (2,2) 


and (6) is proved. For every keN there exists z €A such that 
k ш?2п, 


1 
Рве ақ < ард Қарды + k 


and from (5) we obtain that lim апе = 0 which implies that 
Ко 


lim ZE 2, since lim Тр, = 2. Using the implication: Ty eK» 
kw kom 


> Т(А У) © А ТУ from 2,6 ^nP2n. we obtain that Тұ Aa Pan Since ^n is H 


continuous, ^n is closed and from the continuity of T we obtain that 


Tze Ant for every m e М. 


Remark 1. We shall prove that the following inequality is satisfied 


(7) alz a 2) = «ата, 2), men. 
1-В-у 
We have for every п е М and К е М such that 2п = m that 


d(Tp,. ‚А z)s H(A, p „А 2) 5 ad(Sp,. _.,Т2) + BLA (5, Рр |) 
2n, "n 2n, Pan, -1' ^n 2n,-1 2n,-1 ^2n. 2n,-1 
+ d(Tz,A z)] + ASE РАНЕ) + 80а, Aan Pon -1) 


pou net + d(Tz, A z)] A + Ч 


] = (вр ина) + 


From this we have 


lim d(Tp. 


А 2) = d(z,A z) s ad(z,Tz) + Bld(Tz,z) + d(z,A z)] + 
én,’ m m m 
k>% ok 


+ у4(2,А 2) + yd(Tz,z) 


which implies: 


a(z, A 2) (1-8-2) = (а+В+у) d(Tz,z). 


Hence, (7) is proved. 


Remark 2. Suppose that ^n is а singlevalued mapping for every m є М and 
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О 
prove that T,S:M э М implies that 2 = Sz = Tz = А 2° Ғог еуегу п є №. 


For every п є М and к є М such that an, m we have 


‚А ) + 
ато» Кәп,ЭРәп,-1) F МИ man, 


‚А У о a) + 
AA Pan," San, SPan,-1) > атр. many 2nx @ 1 


+В Шы + ае 1 Арт SPan,-1) i 


yld(Tp5. , Sp, _,) + d(SSp,, _,,А р 21. 
2n. ^en. 2n. 1 an. 1’ п 2nx 
If k > e we obtain that 

d(z,Sz) = ad(z,Sz) + ра(52,52) + 2yd(Sz,z). 


Since a + 28 + 2y < 1 we conclude that d(z,Sz) = 0. 
We have proved that T:M > M implies that Tz = Ant for every m e N. 


Using the inequality 


= «+В+у 
d(Sz,Tz) = 4(52,А 2) 5 ЕВЕ a(Sz, Tz) 
for pir < 1 we obtain that d(Sz,Tz) = 0 and so 


z = Sz = Tz = А 2, for every пе М. 
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REZIME 


TEOREMA O TACKAMA KOINCIDENCIJE ZA VISEZNACNA PRESLIKAVANJA U КОМУЕКЗНТЬ 
METRICKIM PROSTORIMA 


U ovom radu dokazana je teorema o tackama koincidencije za familiji 
{А ем viseznacnih preslikavanja i jednoznačna preslikavanja S 1 Т 1 
konveksnim metričkim prostorima. Dobijena teorema sadrzi kao specljaln 


slucajeve, teoreme iz (1), [2] i [5]. 
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